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FOUNDER'S NOTE 

The Directly Useful Technical Series requires a few words 
by way of introduction. Technical books of the p^t have arranged 
Iheinselves largely under two sections : the Theoretical and the 
Practical. Tlxeoretical books have been written more for the train- 
ing of college students than Tor the supply of information to men 
in practice, and have been greatly filled with problems of an academic 
fhamctcr. Practical books have often sought the other extreme, 
omitting tlie scientific basis upon which all good practice is built, 
whether discernible or not. 'S.Tic present series is intended to 
occupy a midway ixwition. The infonnation, the problems, and 
the exercist's aic to Ixi of a directly useful character, but must at 
tluj same time lie w<.‘d<led to that proper amount of scientific ex- 
planation which alone will satisfy the inquiring mind. We shall 
thus app-al to all teclinical [icople throughout the land, either 
students or tliose in acluaj piaclicc. 




AUTHOR’S PREFACE 

An t»iul<Mvour has here been made to produce a treatise so 
thtHoui'h mui eontphde that it shall embrace all the mathematical 
wtnk ju*r<lrti by engiueei-s in their practice, and by students in all 
ht;uuiu»s of engineering science. It is also hoped that it will 
pin VC* of si^ecial value for private study, and as a work of 
itderenr«\ 

< iug to ilu‘ vast amount of gnmnd to be covered, it has been 
fotimi iinjHissibU* to include everything in one volume : and accord- 
ingly subjeti matter has lx‘en divided into two portions, with 
thi‘ hist of which Hit* present volume deals. Stated briefly, Part I 
lH*ats fully of th(* fundauuTital rulers and processes of Algebra, 
Plane 'Fi if'.onomt't i y, Mtaisuiation, and Ginphs, the work being 
candully gradt^d fiom an elcuuentary to an advanced stage; while 
l^att If is devottnl to the ('alcuUis and its applications. Harmonic 
Analysis, >phcii<al l'ng,ouonu*tiy, etc. 

It Is Irlt tint the inajoiity of books on Piacticai Mathematics, 
in liu^ cnd(Mvty\n to depart from a theoretical treatment of the 
Hubjc'c't. iu*gj(*cl many essential algebiaic operations, and, in addi- 
tion. limit the* us(‘fuln(‘ss of the niks given by the omission of the 
proofs th(*u’of. 'Fhioughout the book great attention has been 
paid to the systcauatic developmcmt of the subject, and, wherever 
|H>ssible, proofs of lules aie given. Practical applications are 
adci(*d in the gnsdtu number of instances, the majority of the 
exeici^(*s, l)oth worked and set, having a dtreci bearing on engineer- 
ing practice, thus fulfilling the main pm pose of the book: and 
st I icily academic examples arc only introduced to emphasise 
mathematical processes needful in the development of the higher 
stages- 

In order to make the work of the greatest use to the engineer 
as a means of reference, many practical features have been intro- 

vii 
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at all stages of the progress of the book the Author desiies t<i (c iHlff 
his sincere thanks to Messrs. W. J. Lineham, M.l.C.lC., 

J. L. Bale, C. B. Claeham, B.Sc., and G. T. Whiik, H.Sc. 

While it is hogpd tliat the book is free from errors, it is {K.ssihh* 
that some may have been overlooked; and notificatkm <if siuli 
will be esteemed a great favour. 

W. N. Rose. 

Goldsmiths’ College. 

New Cross, S.E., 

January, igr?. 


NOTE TO THIRD EDITION 

True favourable reception accorded the first and second editions 
inspires the hope of similar appreciation of the third etiitioii. 

In this edition the need for the inclusion of some explanation 
of the determinant mode of eximession employctl in treatises on 
aerodynamics has been recognised by the adilifion of a section 
dealing with determinants. 

The work has been .subjected to thorough revision, i orn'ctioiis 
being made where necessary, and further exercises have been 
added. 

December, igsii. 


NOTE TO FOURTH EDITfON 

Ttie work hr.s been carefully rcvi.sed and coiiKct ii ais and minoi 
improvements have been cllected wIk'H' nccess.uy. An appendix 
has been added on the “ Fuller Slide Rule.” 

August, 


NOTE TO FIFTH ICDITION 

A GENERAL revision has lieen eanied out, and the appendix 
has been enlarged by the inclusion of miscfllaiicous e\j>t<ises, 
some of which are more particularly relahsl to 'aeromoit ii al 
problems. 

June, ig24. 



CONTENTS xiii 

CHAPTER VII 

PAOX 

Areas of Irregular Curved Figures 300 

Areas of irregular curved figures by various methods : i. By the 
use of the Amsler planimeter and the Coffin averager and plani- 
meter : the use of the Amsler planimeter for large areas being 
fully explained, 2. By averaging boundaries, 3. By counting ' 
squares. 4. By the use of the computing scale, 5. By the trape- 
zoidal rule, 6. By the mid-ordinate rule. 7. By Simpsdn's rule, 

8, liy graphic integration. 

CHAPTER VIII 

Calculation of Earthwork Volumes 319 

Vohnncs pf pnsmoidal solids — ^Volume of a wedge-shaped excava- 
tion— Area of section of a cutting or embankment — Volume of a 
cutting having * symmetrical sides — ^Volume of a cutting having 
unequal sides — Net volume of earth removed in making a road by 
both cutting and embankment — Volume of a cutting with unequal 
sides, in varying ground — Surface areas for cuttings and embank- 
mcnts^ — ^Volumes of reservoirs. 

CHAPTER IX 

I'liK Plotting of Difficult Curve Equations . . . 336 

Cuivi's icpioseniing equations of the type y = — Use of the 

log-log scale on the slide rule — Expansion curves for gases — Special 
coustriiclioii for (hawing curves of the type = C — Equations 
to the ellipse, parabola and hyperbola — The ellipse of stress — 
Cuiv(iS repicsenting exponential functions — The catenary — Graphs 
of sine functions — Use of the sine curve '* template " — Simple har- 
nionieynolion — Graph of tan x — Compound periodic oscillations — 
iMpiation of tune — Cuivc of logarithmic decrement — Graphic solu- 
tion ol ecpia lions msolvable or not easily solvable by other methods 
('onsliuction of PV and diagrams: i. Drawing I^V and r<p 
diagiains, 2. Diawing primary adiabatics and constant-volume 
lin(‘s. 3 Drawing secondary adiabatics ^ riotling the Eankinc 
('yele for two drynesses 3. Plotting the common steam-engine 
diagram for an engine jackcTcd €and non-jacketed 6. Plotting 
(juality curves 7, Calculating exponents for adiabatic expansions. 

8 Plotting constant heat lines — PV and rep diagrams for the 
Stilling, Joule and Eiicsson engines 

CHAPTICR X 

The DicricHMiNATiON of Laws 396 

b 

I-aws of Uie type : t. y = a + y = a + bx^, etc. 2. y = ax" ; 

the usefulness of the slide rule for log plotting being demonstrated. 

3. y M 4. y !«= a-^bx^cx^, y ^ ; y = b{x-\~a)^ ; 

y mm a + ; y = ax^z"^. 



CONTENTS 


xiv 


CIIAI>TIi:R XI 

tAQU 

The Construction of Practical Charts . * , *119 

Correlation charts, including log plotting — Ordinary Intercept 
charts of various iypes^ — Alignment charts, their principle and 
use — Alignment charts involving powers of ilia variable — Aligmncnt 
chart for four variables. 


CHAPTER XII 

Various ALCiEBRAic Processes, mosixy introductory to 
Part II ^,pS 

Continued fi actions — Applicatii>u ol conUnued liiuau>us to divnhag- 
head problems Resolution of a fraction into two or more partial 
fractions -Dctei miiiation of limiting value's of exprt'ssitms -IVr» 
mutations and combin.itions 'Flit* binomial theortun : i. Kah^ for 
the cxpjinsion of a binoniud cxpiessiou. 2 . Rule foi the e.dc.tdation 
of any particular term in tin* expansion Use ot tlu' bimmual 
tlu‘ort‘iu for a ()proxiniations '1 he expiuienlial and lof;anthmu‘ 
series Calculation of natural logs Htdenn inants. 


Answers to ExekcIwSEs /}7() 


Tables : — 


Tngunomclric ratios .p»i 

LogiUithms pN' 

Antiloganthins .jof 

Napienan logai ithins .... . ... joo 

Natural .sine.s ....... . . , , 

Natural cosuu's »)Oo 

Natural t.ingtuits 

Log<mlhmic sinc'i Sfjj 

I .ogaiithniic cosines ‘,'>0 

bogaiithmic tanga^nts . ....... 

Rxpoacntial and liypei boliu iuiiLlioiis . 

ArPKNDix 51 r 

Indkx .‘)i9 



MATHEMATICS FOR ENGINEERS 


INTRODUCTORY 

Previous Knowledge- — While this work is intended to supply 
all the mathematical rules and processes used by the engineer, 
certain elementary branches of the subject have necessarily been 
omitted. It is assumed that the reader has a sound working 
knowledge of arithmetic, and also is acquainted with the four 
simple rules of algebra, viz. addition, subtraction, multiplication 
and division. Thus the meaning of the following algebraic processes 
should be known — 

it 45 

2a=2Xa; = axaxa; = 

6(5^— 7&+I2C) = 30a— 426+72C; — = *5^— i*25y; 

{^a—yb){a~\-(jb) = 636 ^. 

Again, the use of the lo-inch slide rule is not explained in detail 
as regards multiplying, dividing, involution and evolution ; but the 
special application of the slide rule is dealt with as occasion arises 

Definitions and Abbreviations. — An expression is any 
mathematical statement containing numbers, letters and signs. 

Terms of an expression are connected one with another by 
+ or — signs. 

The factors of an expression are those quantities, numerical 
or literal, which when multiplied together give the expression. 

Thus considering the expression — 

T$a^h — 2(^a^xh^-\-TQSay^ 

2 ()a^xb^ and loSay^ are terms; and each of these terms can 
be broken up into a number of factors; e. g. — 

15^26 = T^xaxaxb. 

Again {ga—4h){sa+yh) = 45a2+43a&— 286^; and ( 9 ^z— 4 &) and 
(5^+76) are the factors of 45^2+43(26—2862- 
B 
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When an exjn-ession depciuls for its value on that given to one 
of the (juantities occurring in it, the expression is saiil to he a 
function of that <iuantity. Thus yi® --7x^+5 is a function of x; 
and this relation woukl Ijc written in the shorter form — 

gx^ — 7x^ -\ 5 “/(%). 

If a letter or number is raised to a power, the figure which 
denotes the iiKignitude of that power is called the exponent. 

An obtuse angle is one which is greater than a right angl(‘. 

An acute angle is one which is less than a right angle. 

A scalene triangle has three une<iual siiles. 

The locus of a point is the path traced by the {K)int when its 
position is onlereil according to some law. 

The abbreviations detaileil below will lx; adopted throughout. 


pa 

stands for “ (‘([uaLs or is e<nuil U>." 


II 

„ plus.- 


1 1 

,, - ininTis.- 

X 

,, 

„ - multipli(‘d by.- 

4. 

1 > 

,, - divided by.- 


I > 

,, - thcrefor<‘.- 

± 

1 1 

,, phis or minus.- 

> 

, , 

,, - j’reaUtr than.- 

< 

1 > 

,, " less thau.- 

0 

, , 

,, “eirclc.- 

core 

1 1 

,, '' eii't luufereiu'c.- 

cc 

»> 

,, “ Viii ies as.- 

00 

,, 

,, ininut y.- 

/„ 

t, 

,, '' auf»I(‘ - 

A 

tf 

,, (lianj’lt* - or - area ol tiiauf'le.- 

1‘ 01 .\\ 

- 

,, “ i.ietoihd lour-; tht* v:ihu^ beiuj.; that of th(‘ 

prodtK t I ..t. p ) or i j. 

”1^ 

1 1 

,, ** tU<‘ number of pei mut atious of n Ihiiu’.s taktui 

iwo al a linu*,- 


1 1 

,, " the luunbci of eom!>iuations of n lhinf;s taken 

two at a time.- 


f 1 

„ n (» - ■ i) (a — - 2 ). 

T) 

1 1 

,, “ elik i(‘ut y.- 

a 

t f 

,, - allele in d(*gre<*.s.- 

B 

1 1 

,, - auf^lc in nubans.- 

LH.P. 

1 1 

,, - indicated horse-power." 

H.ir.p. 

1 1 

,, - brake horse-power.- 

in,p.li. 

1 1 

,, - miles per hour/' 

r.p.m. 

II 

„ “ revolutions per minute. - 

r.p.s. 

1 1 

„ - rcvolulioxis per sccoiul.- 

I.V. 

M 

- independent variable,- 
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F“ stands for 
C° „ 

LC.D. .. „ 

E.M.F. „ „ 

I .. 

E 



s 

B.T.U. „ 
B.Th.U, „ 


sin"’- X 


S 

cms. 

grms. 

l^y 


" degrees Fahrenheit." 

“ degrees Centigrade." 

" lowest common denominator." 

electro -motive force." 

" moment of inertia." 

" Young's modulus of elasticity." 

" the sum to n terms," 

" the sum to infinity (of terms)." 

" sum of." 

" Board of Trade unit." 

" British thermal unit." 

"Tibsolute temperature," 

" coefficient of friction." 

" the angle whose sine is ;r." 

" the base of Napierian logarithms." 

" the acceleration due to the force of gravity." 
" centimetres." 

" grammes." 

" limit to which y approaches as ^ approaches 
the value a." 


Tables of Weights and Measures. 


British Table of Length 


12 inches (ms.) = i foot 

3 feet (ft.) = I yard 

5 1 yards (yds.) = i pole 
40 poles (po.) = I furlong 

8 furlongs (fur.) = i mile. 


I nautical mile == 6080 feet 
I knot = I nautical mile per hour 

I fathom = 6 feet. 


Square Measure 


144 square inches (sq. ins.) = 
9 square feet (sq. ft.) == 

30 J square yards (sq. yds.) == 
40 square poles = 

4 roods or 4840 sq. yds. = 
640 acres 


I 

= I 

= I 
= I 
== I 


square foot 
square yard 
square pole 
rood 
acre 

square mile. 
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Cubic Measuke 

1738 cubic inches (cu. ins.) • ^ 1 cubic foot 
27 cubic feet (cu. ft.) = l cubic yard. 

Weight of I galhm of water =- 10 Ilis. 

Weight of I cu. ft. of water - = 62-4 lb.s, 

I cu. ft. == 6*24 gallons. 

Metric Tabi.e ok Licnotu 

I kilometre (Km.) 1000 metres 

1 hectometre (llm.) 100 „ 

1 dekametre (Dm.) --s 10 „ 

metre (m.) ■ 

3 decimetre (dm.) -- •! metre 

1 centimetre (cm.) -oi „ (2-5.} cms. ~ 1''.) 

I millimetre (mm.) - - -oor „ 

Land Measure 

100 links -- I cliam 
I chain -- 60 leet 
10 chains - = 1 luiloiig 
80 chains - 1 mile 

10 scjuaie cliums — i a< ie. 

Useful Constants. 

e --- 2-71828 TT - 3-1.1159 

log.io 2-3U2() lng,„C -.l.l 1; 

logjoN -= log.N X -4343 log. N - log.yN x 2-.;o,5 

g . 3^- liS It . jK‘i set . jH'i sc*c. 
I horse-power = 3 Jooo fool lbs, i)er min. 7 .|b w.itls. 

Absolute teniperalmo r ~ | 273 or l'‘h\ | .{(>1. 

I radian == 57-3 degret^s. 

pressuie of one atinospheie — 14*7 lbs. p<n s<p in. 

I inch = 2-54 ccnliineties. i s(j. in. ()*45 sep <'ins. 

X kilometre = *6213 mile. 1 kilogram — 2*205 

X lb. --= 453-6 grnis. 

The following are the statements of the propositions in ICuclid, 
to which reference is made in the text — 

Euc. I. 47. In any right-angled triangle, the square wliich is 
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described on the side subtending the right angle is equal to the 
squares described on the sides which contain the right angle. 

Euc. III. 35. If two straight lines cut one another within a 
circle, the rectangle contained by the segments of one of them shall 
be equal to the rectangle contained by the segments of the other. 

Euc, III. 36. Corollary. If from any point without a circle 
there be drawn two straight lines cutting it, the rectangles contained 
by the whole lines and the parts of them without the circle equal 
one another. 

Euc, VL 4. The sides about the equal angles of triangles which 
are equiangular to one another are proportionals. 

Euc, VL 19. Similar triangles are to one another in the duplicate 
ratio of their homologous (L e., corresponding) sides. 

Euc, VL 20. Similar polygons have to one another the dupli- 
cate ratio of that which their homologous sides have, [From this 
statement it follows that corresponding areas or surfaces are pro- 
portional to the squares of their linear dimensions.] 



CHAPTER I 

AIDS TO CALCULATION 

Approximation for Products and Quotients. --Wluitcvor 
may be the calculations in which the engineer is involved, it is alwuj’s 
desirable, and even necessary, to obtain some approximate result 
to serve as a check on that obtained by the use; of llie slide rule or 
logarithms; only in this way is confidence in one's working assurwl. 

Speed in approximation is as important as reasonable accuracy, 
and the following method, it i.s hoped, will greatly assist in such 
acceleration, especially in the cases of products and quotients. 
The great trouble in the evaluation of such an expicssion as 
47:83X^I42_X0-4IX-oo70 

33000 ^ * 

decimal point. The rules usually given in handbooks on the 
mampulation of the slide rule may enable this to Ihj clones but llK*y 
certainly give no ideas as to the actual figuies to lu'. i^Kpccioil, 

The method suggested for approximation may be thus stated 

Reduce each number to a simple inb'ger, i. e., one of the 
whole numbers i, 2, 3, etc., if possibUi choosing the mmibtus 
so that cancelling may be pci*foriue<l; this nuluction involving 
the omission of multiples or sub-niulliples of 10. To allow 
for this, for every multiplying 10 '' omitted pla<'<i ont^ stioke 
in the corresponding line of a fraction spoktai of as a poitU 
fraction, and for every dividing 10 '' place oiui stioke in the 
other line of this fraction. Thus two fractions are obtained, 
the number iiixction, giving a rough idea of the actual figuiesiu 
the result, and the point fraction from which the position of 
the decimal point in the result is fixed. Accordingly, by 
combining these two fractions the recpiired approximate rcsnlt 
is obtained. 

To illustrate the application of the method consider tlie 
following — 
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Example i. 


-Fmd an approximate value of the quotient 


The whole traction may be written approximately as 

f (the number fraction) and point fraction) ; 

that is, we state 4*81 as 5 (working to the nearest integer). By so 
doing we are not multiplying or dividing by any power of ten, so that 
there would be nothing to write in the point fraction due to this change : 
but by writing 5 in place of *05, we are omitting two “ dividing tens ; 
therefore, since 5 is in the numerator of the number fraction, two 
strokes appear in the denominator of the point fraction. The number 
fraction reduces to i ; and the point fraction indicates that the result 
of the number fraction is to be divided by 100, since two strokes, 
corresponding to two tens multiplied together, appear in the denomi- 
nator. Hence, a combination of the two fractions gives the approximate 
result as I -t- 100 or *01 . 

It may be easier to effect the combination of the two fractions 
according to the following plan — 

The result of the number fraction being i-; shift the decimal 
point two places to the left, because of the presence of the two strokes 
in the denominator of the point fraction, thus — 


• 01 • 

^_j 


Example 2. — Determine the approximate value of ^ 

To apply the method to this example — 

State 9764 as 10,000, i, e , write i in the numerator of the number 
fraction and four strokes in the numerator of the point fraction. 

For *0213 write 2 in the numerator of the number fraction and two 
strokes in the denominator of the point fraction. The strokes are 
placed in the denominator because m substituting *02 for 2 we are 
multiplying by 100, and therefore, to preserve the balance, we must 
divide the result by 100. 

For 28*4 we should write 3 with i stroke in the denominator, and 
for *00074 wc should write 7 with 4 strokes in the numerator. 

Thus— 

Number fraction. Point fraction. 

1x2 111 1 1 \X\ 

3x7 \ 

t. e., *i and lllll cancelling. 

Hence the approximate result is ■! x 10 ^, i . e,, io,qqo; or, alter- 
natively, the shifting of the decimal point would be efiected thus — 


• 10000 * 
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It will be soon from this method that it is often an advuntaKo 
to express a very large or very small munt)cr as an equivalent 
simpler number multiplied by some ixmor of t(;n. Not only is a 
saving of time obtained, but the method tends to greater aeeuraey. 
Thus 2,000,000 :nay bo written as 2 X 10®, a very compaet form; 
also it is far more likely that an error of a nought may be made in 
the extended than -in the shorter form. “ Young’s modulus” for 
steel is often written as 29 X 10® 11 )S. per sq. in., rath<*r than 
29,000,000 lbs. per sq. in. 

Example 3.- — Find the approximation for — 

X 31 ^ 4 '^ X tr.(T X -0076 
33000 

The method will be understotnl from the explanation ftivi'ii in the 
previous examples; and for clearness the strokes are s<‘par.ited in the 
point fraction. 

The approximation is — 

5X 3x1x8 t t 

3 HI Htt 

which reduces to 

4 ° HI 11 

i. e., /}0 -i- 10® = -oDo.p 

The change in the position of the decimal point would be -ooo [o- 

t I 

I'urthcr examjdes on !q)i)iuxiuiation will be found on pji iK 
to 21. 

Approximations for Squares and Square Roots. An ex 
tension of this method ciiii be iiiadi- to npiily to eases of sipiaies 
and square roots, cubes and cube lools. As legaids sqiiaiiiig and 
cubing, these may be considere<l as cases of multiplication, so that 
nothing further need be added. To find, say, a sipiaie root appioxi 
matcly, we must remember that tlie square, root of 100 oi 10- is 
10, the square root of 10® is 10®, and so on; the apjnoxiiiiatioii, 
therefore, must be so arranged that an even number ol feus aie 
omitted or added. Hence the rule for this apiao.xiniation may be 
expressed — 

Reduce the number whose square root is to be* foiiml to 
some number botwecu x and 100, multiplied or divided by 
some even power of ten; then the approximate square rout of 
this number, combined with half the number of .strokes iu the 
poiixt fraction, gives the approximate scpiare root of the numljcr. 
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In the case of cube roots, the number must be reduced to 
some number between i and loo multiplied or divided by 
3, 6 or 9 . . , tens; then the approximate cube root of this 
number must be combined with one-third of the strokes in the 
point fraction. 

Example 4. — Find an. approximation for V498-4. 

In place of 498*4 write 500, which can be written as 5 x lojt 
or as 5 11 

Then the approximate square root is 2*2 i- 

or 22. 

If the number had been 4984 the number would read— 

50 

and the square root — 

7 I, 22.- 


Example 5. — Find approximately the cube root of *000182. 


If for 182 we write 200, then *000182 is replaced by — 


200 


111 111 


so that the cube root of *000182 is that of 200 divided by 10% since 
two strokes (viz. J of 6) appear in the denominator of the point traction. 
Thus, the cube root is — 

5-8 U 

or *058. 


El ample 6 


-Evaluate appioximatcly 


v" 


21*43 X 
•154 X 2409" 


Disregarding the squaic root sign for the moiaent, the approxima- 
tion gives — 

2 X I J 

1*5x2 1'”” I'U 

i. e., -67 


For the application of the 
would be written 67 


method of this paragraph this result 

ViTI 


of which the square root is 8*2 


11 


or the approximate square root is *082. 
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Exercises l.—On Approximations, 

Determine the approximate answers for Exercises i to io. 

1 . 49-57 X -0243 2. -00517 x -1724 8- 


4 . 8-965 X 72-49 X -094 
R 4^76 X 254^ 

'*• " 87235 ■ 


6. -1167 X -0004 X 98-1 X 2710 
15} X -00905 


3507 

23-4 


-847 X 75<H> 

^540 X ■3276_X3:i42X •oo 7_8 ^ 

78560 X -0022 X 53 7 

12. ^"-0277 18. •\/35’2 X -195 1'^'- \/ 

15. ,yio570 16. .3^-i85 

18. V - go7 X •^487'^ 


8 . •v/Ht(j'5 
11 - '\/9543'8 


II X 4 -<>i 7 

9340 X *ouCu 5 

17 * *253 K 

19. '-’'-n 

•uiH> I Uy X 983 

20 .1^ -“‘>0 x '-9532 

-oo5.|() X -ojoi) 


Indices. — ^Thc approximation boioK made, the actual fiKun-s can 
be clclormined either by logarithms or by the slide rule. 

Napier, working in Scotland, and Briggs in ICnglaml, (luring tlu; 
period 1614-17 evolved a system which made ix)SHil)k! the evalua- 
tion of expressions previously left severely alone. Without the ai<l 
of their system much of the experimental work of modern times 
would lose its application, in that the conclusions to be drawn 
could not be put into the most beneficial forms; and f.uling loga- 
rithms, arithmetic, with its cumbei.somc and exacting lules, would 
dull our faculties and prevent any advanei-. 

The great virtue of tlie system of logarithms is its simplieity : 
rules with which we have long been aeciuainted are put into a 
more practical form and a new name givc-n to tliem. M.uiy aie 
famihar with the simpler rules of indices, such as n* -«*'■* a ’’ ; 

a*-4-a2 = a;8-2 _ ^^.o. = a®’** -- a'®, etc. 

Following along tliesc lines we can find nu-anings for eii, 
and fl~®, i. e., we can establish rules that will apply to all cases of 
positive, negative, fractional or integral indices. 'I'lius, to find a 
meaning for a fractional power, consider the simplest case, viz. 
that in which the index is 

When multiplying a^xa* we add the indices; this can lie dune 
whatever the indices may be, hence — 

ai x«'l = a i < J s= = a 

i. ai is that quantity which multiplied by itself is equal to «, or. 
in other words, ai is the square root of a. 
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In like manner, since aixa^x< 3 ^ = = a, may be written 

as «. For example, 27^ = =• 3. 

To carry this argument a step further we may consider a numerical 

example, e. g., 64^, and from the meaning of this, derive a meaning 
. £ 
for w 

Thus 648 might be written as 64^ x 64^, which again may be 
put into the form -^64 x '^64, i. e., (-^ 64) ^ or 1^6^. 

Hence the actual numerical value = '^64 x 64 = 16. 

We sec that the denominator of the exponent indicates the 

root, and the numerator the power; thus a’ = '^a’’. 

To find a meaning for a® — 

s’” X a® = = a”. 

Dividing through by a”', a® = i, i. e., any number or letter 
raised to the zero power equals i : e. g., 4650 = i ; *2384° = i ; 
4x^ =4x1 =4. 

Assuming this result for a®, we can show how to deal with 
negative powers, for — 

ar‘ X = a"*"” = a® = i. 

Hence, dividing through by a™. 



Accordingly, in changing a factor (such as a”') from the top to 
the bottom of a fraction or vice versa, we must change the sign 
before its index. 

Tims — jta 

^ = b^xh’’ = = ii®. 


Example 7. — Simplify x V a'-^b ’i-®. 

The expression 


3 0 1 1 


a 

~ t 7 La ' 

a 0 c 


Example 8, — Simplify 
The expression — 


6 ^^x 




r^l-2 ^ 6+3 , 

•’ = . or 

Va'-’’ 

t/- 

a 

(OiX~’‘)i 


2(5^^)^ 





Removing brackets. 
Collecting like letters. 




■ 


JA 

250;^ ^ 


I2 5Af 
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Exercises 2 . — On Indices. 

1 . Express with positive indices- - 

&-»; 4&-"; (5«*)-‘; v^'ye*; r.v*y < 

2 . Find tlie ninnerical vahics of— 

32I; 64 8; 6x512^; {17X d t} 

8. Simplify (3a®6c““^)^x 

4 * Simplify ^ -ir Six 

5 . Simplify XI X {a^ i ^ I 


6p Find the value of 




ill terms of v, when n "«« --1*37. 

in terms of p wlien n - i%|i 


T. Find the value of —vnCv'^ 
and pv^ =« C. 

r I / ~ n- i*\ a 

8, Simplify i ^ » a formula reftu’iing to tlu^ flowed a 

gas through an orifu’c, a being the ratio of th<‘ outlet pressun* to th«^ 
pressure in the vessel. 

9. Simplify 8(d'‘')^ x ^ and fmd its value whim 

e :=-*= 2-718. 

10 . Simplify the expression— 

4 (a ' A X N,/.^ ^ ^b ® 

{^c'‘hcPyx i 

11 , The work done in the adiabatic expiinsion of a gas from volume 

Vi to volume may be written VV - If 

p^Vx*=»Ct by substituting for C, find a suupku (‘.sprt'ssion foi W. 


Logarithms. — It is nca‘ss<iiy to (hsd with imlic<‘'; at this stage, 
because logauthnxs and in<he<‘S iiic mtuisUtdv (oiuieidt'tl. 

For example, 100 lo^ and tli(‘ loganlhin of 100 to tin* bas<‘ 
10 ■=: 2 (written logio 100 -2). ll(‘r(;aui two ililhutsd wa\s <»f 
slating the same fact, for 2 is the iiid(‘x of tint po\v<u to \vhi< ii tlu' 
base 10 has to be raised to cHpuil llui munlnu' 100, hut it is also 
called the logauthm of 100 to the husi^ lo, /. e,, the index \*iewtsl 
from a slightly difhircut stan<l])omt is tm-med the lo|;autlun. llnut' 
the rules of logs (as they are called) must \>v, the sanut as those 
connecting indices. 

Ill general : The logarithm of a number to a certain base is the 
index of the power to which the base must be raised to equal the 
number. 

It is not nccessaiy to imderstaud the lluioiy of logs to Ik? aide 
to use them for ordinary calculations, but the knowledge of the 
principles involved is of very great assistance. 
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Consider .the three statements — 

64=:= 3®; 64 = 4®; 64 = 

These could be written in the alternative forms — 
log 264 = 6 ; log464 == 3 ; log864 = 2 ; 
where the numbers 2, 4 and 8 are called bases. 

It will be noticed that the same number has different logs in 
the three cases, i. e., if we alter the ''base" or "datum" from 
which measurements or calculations are made, we alter the log; 
in consequence, as many tables of logs can be constructed as there 
are numbers. This shows the need for a standard base, and 
accordingly logs are calculated either to the base of 10 (such being 
called Common or Briggian Logarithms) or to the base of e, a letter 
written to represent a series of vast importance, the approximate 
value of which is 2-718. Logarithms calculated to the base of e 
are called Natural, N afierian or HyperbolicMLogarithms. At present 
we shall confine our attention to the Common logs; in the later 
parts of the work we shall find the importance and usefulness of 
the natural logs. 

From the foregoing definition of a logarithm the logs of simple 
powers of ten can be readily written down ; thus, logioiooo = 3, 
since 1000 == 10®, logioioooooo == 6, etc.; logioiooo == 3 is usually 
written in the shorter form log 1000 = 3, the base 10 being under- 
stood when the small base figure is omitted. 

For a number, such as 526*3, lying between 100 and 1000, 
i. e., between 10^ and 10^, the log must lie between 2 and 3, and 
must therefore be 2 -f some fraction. To determine this fraction 
recourse must be made to a table of logs. 

To read logs from the tables. — ^Tlie tables appearing at the 
end of this book arc known as four-figure tables, and are quite 
full enough for ordinary calculations, but for pailicukirly accurate 
work, as, for exanijde, in Surveying, five- and even seven-figure 
tables arc used. One soon becomes familiar with the method of 
using these tables, the few difficulties arising being dealt with in 
the following pages. 

To return to the number 526*3 : the fi actional or decimal part 
of its logarithm is to be found after the following manner : — Look 
down the first column of the table headed " logarithms " (Table II 
at the end of the book) till 52 is reached, then along this line until 
under the column headed " 6 " at the top the figure 7210 is found ; 
this is the decimal part of the log of 526, so that the 3 is at present 
unaccounted for. At the end of the line m which 7210 occurs 
are what are known as " difference " columns. Under that headed 
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“3” and in the same line as the 7210, the fourth fiKuie of ouj 
number, the figure 2, occurs; this, added to 7210, ui.ikmi; 721.;, 
completes the decimal portion of the log of 'il*e iijiuif tn>m 

the tables is thus 7212, and since this is to be tlie fractional i«uin>ii 
the decimal point is placed immediately before the fust figurtf. 
The log of 526-3 is therefore 27212, or, in other words, 54 <fj < to 

raised to the power 2-72x2; similarly the log of 52630 must U- 
4-72x2, because 52630 is the same proiKirliou of a {lower of 10 
above 10,000 as 526-3 is above 100, and also it lies In-tweeri 10* 
and 10®, so that its logarithm must be 4 }■ some fnictioii. 

The log thus consists of two distinct jxirts, the decimal {*ait, 
whi<:h is always obtained from the tables ami is called the ftiHUfis’ut, 
and the integral or whole-number pait, settled by the {Kisition of 
the decimal point in the number, ami called the clitirac/^risHc or 
distinguisher. The logs of 526*3 and 52 (> 3 '> ‘ixe alike as leg.nds flu- 
decimal part, but must be distinguished from one anotlu-r by tlu- 
addition of the relative characteristic. 

When the number was 526-3, i. e., having 3 ligures iK-fou- flu- 
decimal point, the characteristic was 2, i. e., 3 - r; wlu-a tlu- 

number was 52630, i. e., having 5 figures before the decimal imini, 
the characteristic was 4, 1. e,, 5 — i. This method could be ,iiij>iu d 
for numbers down to i, i. e., 10®, but for numl«-is of k-ss \ .ihu- 
we are dealing with negative powers, and accunliiigly we mu-.t 
investigate afresh. 

So far, then, we can formulate the rule : “ When the number Ls 
greater than 1, the characteristic ol Its log Is positive and Is one less than 
the number of figures before the decimal point.” 

£.g., if the number is 25076.10, the cluu.u tt-nstic <if its luj; i> o, 
because there arc seven figures in llie nuailjer iH-forc tin: dci iiii.i.1 junul 

Referring to the figures 52G3 already nu-ulionol, j»lacc tlu- 
decimal point immediately before the fust liguie, giving' 

The number now lies between -i and i. Now - 

*i == ^^ — 10 and 1 =■= lu® 

so that the log of -5263 lies between — x and o, being git-.ifer ih.ui 
— I and less than 0, and therefore is — i -] a fr.tction. Ilu- 
mantissa is as before, viz. 7212, hence log -52()3 = -- t f -7212, 

or, as it is usually written, 1*7212, the minus sign being pl.iccd over 
the X to signify the fact that it applies only to the i and not to the 
*72x2, wluch latter is a positive quantity and must be kei>t as such. 

7*7212 actually means, then, — i -f 7212. or, in fact, — *2788. 
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The figures taken from the tables are always positive, and 
accordingly the form T7212 is adhered to throughout. 

From similar reasoning, log -005263 =: 3-7212 . . . . (i) 

and log -00005263 = 5-7212 . . . . (2) 

We can conclude, then, that ; When dealing with the log of a 
deciihal fraction the mantissa is found from the tables in just the 
same way as for a number larger than i, or, in other words, no 
regard is paid, when using the tables to find the mantissa, to the 
position of the decimal point in the number whose log is reqirired. 
The characteristic of the log, however, is negative, and one more 
than the number of zeros before the first significant figure. 

In (i) there are 2 noughts before the first significant figure; 
therefore the characteristic is 3. In (2) the characteristic is 5, 
because there are 4 noughts before the first significant figure. 

For emphasis, the rules for the determination of the charac- 
teristic of the log of any number are repeated — 

If the number is greater than 1 , the characteristic is positive and one 
less than the number of figures before the decimal point : if the number 
is less than 1, the characteristic is negative and one more than the number 
of noughts before the first significant figure. 

It will be observed that in the earlier part of the table of loga- 
rithms at the end of the book there are, for each number in the 
first column, two lines in the “ difference ” column. This arrange- 
ment (the copyright of Messrs. Macmillan & Co., Ltd ) gives 
greater accuracy as regards the fourth figure of the log, since the 
dirtercnccs 111 this portion of the table are large. The log is looked 
(Jilt as explained in the previous case, care being taken to read the 
“ chl'leieiice ” figure in the same line as the third significant figuie 
of the number whose log is being determined. 

Thus the log of 1437 is 3-1553 -{- a difference of 21 = 3'i574> 
while the log of 14^7 is 3-1703 a difference of 20 = 3-1723. 

We are now in a position to write down the value of the log of 
any number, and a few examples are given — 


Number. 

Log. 

.10700 

.d|-6l02 

•^359 

1-3728 

70 ’08 

1-8456 

'0009 

4-9542 

500000 

5-6990 


(The mantissa for the log of 9, 
90, 900, and 9000 is -9542.) 
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Values of log 1 and log O,— If a be any zminber, then, as 
proved earlier, -- x ; or in the log form, log,, I -- o. 

Thus the log of i to any base -- o. 

The log of 0 to any base is minus infinity ; or if a l>c any iminUu', 

log« O = — CO. 

For, by writing this statement in the alternative form 

a' = o 

where x is the required logarithm, we seii that must hv, an infinitely 
small quantity; in fact, the smallest <iuantity coneeivalfie. 

Antilogaritlims. Suppose tlu‘ ([U(*stion is pri^sented !<» ns in 
the reverse way : Fhul the number wliost^ logaritlnn is 
The table of antilogaiithms {'I'able III) will be foimd inon* etm' 
venient for this, although the fi^g tables ('an be ustsl in t!u* tvwisv 
way. Just as the mantissa alone was fouml fnnu tiu* It^g tubl(»s 
when finding the logarithm, so this alone is used to dettnmnut the 
actual airangtanent of the figures in the number. In tlu‘ ease under 
considex'atioii the mantissa is * 9053 , lamcc look ii(»wn tint iiist 
column until *90 is leacht'd, then along this line until in thi* tulumn 
headed 5 '' 8035 is read off : to this must be a<ld<*<l 0 , tlu* numln-r 
found in the “ chtfeience cohinui headed “ j," so that the aciUiil 
figuring of the number is 8035 J- 6 — ^ Koqr. 

The characteristic 2 must now be considt'red so as to fix flu* 
position of the decimal jioint. Rehnaing to our iul<\ wr st-e tiiat 
tlic characteristic is one less than the nuiulHu of figuies ixdtm* fli<* 
decimal [Hunt (since 2 is positive*), Iu‘n(<*, <onvt‘ise!v, Uut numbei 
of figures befoic the deeniud p<»int must Ik* oik* moo* than tie* 
chaou'tenstic ; m this (Ms(i them must Ik* 3 tig,uirs befoie the 
decimal point, f. r., the lequiied iiumbei is <Sn.pi. 

If we had lx*t‘n asked to find tlu^ antdog of 2 *o{)o 5 , the line 
through *()() would have been foIlowt*d ami not tliat thoaigji sm 
and the antdog is found to he 123 * 1 . Many <*nois o<<ui li tin*, 
(hstinctiou is not appreciated; and tiu* actual mantissa must U* 
dealt with in its entirety, no noui^hls hein^ disri'^ardcd whvivwi 
they may occur. 

Ira auipks — 


r.og. 

No. 

8*1 16.|. 

130700000 or ^•3o7X 10* 

*'*^ 5*1 9 

j -799 

1*0062 

10-14 

3-8609 

-007259 
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5 

<0 

'O 


Failiii^ a table of logs, the log scale on the slide rule can be 
used in the following manner. Reverse and invert the slide so that 
the S scale is now adjacent to the D scale: place 
the ends of the D and S scales level: then using 
the D scale as that of numbers, the corresponding 
logarithms are read off on the L scale — ^it being 
remembered that although the scale is inverted the 
numbers increase towards the right. The mantissa 
alone is found in this way, whilst the characteristic 
is settled according to the ordinary rules. 

Fig. I shows the scales of an ordinary 10" Slide 
Rule lettered as they will be referred to throughout 
this book. On the front are the scales A, B, C 
and D, the B and C scales being on the slide.^' 
If the slide is taken out and reversed the S, L and 
T scales will be noticed (see right-hand end of 
figure). Any special markings refeiTed to through- 
out the text are also indicated, and it is to this 
sketch that the reader should refer, no other 
sketch of the slide rule being inserted. The slide 
rule is referred to from time to time, wherever 
its use is required, and a word or two is then said 
about the method of usage, but no special chapter 
is devoted to its use. For a full explanation of 
the method of using the slide rule reference should 
be made to Arithmetic for Engineer 

Applications of Logarithms- — It will be 
granted that — 

2+4 = 6 

or — 

log 100 + log 10,000 = log 1,000,000 from definition. 

But 1,000,000 = 100 X 10,000 
/.log (100 X 10,000)== log 100 + log 10,000. 



o 


to 

(S 


Simple powers of ten have been taken in this 
example, for convenience, but the rule demon- 
strated is perfectly general, holding for all numbers. 

In general, log (AxB) = log A-hlog B, where A and B are any 
numbers. Thus, the log of a product = the sum of the logs of the factors. 

This and the succeeding rules hold for bases other than 10 ; in 
fact, they are general in all respects. 

^ Arithmetic for Engineer by Charles B. Clapham, B.Sc. Chapman 
and Hall, Ltd., 75. 6 d. net. ^ 
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In like manner it can be shown that — 
log ==■ log A— log B 

I. e., the log of a quotient =» the difference of the logs of numerator and 
denominator. 

Again, 3x2 = 6 

.*. 3Xlog 100 = log X, 000, 000 
= log (100)® 

or in general, log (A)” = n log A, this holding whatever value he given to n, 
E.g.,{a) (42-76) i 

log 4'i-y6 = i log 42-76. 

(6) log (•05X7)'‘'® = — 4-2 X log -0517. 

Stated in words this rule becomes : The log of a number raised to 
a power is equal to the log of that number multiplied by that power. 

Summarising, we see that multiplication and division can be 
performed by suitable addition and subtraction, whilst the trouble- 
some process of finding a power or root resolves itself into a simple 
multiplication or division. (The application of logarithms to more 
difficult calculations is taken up in Chap. V.) 

In any numerical example care should be taken to set the 
work put in a reasonable fashion ; especially in questions involving 
the use of logs. 


Example 9. — Find the value of 48-21 x 7-429. 

Actual Working — Approximation — 50x7 =350. 

Ixit X = 7-429 

then log.!V = log 48-21 -t- log 7-^29 = 1-6831 + -8709 

■= 2-5540 

= log 358-1 from the antilog tables. 

•*- -y ■= 358-1- 


Example 10. — If C = a formula relating to electric currents, 

find the value of C, a current, when the voltage V is 2-41 and the 
resistance R is 28-7. 


Substituting the values of V and R — 

28-7 

log C = log 2*41 — log 28-7 

= *3820 — 1-4579 i 

= 2-924X, since 2 subtracted from o 
log ‘08397 
C = -08397. 


A p proxi mat ion. 


^4 

3 ^ 

•8 10 or *08 

=3 2 
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Example 3 : 1 . — If F, tlxe centrifugal force on a rotating body, 
find its value when W =5= 28, t;== 4*75, 

g=32-2, 1-875. 


Substituting the numerical values in place of the letters 

F ^ 28 X (4 -75)^, 

32-2 X 1-875 Approximation. 

Taking logs throughout — 3x5x5 31, 

log F = (log 28 + 2 log 4 ' 75 ) — (log 32-2 3 X 2 t 

4- log 1-875) 

1- 4472 _ 1-5079 12*5. 

^^3534 -^730 

2- 8oo6 1*7809 

c= 2-8 oo6— 1-7809 Explana 

« 1-0197 log 4-; 

= log 10*47 A 2 X log 4-j 

/. F- 10-47. 


Explanation. 
log4‘75= ‘^767 
2 X log 4-75 =1-3534. 


Example xz. — If/=^, an equation giving the acceleration pro- 
duced by a force P acting on a weight W, find / when g = 32-2, P = 5*934, 
and w= 487. 


Substituting the numerical values — 

. _ 32-2 X 5-934 
487 

Taking logs — 

log/= (log 32-2 + log 5*934) -- log 4-87 

= (1*5079 +*7734) -2-6875 

= 2-2813 — 2-6875 
= r-5938 = log -3924 


Approximation. 

3x6 
5 U 

i. e., 3*6 -r* 10 or -36. 


Example 13. — Find the value of .Jqj3^2 

A ppYoximation. 

5 iii 
2 

i. e., 2*5 X 10 
or 25. 

Note. — In the subtraction the minus 3 becomes plus 3 (changing 
the bottom sign and adding algebraically) ; and this, combined with 
minus 2. gives plus 1. 


Let ;.= 1°5229_ 

-001872 

then log X == log -05229 — log -001872 
n= 2-7184 — 3-2723 
« 1-4461 

=:l 0 g 27-94 
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t ^4» 

Example 14.— Fiad the value of the expression -000075 j 


Taking logs — 

log s =» log -01154 — (log 47-61 +- log -0000753) 

— 2-0622 — (1-6777 + 5‘87G8) 

— 2-0622 — 5*5545 

— *5077 

— log 3-219 
3*219- 


Approximation. 
__ *’*_ 

4-8 X 7*5 "W 

Le., *033 X 
or 3*3. 


]^ote . — In this stibtraction the x borrowed for the 5 from o slionicl 
be repaid by subtracting it from the 2, making it 3 : this, combined 
with + 3 (the sign being changed for subtraction), gives o as a result. 

Alternatively, the 3 must be increased by i to repay the borrowing, 
so that it becomes 2 ; and 2 subtracted from 2 gives o. 


EmmpU 15, — The formula V^|x3-X42xr® gives the volume of 
a sphere of radius f. Find the volume when the ratlius r is *56. 


Substituting the numerical values- 
Vn«| X 3-142 X (-56)®. 


A pproximation* 
4|X3X6 x 6 x 6 


3 

». 864 4- 1000 

or -864. 


Ill 


Taking logs — 

log V« (log 4 + log 3-X42 + 3 log -56) 

— loR 3 

« (-0021 + ‘4972 i- 1-2446) — -477X 
“•3439- -4771 

« I -8668 

“ log -7358 

V ”-7358- 


Explanalion. 
log -56 1 7482 

3 X log -56 1-2446 

X. <5., there is | 2 to carry 
from the muUipUcation of 
the mantissa and this, to- 
gether with 3 whieli is o!)- 
tained wlum t is multiplied 
by 3, gives 1. 


Example 16. — Find the fifth root of *009185. 

Let X « ‘^-009185 (■009185)^ 

then log ;r — I log -009185 
“ix 3-9630 
— J-X{5-f 2-9630} 

“ I *5926 » log -3913 

•"• 

♦ We must not divide 5 into 3-9630 because the 3 is minus, whilst 
the -9630 is plus ; but the addition of 2 to the whole number and of 
-f 2 to the mantissa will permit the division of each part separately, 
while not afiecting the value of the quantity as a whole. 
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Example 17. — Evaluate — • 

(•2i64)»x V'745‘4 
(••001762)1 X (4g-i8)i 

Let the whole fraction = x. 

Then log at = {3 log •2164 -f i log 745‘4} — {i log '001762 + f log 49'i8}. 

Explanation. 
log •2164 = 1-3353 
3 X log -2164 = 2-0059 
log 745 ‘4 = 2-8724 
i X log 745- 4 = 1-4362 
log -001762 = 3-2460 

1 X log -001762 = 1-5410 

log 49-18 = 1-6918 

2 X log 49-18 = 3-3836 

f X log 49-1 8 = -6767. 

Example 18. — If x = I7 , x _£ | 45 value of x. 

V 9004 X -0856 

Taking logs — 

log = i{(log 29-17 -4- log -1245) - (log 9004 -f log -0856)} 

= i{(i: -4649+ 1-0951) — (3-9544 + 2-^325)} 

= ■^(•5600 - 2-8869) = 1(3-6731) = 4(8 + 5-6731)- 
« T«709I = log •5118 
/. a; = *5118. 

The following examples are worked by the slide rule. 

Example 19. — Find the buckling stress P for a column of length l\ 
from the formula P = — when *575, s-nd /=i8o. 

^ + 4^^ (ft) 

Substituting these numerical values — 

_ 48000 

^ ^ f I i8o2\“ 

I + ( 4X X 

30000 -575/ 

The second term of the denominator must be worked apart from 
the rest — 

Thus, to evaluate 4 ^ ^ proceed as follows— 

30000 X -575 

A pproximaiion. 

4x2x2 Xl\\l 

3x6 \\\\ 

i, *88 X 10 
or 8*8. 

per sq. in* 


Actual figuring, found from the slide rule, 
is 751, so that, in accordance with the 
approximation the value of this term is 
7-5I- 


4800Q 

1+7*51 


4 800Q 

8-51 


= *5630 lbs 


*= (2*0059+ 1-43^2) — (1*5410+ *6767) 
= 1*4421 — *2177 
= 1*2244 
= log *1677 

/. Ar= *1677. 
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ExampU 20»“— Find the value of E, yourig*8 itiodiiliiH fur »trrl, 

from the formula ” ^{5! + expresses the result of a 

bending test on a girder. 

Given that A »■ *924 / iw* 60 W *» 

D «- -07 I w* 11*15. 

Substituting values^ — 

E « X 60/ 60 X 60 5 I 

' 8 X *07 16 X ix*i 5 *0-4 i 

536000 153*8 + 5*4r} 

«» 3i:*7 X lo^ 


Exercises 8.--^ On the Use of Logarithms and Evaluation of Formuliii 

Evaluate, using logarithms or the slide rule, Exs. i to ja; utdiig 
approximations wherever possibl<\ 

1 . 85*23x6*917 2. 876*4X*3 :s94 * ^*356 


3. 75*42 x-<k)02H35 


4 

• 7.965 


6 jmL 

* -08176 

•007503 
^ -9867 X -4693 
-0863 X -1842 
24*23 X *7529 X *00814 
3000 X -01 15 X 45-27 

16, ❖' 94^03 
19. ^^(* 001769 )^ 

22 ^94-7^y--i‘<>0 

755 X ■“‘’5 
(•o 648 )»x V'1753 
(*275)* 


_ 2-8<)6 x 3.}7‘it 
' " «i-4K 
,0 4843 x 29-85 
75’3-i 

18. 
16. 

17. (• 05 t 7 )» 

20 . 


6. ’*tH»5^76 ♦ *1009 
g I2'0H> *Oi| tz 

4. 115^^-07^* pH 




•009914 
36*87 * 2*57 
•085 . 13*77 < *<>5 

•572 • •otiHf) 
•45.i9 -oii ^ *059 

18. N^-xo55 

21. (18-24)*^. 


24. 


Ofi (9x-56)*ii(3-i84)l 

(-0459)1 X (-2743)* 


28. 

^ -3867 

80. VT=!%xi-05 
^ -0915x7-481 

00 (27-63)*xlog,o3'476 
" V{'4349)®X5-007 x 4' 


\ 24i:x / 


0* - ■^■'■7534 
'■ ^*> 

(-2.547)4 5 X n>* 

(4-72)* - i .((.-4 5 

(2-.5)*>; VB-tii 

«« J/h)j-4 X (-jKih)* 
^ (■00854)*.- 701,4 

81. ''^■‘’4f»3x (-oHfi)* 

•^■(>75x (-oyi)* 


23. 

25. 

27 


88. The formula V -• ,rrH gives the vohime of a cylintlrr. If r — -5 
IT -< 3*142, 1 — 12-76 find V. 



AIDS TO CALCULATION 


23 


84 . Given that Ls= 52 --A. Hnd L when — = ii‘7, 5B == I73‘5. 

j 21 

Cl 

36 * If + ^ when 2 « 5*x and 

86. The velocity ratio of a differential pulley block is found from 
the formula— 

2d 

VR a* (where and d^ arc the diameters of the pulleys). 

Find VR when dis» ^ 4 ' 57 $ <^a = 5*72, <f3=5 4'83. 

37 . If v^u+ft and find values of v and 5 when 

u «- 330, f mm >^27, and t « 4*8, 

88* Find a velocity, v, from — 



when g ^ yz-2, d =« 0-84, A « 30, / « 5000. 

89 . If p^(y7^s^^^ hud its value when fs^5, if 0*75 

fit ^ 6 , 1*04; p is the pitch of rivets, of diameter joining plates 

of thickness f. 

40 . Find the weight of a roof prinqipal from Merriman*s formula — 

W when a== 10 and /= 80. 

4 10/ 

41 . To compare the cost of lighting by gas and electricity the 

b 

c 

following rule is often used, a= — 


where a — price of i Board of Trade (B.O.T.) unit in pence ; 6 = price 
per 3 000 cu. ft. of gas in pence; ^== watts per candle power (C.P.) , 

candles per cu. ft. of gas per hour; c = cost in pence of lamp 
renewals per looo candle hours. 

h'ind the equivalent cost per electric unit when lamps take 2-5 
walls pcT C.P., a — 2, c = I J and gas is 2s. 2d. per 1000 cu. it. 

42 . The length I of a trolley wire for a span F when the sag is d 

8d^ 

is given by the formula /:=L-{- . Find I, when L—500, d== 12. 

43 . The input of an clcciiic motor, in IT P , is measured by the 
procluct of the amperes and the volts divided by 74 0. What is the 
input in the case where 8-72 amps, arc supplied at a pressure of 112*5 
volts ? If llie efficiency of the motor at this load is 45 %, wliat is its 
output ? (Output = cliioicncy x input.) 

44 . 2*4 lbs. of iron arc heated from 60® F. to 1200° F. The specific 
heat of iron being -13, find the number of British Thermal Units 
(B.Th.U.) required for this, given B.Th.U. ™ wciglit x rise in temp, x 
specific heat. 

46 . The following rules for the rating of motor-cars have been stated 
at various times. 

(a) By Messrs. Rolls Royce, Ltd. — 

H.P.- • 25 (ci:-i) 2 NVwS 

where d= diameter of cylinder in inches, N — no. of cylinders 
S = stroke in inches. 
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{b) By tlie Royal Automobile Club— 

*igyd(d”- i)(f-f 2)N 

where N and i'have the .same meanings ns lx»fore, and r ^ ratio f#f stroke 
to diameter. Find the rating of a 4-cyIinciar engine, 1 vhmierH are 

of 90 mtns. diameter, and stroke 1:20 mms, ; by tiu* use of earh td the 1 ules. 

46 . 130 grms. of copper'*{\^') at 95® C. (T)are nuxed (h*} 

of water at 10® C. {/), llic final temiVratnrc (f|) l>fing lO^C. C*d« wi.ite 
the specific heat (s) of copper from 

w(ii- t) 


S 


W(T-- 


47. The volume v of a gas at a temjK*raturc of or 

absolute, and at a pressure ciirrespcmding to 7O0 minn. of inert ury i« 
17*83 cu. ins. Fina its v(»lumc at temperature and pre^hine fl 
where 83*7 and Hm 797 from the formula' * 


V ®Ea JU 


^73 


jtHi 

H ’ 


48. If find its value when f,-» n, 

f B» 80000. 

L«* length of a railway spring on each side of the hm kle, n « 
number of leaves, thickness of leaves, / working sirens, p.* Uunl 
applied and i!; a® width of leaves. 

49 . The increase in length of a steel girder due to rinr of lem|M'ral ute 
can bo found from the formula, new length ^ old lengtli (1 | #1/) whrn 
^a»risc in temperature, and a « « om^flu ient <»f linear expansniu. hind 
the increase in length of a girder of 80 ft. span tlue to < hangr of 
temperature of 1 50® F. when a »» -oooooo. 

BO. If c»a V {tip F 4d)[p h *p/), find its vahu* wliru p C# d jJi*. 
The meaning of <? will be uudcrhlood by referemte to the rivetr<i iiunt 
shown in Fig. 2. 

Bl. Find the thickness of a butt .strap 
from the B.O.T. rule — 

'■ - '(/- i)‘ 

when w 4 1"", f « ^ 

62 . Find the thickness (d of a pijH‘. for 
pressure p lbs, per sq. in., when iulcrnal 
dia. *w d, from — 

, p 4* ICO . , / d \ 

7200 ”^'^^*^(^“’”^100) 

<1-2. ^-450. 

63. Taking ^ ^ ' V ^ /O 

which gives the principal (or maximum) stress 
7> due to a normal stress f and a shearing stre.ss ,,, 

$ ; determine p when /» 3800, .s*-’ 2(iuo. *• RIvrtrd 

B 4 . If P«- (Gordon's formula for the bm khiig kmil 

* + STsoo ■ T"» 



Qp. struts), find P when F »• 28, d =« 15, T 
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65. If 


I + 


25 

JY* (Rankine’s formula for the buckling load on 




struts), find p when / « 48000, 14! x 12, c * 


30000 


30.7. 


66# The deflection dJ of a helical spring can be obtained from — 

Find the deflection for the case in. which ty « 48, D = J 

12-73, r == 1-5. 

C = 12 X 10®. 

67* If the deflection of a beam of radius a and length I, due to a 
load of W is measured, Young's Modulus for the material of which the 

beam is composed, can be found from ^ certain case 

the dcficciion was 4*2; and W, I, a and tt had the values 14*8, 17-36, 
•39 and 3-142 respectively, find the value of E. 

68* For oval furnaces, if^ — 

A « difference between the half axes before straining. 

8 «w ,, ,, ,, after ,, 

p pressure in lbs. per sq. in. 

E a=« Young's Modulus. 

D diameter of furnace. 

then 32EI-;^>D»' 

Find the value of d when a « -5, D = 40, ^ = 100, E = 30 x lo* and 
I *0104. 

59. The modulus of rigidity C of a wire of length I and diameter d 
may be found by attaching weights of and respectively at the 
end of the wire and noting the limes, tx and respectively, taken for 
a complete swing. The formula used in the calculation is — 

^ _ I287rf(mi ~ 

fund C when Wi=9-8, ^8=1-5, = /a=i-6, ^==32, <i=*i26, 

I 4’83, a • = *97 and tt 3-142. 

60. The w(ught W in tons of a flywheel is given by — 

4325 7Hrw 
* 

40 
12* 

61. The approximate diameter of wire (in inches) to carry a given 
current C with 0^ rise in icmi^cralurc can be obtained from — ■ 


W = 


Find the weight when R = 


•2, n = 30, N = 120, H « 70, 






1-6 


Find D when J = -0935, = 35. P = 7^. C = 55, w = -0025 and 

TT — 3'I‘12. 

62. Find the dimensions for the flanged 
cast-iron piiio shown in Fig. 3 (in each case 
to the nearest i^ih of an inch), when P = 85, 

D = 7'5, t = ^ooo + '3. T => 

d BBSS * 83 ^d*** 3 # '2^dm 

There are n bolts and n =* •6D + 2. 


B 4 


rWf 


-D- 


Fig. 3. 
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Investigation for Units. -A train covers a djHtan*'!* of t!S«> 
miles in 5 hours ; what is its average sjxied ? 

Obviously it is 'Tiunir 


It could with equal truth l>e expressed by 


150 X 52.H0 ft. 

5 X (jo ;< (h» secs.’ 


i. e ., ' or 44 ft. per second. The figures in the results differ 

X 'SCC* 

because they are measured in terms of different quantities, and it 
is essential that the units In which results are expressed should t>« clearly 
stated. 

Here we have another form of investigation to lx* jM-rfonned 
before the actual numerical working is attempted. To find the 
units in which the result is to Ix^ expre.ssed, these units, with their 
proper powers attached, arc put down in the form of a frartnm, 
all figures and constants Ix-ing disregarded, and arc treated for can 
celling purposes as though they were pure algebraic svmlM»ls. 

Suppose a force of 100 lbs. weight is exerteil through a dtst.uue 
of 15 ft., then the work done by tliis force is too x i!) or I'^oo umtH : 
these units will be “foot llxj." since the result is tjbtaineil by inulti 
plication of lbs. by feet. Tliis statement might lx* written m the 
form, Work = lbs. X feet •— foot llx;. If now we are told that the 
time taken over the movement was 12 minutes we <au determine 
the average rate at which the work was done. The woik done in 
I minute is evidently obtained by diviiling tlie total wojk done 
in 12 minutes by the numlxir of minutes: thus, rate of wtukuig 

“ ”tV ~ ^^5’ figure gives tiic numlx'r of foot il)s. of woik 


done in one minute, and the result wouhl lx; (•.Jcjiressed as. av<*t.ige 
rate of working — 125 foot lbs. /jcrminute. It will !«• seen fiom tin-, 
and from the previous illustration that the word /icr iinphes <1i\-imi hi. 
To obtain a velocity in miles jHir hour, tlie dist.ima- coveied, m 
miles, must be divided by the number of hours taken, or - 


velocity (miles per hour) — 


number of miles 
numlKirof hours 


or, more shoitly. 


miles 

hoius' 


An acceleration = rate of change of spj'ed 

= feet per second addisl <‘\-ery second (sa>-) 

feet _ fi'et 

secs. X secs. (secs.)* 


Hence, wherever an acceleration occurs it must lx? writtim us 
clis^3Jl.O0 

~ {Q m e)* ~ investigation for unit.s. 
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The “ g " so frequently met with in engineering formulae is an 

ft 

acceleration, being 32*2 ft. per sec. per sec. or 32*2 and 

therefore must be treated as such wherever it occurs. 


Example 2X.— The steam pressure, as recorded by a gauge, is 
65 lbs. per sq, in. ; the area of the piston on which the steam is acting 
is 87 sq. ins. What is the total pressure on the piston ? 

Total pressure «» area x intensity of pressure 

and is lbs _ ». is in lbs. 

The true pressure is 65 -f 14*7 lbs. per sq. in., because the gauge 
records the excess over the atmospheric pressure — 

total pressure «== 79-7 x 87 lbs. 

= 6930 lbs. 


Example 22. — Find the force necessary to accelerate a mass of 
10 tons by 12 ft. per see. in a minute. The formula connecting these 

cpiantities is where W = weight, / = acceleration and g ha? its 

usual meaning. 


Dealing incicly with the units given, and forming our investigation 
for units — 




^ / 

_ (secs.)* feet 

Tons X ^ . -r - X - — 

feet sees. X mins. 


It will be seen that no cancelling can be done until the minutes 
arc brought to seconds ; then wc have — 


P «Tons X 





= Tor23 


To find the force, therefore, the minutes must be multiplied by 60; 
i. <?., the denonunator must be multiplied by 60. 

Hence P « 10 x x = -0621 ton or 139-2 lbs. 


Example 23, — The modulus of rigidity C of a wire can be found 
by noting the time of a complete swing of the pendulum shown in 

Fig. 4 and then calculating from the formula, C = where / is 

the length of the wire, d is its diameter, I is the moment of inertia 
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of the brass rod about the axis of suspension and i is tlio time ol one 
swing. 

If I and d are measured in inclics, i in seconds, 
and I in lbs. x (feet)* [I being of the nature of - 

mass X (distance)*], iirwhat units will C be expressed ? ^ j 

Investigating for Buits- ^ ^ ^ EtevAT.OM ^ 

laSn- / I ~g d* <* j 

sees * I Z pr,*3W M'W 

C =• constant X ins. X lbs. x feet* X ‘ ‘ ' x . - x - ilMMaMMiaHMiL 

feet nw.* sec.* C-o™., 

constant x lbs. x feet 

". ins * ~ •( 

^ I ..-A 


If the numerator is multipUc<l by Z2, then — 

^ ^ constant x lbs. x ins. ^ lbs, 

"" ms». ”* ins,* 

or the result would be expressed in lbs, per sq. in. 
provided that the numerator was multiplied by u. 


MM 


Pt-AN 

Fig. 4. 


Example 24. — ^Thc head lost in a pi|>c due to friction is given by the 
formula A* -03 . Find its value if the pi|>e is 3'' diiu, 56 yards 

long, and the velocity of flow is 28 yards |X5r min. 

The meanings of the various letters will he Indtcr understood by 
reference to Fig. 5. 

Dealing only with the units given, and disreganUng tlic countants — 

I i 

I ’d V* g 

rr 1 1 X 1 r van Is* S(ns.* 

Head lost yards x . x . * < , , 

tns. nuns.* ieet 

This is not in a form convenient for cancelling; att ortiiiigly, bring 
all distances to feel and all limes to sccoiuls. 

Then the head lost » feet x. feet, 

feet secs.* fcei 



Fig, 5.— “Flow of ^yater through a pipe. 


Substituting the numerical values in place of the symlxils"- 

Head lost - 5 f> x 3 X 12 X 28 x 3 x iH x 3 

3 X 60 X 60 x 64*4 
*» *612 foot. 


&feO 
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Example 25.— Find the maximum deflection of a beam 24 ft. long, 
simply supported at its ends and loaded with 7 tons at rentr^. 
The moment of inertia I of tJie section is 87-2 ins> uxii 0 fs^nd^ vLoih^^s ' 
Modulus E for the material is 30 x 10® lbs. per sq. 


The maximum deflection 


48IE 


Tine investigation for units, as given, reads 

1 

W /* 1 




Deflection « tons x feet® x r-i-^ X 

ins.-* lbs. 

No cancelling can bo attempted until the tons arc brought to lbs. and 
the feet to inches or vice versa; assuming the former, then — 


Deflection 


lbs. X ins.® X X = ins. 

ins.* lbs. 


So that, since 7 Ions « 7 x 2240 lbs, and 24 ft. = 2S8 ins. 

■rs n X* 7 X 2240 X 288® 

^ 48 X 87-2 X 30 X xo« 


Calculation — 

log<f •*» (log7 {“Iog22^o4-3log288) 

— (log 48 { log 87'2~fdog 30,000,000) 
(-8451 + 3-3502 H- 7-3782) 

— (1-68124- 1-9405 + 7 ' 477 i) 
■= 11-5735 — 11-0988 
“ -474 7 = log 2-984 

dcilcction ==» 2*984 ins. 


Approximation — 

7x2 X3X3X3 W 

5x9x3 \\\\\\\\\ 

or 2*8. 

Explanation — 

log 288 = 2*4594 
3 X log 288 = 7*3782. 


Exercises 4. — On the Finding of Units. 

5 E 

1 . In what units will / be expressed if / = 7-) ^ is i^^ inches, 

E in lbs. per sq. m. and D in ins. ? ^ 

2 . If a H.P. ™ 33000 foot lbs. of work per minute, find the H.P. 
necessary to raise 300 cwts. of water through a vertical height of 16 J 
yards in half an hour. 

3 . If H «= : find H in yards when / == 18 tons per sq. in.; 

E “ 13000 i^cr sq. in. ; p == 480 lbs. per cu. ft. 

4. Dctermmc the stress / in a boiler plate in tons per sq. in. from — 

f == when t == *63 in., feet, ^ 160 lbs. per sq. in. 

t is the thickness of plate, p is the pressure inside the boiler, and d is 
the diameter of the boiler. 


use 

510.2462 N24.1 


Lib 


B’lore 
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6. The jump H of the wlieels of a gun is given by- 

AW^«P 






Find the jump in inches when A 40 ins., ft*. A«i yd.. 

P*a47*5 cwts., Rs^i*x 5 tons, tons, W « 9 cwts. 

6. The tension in a belt dxic to centrifugal action can Ik? calculatcnl 


from T* 


wv^ 

g 


If tewwwt. per foot run of tKdt in IIb,, in 

ft. per see., and ghas its usual value, in what units will T Im' expressecl f 

7. If, in the previous example, w lb. jkt ItKjt kuigth of lK»li 

per sq. in. of surface, find a .simple rcLdicm iRdwccn the stress (m 
lbs. per sq. in.) and the velocity (ft./sec,), 

8, The I.H.P. of an engine is determined from the formula-- 

33000 

where P«»mcan efTcclivc pressure in llis, per stn in,, stroke iit 
feet, As»arca of piston in sep ins,, anti N revoiu1i<»nH |K'r nmiutt'. 
If I is the stroke in ins. and A ^ ^ •7^54i>^ sliow that this etpiathm may 

be written I.H.P. « ^ approximately. 

wv^ 

9 # Given that / »» » ^ , where weight in lbs. |jer cu. in., 
g V -n veloc. in ft*et per .stn*. 

(a formula relating to tensile stress in revolving bodies). 

Arrange the formula so that / is given in lbs. per s«p in. 

lOt Investigate for units answer in the following formula for the 
Horse Power transmitted by a shaft. 

H.P. » where K is inches, N is K(‘voluiions mn* miuutt\ 

TT is a constant, and p is in lbs. per sq. in. 

If these arc not found to be II.P. units, viz. foot Il)s. |H*r ininufe, 
state what correction .should Ik? made. 


Av;(/>i 

V' 9 






2 gives the <|uantity of water 


11 . The formula 

passing through a Vmxluri McAer 

In what imils will Q be cxpres.sed if and arv in stj. ft. ; />, nud 
in lbs- per sq. ft, ; g in feet per sec. per ms:, ; f, lu lbs. per t u. ft. ? 

12 . Given that i lb. 454 grms., r" ^ 2*54 rms. 

I erg. «« work clone when 1 <lyuc acts through i cm. 

I grm, weight 'C|8i dynes, 
and I watt r-® 10’ crg.s per sec.* 
find the number of waits per ILP,. 

13 . The extension ;r of a rubber .shock afjsorbei for an aercudanc 
chassis is given by — 

6-0} \VD 
^ hU- K 


where W = wt. of machnie (lbs.). I) jh dia, of c:cni (ms.). 

n = number of cxnLs. <ha. of rubber coui (ms.). 

E=3 Young's modulus (Ib.s. per .scp in.). 

Find when W =» 1500, D«« 5, n 50, J and E«. xoo, stating 
the units in which the answer is expre-ssccL 



CHAPTER II 
EQUATIONS 


Simple Eg;uatioiis . — simfle equation consists of a statement 
connecting an unknown quantity with others that are known; 
and the process of “ Solving the equation ” is that of finding the 
jiarticular value of the unknown that satisfies the statement. To 
many, this chapter, on the methods of solving equations and of 
transposing formulje, must be as important and useful as any in 
the book, for it is impossible to proceed very far without a working 
knowledge of the ready manipulation of formula. The methods 
of procedure always followed is the isolation of the unknown, 
involving the transposition of the known quantities, which may be 
either letters or numbers, from one side of the equation to the 
other. The transposition may be of either (a) terms or (&) factors ; 
and the rule for each change will now be developed. 

To deal first with the transposition of terms : — 

When turning the spindle shown in Fig. 6 
it was necessary to calculate the length of the 
“ plain turned ” portion, or the length marked I 
in the diagram. The conditions here are that 
the required length, together with the radius 
•375", must add to 1-5". A statement of 
conditions may thus be made, in the form — ■ 

I + -375 = I-5- 

The truth of this statement will be unaltered 
if the same quantity, viz. ‘375, is subtracted from each side, so 
that — 

I -f *375 - -375 = 1-5 - *375 
or / == 1-5 — -375 = 1-125. 

Thus, in changing the -375 from one side of the equation to the 
other, the sign before it has been changed ; + -375 on the one side 
becoming — -375 when transferred to the other side. 

Again, suppose the excess of the pressure within a cylinder 
over that of the atmosphere (taken as 14-7 lbs. per sq. in.) is 86-2 
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lbs. per sq. in., and we require to deteriuine the pri-ssurr 

in the cylinder. 

Let -p represent the absolute pressure, *. the excess ttver xeio 
pressure. Then — 

p — 14*7 8G‘2. 

To each side add 147 ; then — 

p =a 86-2 4- I4'7 =■ loo-q lbs. per sq. in. 

Thus, — i4'7 on the left-hand side laconics f- 14*7 when trans- 
ferred to the right-hand side of the c<iuution. 

Accordingly, we may say that When transferring a TERM from 
one side of an equation to the other, the sign before the term must be 
changed, plus becoming minus, and vice versa. 

To deal with the iransposition of factors 

Suppose we are told that 3 tons of pig iron arc* kiught for 
;f7 los. : we should say at once that the price jht ton was | of 
£j ios„ or los. 

We might, however, use this case to illustrate one of the jnost 
vital rules in connection with transjKJsitions, by c.'cjm'ssing thi* 
statement in the form of an equation and then solving the ecpiation. 

The unknown in this case is the price jwr ton, which may lx* 
called p shillings. Our eqvration then Ijeconics - 

3Xp = I5<> (0 

Divide both sides by 3, which is legitmuite, Nitm- the eijn.ttioti 
is not changed if exactly the same operation is perfonned on either side. 

^ “ ^ 3 ^^ 

or the cost is 505. per ton. 

Again, had we been told that J a ton could Ik* hnught h'l .:3V. 
we could express this in the form- - 

iP =*‘25 {.{) 

If we multiply both sides by 2 we find ilu.i 

^ = 25x2 = 50 (4) 

wliich, of course, agrees with the above. 

It will be seen that, to isolate p and so find its absolute vahu*, 
we transfer the multiplier in equation (i) or the divisor in equation 
(3) to the other side, when its effect is exactly reversal : thus the 
multiplier 3 in equation (i) becomes a divisor when transferred 
to the other side of the equation, as in (2) ; and the dividing 2 in 
equation (3) becomes the multiplying 2 in equation (4). 
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The motion of a swinging pendulum furnishes an illustration 
of the transposition of a factor which is preceded by a minus sign. 
The acceleration of the pendulum towards the centre of the move- 
ment increases proporticmately with the displacement away from 
the centre. Taking a numerical case, suppose that we wish to find 
the displacement s when the acceleration / is 4-6 units and the 
relation between f and s is / — —25s. 

Substituting the numerical value for / 

4-6 =3 —23s. 

To isolate s we must divide both sides of the equation by — 25, 
and then — 



or s = — 184 unit. 

The rule for the transposition of factors can now be stated, viz. 
To change a FACTOR (i. e., a multiplier or a divisor) from one side of an 
equation to the other, change also its position regarding the fractional 
dividing line, viz., let a denominator become a numerator and conversely ; 
and let the sign of the factor be kept unchanged. 

We have thus established the elementary rules of term and 
factor changing in simple equations. The following examples, as 
jllustrations of these fundamental laws, should be most carefully 
.studied, every step being thoroughly grasped before proceeding to 
another. 

Exnmpte i. — Solve for x, in the equation, j.g 

Tnui.sferrmg the 5 and 4 so that x is by itself, the 5 must change 
from the top to tlie bottom and the 4 from the bottom to the top, since 
5 and 4 are factors. 

Then— ^ V = S’l i • 

i-H 3 


Example 2. — Solve for a, in the equation, 40-1-17 = 2-50— 9 


Transposing, to get the unknowns together on one side — 


4a— — 9 — 17. 


Here the change is that of terms, hence the change of signs. 
Grouping, or collecting the terms — 


i-Sa 


— 26 

— 26 




O 



34 


MATHEMATICS FOR ENGINEERS 

Examph 3.~Thc weight of steam recitilred |kt hour for an enKlis# 
was a constant 6o lbs., together with a variable IbM. I«*r r.n li II. T. 
developed. If. in a certain case, 2x0 lbs, of steam were siip|iliril in an 
hoar, what was the ILP. dcvelo]H:d ? 

Let h represent the "unknown ILP. 

Then 2$h represents the amount of stcani for this ILF., a|i*irl from 
the constant, and the equatkm including the whole at the statniirnt 
of coixditions is — 

25/i +60 » 210. 

Transferring the term + do to the other side, where it Iwannm - 

25A «« 210 — 60 ^ 150. 

Dividing Ihroxjghotit by 25 A » 6 

or, the ILP. develojKHi was 6. 


Example 4.~To convert degrees Pahrenheit to degrees (Vntigr.ule 
use is made of the following relation— 

Innd the number of degrees C., correspoiuHng to 457^ 1% 

Substituting for F its numerical value - 

<) ^ 

457-32 

425 '■’5^ 

Transposing factors 5 and 9, 425^x5 „ q 

-'.<<>■ I ^ C 

i.e., 2^6“ ('. correspond to 457“ F. 


It might happen that in an engine or boiler trial only thei- 
niometcrs reading in Centigrade dc'grees were av.ulable, wheieas 
for purposes of calculation it might be necessary to have the tern 
pcraturcs expressed in degrees Fahrenheit, 'riiis woulii uumu 
that a number of equations wouKl have to he solved ; but the wtuk 
involved could be shortened by a suitable IninsiMtsitiot) of the 


formula given above. 

F_32 == -^C (I) 

F = (.i) 


Equation (2) is far more suitable for our purpose tliun equation 
(i), although the change is so slight. 
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Example 5. — Convert 80®, 15®, 120®, and 48® C. to degrees F, 

When C » 80, F » x 80^ -f 32 « 176®, and so on. 

Or, we might tabulate, for the four readings given, thus : — 


c 

•^C + 3* 

F 

80 

144 + 32 

176 

15 

27+ 32 

59 

120 

210+ 32 

248 

48 

86-4 + 32 

118-4 


Example 6. — Ohm's law states that the drop in electrical pressure 
K when a current C flows through a resistance R, is given by the formula 
li: * CR. Transpose this for R and C. 

To find C, E«CR 

E 

Transposing the factor R, C = 


In like manner R = ^. 


Brackets occurring in equations must be removed before 
applying the rules of transposition, and the same remark applies 
to fractions, which may always be regarded as brackets written in 
a different form. 


Example 7. — Solve for w in the equation — 

— 4-1)— 2(7— •itt') — i5(-3w+-62). 

Removing brackets — 

3a;— 4-1 — 14+ •2a' = 4-5W+9‘3* 
Dissociating knowns and unknowns — 

3a) l-‘2a' — 4'5a' = 9-3 -l- 4 'i + ^4 
- 1 - 3 “' = 27-4 


Note that the sign of 1-3 is kept unchanged. 

Example 8 .— Wlien finding the latent heat L of steam, the following 
equation was used — 

Transpose this for L, i. e., find an expression for L in terms of the 
other letters, which must be regarded as representing known quantities. 
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Here L is the luiknown, mnee the valtien of all iiie other lattem are 
supposed to bo known* 

wi «• f' /j, —T 
wi 1% i T * f L 


Clearing of brackets^ 
Transposing terms, 


Transposing the factor g, 


wT- 

wT 

wT 


wi 


G I T 


Example g.—Solve the equation — 

5 2^4 5 J 

Tlie L.C.M. of 5, 2, 4 and 3 is 60, and mulUpliratlou throughenit 
by this figure will remove the denonunators. 

(4;^ X 12) — (7*v X 30) {8*r X 15) *» {i*gxxti) I (7*21x20) 

4av *2iar f- 121-5 2i*H.v f 144*1 
48;^ — 2Xo;»f 22-Bir i44«i - iii-5 

or — i 84 - 8 x #1 2 i *7 

22-7 

-184-8 ‘- -' O - 


Example io.”Thc elect ro-motivo force IC of a cell wa?i fmnu! on 
open circuit, and also the drop in potential V when a rrsistaure <»f I< 
was placed in the circuit. The internal rehlstauu* of the trli may Ik* 

V 

calculated from the equation (E--V) j^xKi whm’c l<i H the intctnal 

resistance. Find the internal resistance for tlie case for whit h hi b-* i m b 
V »« *8965 and R *» 5. 

It being required to find wc transpose the and treat thc^ 
bracketed letter as one quantity for the lime bring ; then 

^^(E~V) - lU 

which completes the transposition. 

Substituting the numerical values — 

•°« 2 •47 ohms. 


Example ii. — Solve the equation — 

3y-5 7y t 9 , 8y I 19 , oS _ _ 

Before proceeding to find the it will be found tl»e safest 

plan to place brackets round the numerators of the fractions, 'lliis 
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emphasises the fact that the whole of each numerator is to be treated 
as one quantity. Thus — 

(3y-z5} _ (7y +9) , (Sy f 19) 4 . 69 _ - 

4 16 ^ 8 -I- 8 - o- 

Failing this step, mistakes are almost certain to arise, especially 
with signs, e, g,, the minus before the second fraction applies equally 
to the 9 and to the 7y. This fact would probably be overlooked if the 
bracket were not inserted. 

Multiplying throughout by 16, the L.C.M. of 4, 16 and 8 

4(37"-5)“-(7:V”f 9)-!-2(8y hi9) + (2 X 69) == o 
i2y-“2o — 7y«-9-|-i6y-(“38H“i38 » o 
I2y— 7y |»i6y « 20 1-9-38-138 
2iy « —147 



Example 12, — If p is the intensity of pressure over an annular plate 
of outside diameter D and inside diameter d, then the total pressure 
on the plate is given by — 

7854^5) (D2-^ ^2). 

Assuming that p, P and D are known, transpose this equation into 
a foun convenient for the calculation of the value of d. 


Treating the *7854^ as one quantity, and transposing it — 

P 

•785 

Transferring D* to the riglitdiand side — 

-d^=- _D* 

•7854^ 

Changing signs throughout — 

^—r 

•7S5 iA 

Taking the square root of both sides — 
d= a/d“ 

Example 13. — If t = 2n -^ giving the lime in seconds of i swing 

(periodic, or to and fro) of a simple pendulum ol length I Icci; find an 
expression for L 

It will be easiest in this case to square both sides {i, e., to remove 
the square root sign which is merely one form of bracket). 


transposing the factors, 4, tt* and g. 


__ 
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Example 14. — ^Transpose for q, the dryness fnutioxi t»f sleani fuuiul 
by the Barrus test for superheated steuiii, in the equ.it ion — 
•48(Ta-Ti,--«) » (r iy)I.|-4H(TH T). 

Ta, Tj(, Ta and T arc teniix>ratureH, L is the tatenl he.it of the 
steam, and » => loss of temperature of the hU|KTheated ste.au wlujii the 
supply of moist steam is cut off. 

Treating -48 (Th"T) as a term, it may bo tr.uisferred to the oilier 
side with change of sigir before it - 

■48(Ta-T„-«)--4«(Th T) - (I q)h 
or, since *48 multiplies e.-uh bracket, wo can, take it initsidi’ one large 
bracket — 

■48|Ta- T„ m~Tb 1 T} « (X- q)L. 

Dividing both sides by L — ■ 

(I-?) - -{®{Ta - Tn~« -Trf T} 

? - I - - jVrA -Tb n Th I T}. 


Example 15. — The equation | <) refers to tbe? stress 

produced in a bar by a weight W falling thr(»iigh u liright II on to 
bar. Transpose this equation for / and also for 


To find / : — 

Transposing factors, /* ^ 

Extracting the square I'oot of both sides of the equation, 

f urn 

To find 6 — 


I e) 


/•jl<;W(ll I r) 
Al, 


W(II I e) 


II i e 


' 2ICW 
/*AT. 
’ aliW 


IL 


Example i6. — One hxindred electric gUiw lamps, each of 150 oluus 
resistance and each requiring *75 ampere, arc romunif'd in pantile!. 
How many cells, each of -0052 ohm resintant'o aiul giving u-cK volth. 
will be required to light these lamps ? (Cells to be in series,) 

Total resistance Internal resistance H- external resistanco. 

External resistance « ^ « 1.5 ohms (lx*cause lamps in parallel 
less resistance, i* aii easier path is made for the current)* 
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Suppose ^ cells are required. — 

Total E.M,F. « x 2*o8 
Total internal resistaacc ^ x x *0052 
*•* Totalresistan.ee « *0052;^+ 1*5 

Cmrcat » 

Resistance 

1 2^'08x 

and 100 X *75 »» , . 

*0052;^+ 1-5 

Multiplying across, «. e.» multiplying throughout by the common 
denominator *0052;^+ i*5. 

75 (•0052;!? -h 1*5) 2-o8;tf 

•^9x+ 1 12-5 B* 2-oSx 

112-5 =* =* 

/. X «=a 66 "6 

Or 57 cells would suhice. 


Current 


and 100 X *75 


Exercises 5. — On Simple Equations and Transpositions. 

Solve the equations in Exs. i to 6 

1. ” 3 - 

I , 2 22 

2. •+• a -- 3a = 5 — 

07 0 

3 9'5^ . 

" 7*45 4*69 

4 . y - 6 , 4y^ ^ 

5 2 9 

_ i5Ar_ 3-15 _ 37-5 8-4X 

■ 4-7 i-o8 2-95 ^ g-n 

6. 8-2;ir— 4-75(3 - 2-v) + 2-i4(5;ir+ 7) = 17 - (t - -8 v) + 5-43 

7 . Trans jjose for c in the equation. 

8. If H ws{T- i), find an expression for T. 

9 . If P « CTAE, find E when A = 19 25, C -oooooG, T = 442^ 
P = 

10 . Transpose for L, the latent heat of steam, in the ecpuition 

T-F L) » w{T-i)^ and hcncc find its value when Wi = = 212, 

xi, T = 145, and t = 70- 

11 . A formula occurring in connection with Tachcomctiic Surveying 

is D Determine the value of 8 to satisfy this wlicn 

p = 3600, /== X2, d = 6 and S = 36, 

12 . Using the equation in Exercise ii, find the value of / to satisfy 
it when D= 310*7, S= 4*63, 5 = -015, and -5. 

13 . If w = find s when 8*15, /= 50, W= 83-5, 4, and 

c 1400. w is the weight of a girder in tons to carry an external load 
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W ions, d is the effective <Iepth of tlie ^ is »Im*4IUiii» 

stress ill tons per sq. in,, ;uui c is a c<H‘iiieieui depending ctii the ty|H^ tif 
girder. 

14 , H i: f ^ fnui K in terms of C hir the case when m ^ | 

X s \ htt l V ' 

In olluir words, Imd the ndathm ludween Young's iiUHhdns and Ui<* 
Rigidity mudiihis when ** l^nssoids ratio is .p 

V 

15* Find the value of from K V H| vvhen E * t V 

97*9, The letters have the same meanings as in Kon#i/t/# lo. 

page 

16 . (liven that A*» transpose for R and heme fm«l 

its value when A 35, I> 0*5, d ^ .pj, *25, 

17 . Tlu! f<iu.iti(jn ’ (i 8 < ( ■ J) • 5 • tl <ki tm.-d 

when finding the thickness of the flangtMif the seition of a giidrr fi»r 
an overhead raihv.iy, Idnd the value of t to satisfy Ihu. 

' 18 . Transpose for a in tlie etpialiun \V(h^ hi) f h h^), [</ is 

the dryiu'ss fnudiou of a saiuple of steam. J 

19 . How nuiny eh*<;tric cells, ea< h having an internal lesintaine of 
1*8 ohms, and eai h giving 2 volts. muNt Ik* tonms ted up m s<*ne i mi 
that a eurnmt of ‘tHSO amperes may I>e passed through an external 
resistance of iZ'i ohms:' 

20 . 1 K, hiul nwheni) 500. S i2,C 050, and K 

21 . The tractive pull P that a tvvo-i yliiuler hnomotiv** tan rxeit 
is given by 

i>.„ 

wlu'rc jf^-^steam pressuu* in lt)s. pei s<|. in , d dtanu*tt*i of tshtuleo* 
in ins., Ls stroke in ms, and D diaiiuder of dn\iug wheels in 
inclu‘S. 

h*ind th<‘ (liannder of t I k* t ylinders of tin* (Uigme for whi< h the ptill 
is Ki, 000 lbs., tlu* st<sun pn^ssuo* .»oo lbs, p(‘r stj in., the stiokr 2 i 
and driving wliet'I.s an* m <iiamet<-r. 

22 . To dctcnniiKi fhcdiaineteu of a ciank the hjlIouiuK rule m used 

Pf 

Ihit this equation in a form convenient fm“ the lahulation ol the 
value oi d. 


23 . TdoyeVs rule for tlie strength of girders .siipptuiing the top td 

the eombnstion rhaiubcu' of a boiler is P . whme P • 

(\\ /qul. 

working })ressure in lbs. per stj. in.; i thii knt'ss <d ginh r at the 
eeiitn*; width Indweeii tube* plat(*s ; p pitt Ii of sta\ s ; h tiepth 
of girder at the centre; and I) distance from <rntre to <(*utie of the 
girders. 

Idnd the value of p when c 825, W - s 27, L < iP I> - 7F if - i L 
A — Of, and P=« 160. 
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24 * Find the thickness of metal t (ins.) for Morrison’s furnace tube 
from each of the given formulae — 

(a) Board of Trade rule 


(6) Lloyd's rule 


p i4O0o< 

^ D 

r)_ I259 (i6/-2) 
D 


where Pm pressure in lbs. per sq. in., and D == diameter (ins.) outside 
corrugations. Given that Pm 160 and D== 43". 


26 . (a) Transpose the given equation for a 


W(A + A)=:S^^ 

where d proof strain of iron, a == area of section of bar of length I 
on to which a weight W is dropped from a height ^ inches ; A being 
the extension produced. 


(b) Find the value of /, which equals when E = 30 x 10® ; 
a M I *2, 5 M «oo r, h=> 132, and W m 40. 

26 . If / = \/ value of L when W == 7000, A == 8000, 
and i - 1*62. 

27 . Find the pitch p of the rivets in a single-riveted lap joint from 

•785.P/Y, {p- where ^ ^ 4^ /s = 23, and/<M 28. 

28 . Calculate the value of p to satisfy the equation — 

Bm C^/pK when 0 = -02, A == 200, Bm 2*53. 

29 . The stress / in the material of a cylinder for a steam-engine 

'hd 

may be found from where steam pressure = 80 lbs. 

per sej in., == diameter = 14'', and ^== thickness of metal = Find 
/ for this case. 


80 . Determine the value of p to satisfy the equation — 

{p -d)tft — i'57id^fs, relating to riveted joints, 
when /j — 23, ft 28, ij, and ^ = J. 

81 . The diameter of shaft to transmit a torque T when the stress 

allowable is / is found from T = Find the diameter of shaft to 

transmit a torque of 22,000 lbs. ft , if the maximum permissible stress 
in the material is 5000 lbs. per sq m (tt = 3-1^2) 


32 . The formula d 




2 M 


, / occurs m rcinfoi'ced concrete 

xbo[i — ^x) 

design. Find M (a bending moment) when g,c^ 600, -36, i5‘3- 


33 . T>^d 


f-p 


- is Lamd's formula for thick cylinders of outside 


diameter D and inside diameter d Calcnlalc the value of p when 
Dm 9-5", and /= 6 ions per sq. m. 

M E 

34 . An important foimula in structural work is y ^ i> where M 


is the bending moment applied to a beam, I is the moment of ineilia 
of the section of the beam, E is Young's modulus for the beam, and 
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R is the radinH of curvature of iho Ixuit Invarii,^ If M %(m} JIh. fi,, 
I « •78^^4 in,^ units, lbs, {ht sc|* In.; fmil Ihr value <*f 

R, stating clearly tlic units in which it is cxpresstHl, 

86* Compare the deflcu’.tion </„♦ of a iK»ain tlue to lamdiiig moment 
with that dt clue to shear, for ttie hdlowing eanes— 

(a) length to x dcptli, i. / s-® xud, 
b) length 3 X depth* 

You are given that— 

. ci» * ^ 

.{m',’ ^ 'll' 

86. If ~ and c » fintl an exprcHHUni for r in terniH of m 

and A ; hence find its value when A *36, m 15. 


87* If K 


'^) ami E 9 i('(x ( ^ find tim relation lad ween 

fH 


K, the bulk modulus, and tlie ligidity modulus* 

Find also an expression for 1C, Young's mudulus, in tenus of Kami 
C only. 

88 * Find an expression f<jr from the cupiatkm— 

lUWx i6\V{r X) *iW 

89* Find the internal pre^ssure p for a thick cylinder from LanR-'s 
formula — 

where Dw 12*74^, d f ^ 2100 lbs. /IT. State the umts in wlm h 
p is expressed. 

40* Given that W ■» pv *, a fonnuLi oceuriiag in Th«*i 

ft" t 1 1 

modynamics, and also tliat W * 33000, T» is |'1\, 1', .'^2i<>o, v ^ 12-4, 
and p «a 2160, find the* value of n, 

41. A takes 2. hours lonc,<‘r th«in It to ti a \ <•! oo niilrs ; I tut if he* tumbles 
his pace he takes 2 hours less than li. kind tlieir rates <»f walking. 

42. li ll ^ and \ find v wh<ui H ^22*1, d i. 

I mm 380, and g 32. 

(II is the head lost when water flows through a length / td pi|w' of 
diameter d, and /is the coefficient of resistance.) 

48. If moment of a magnet, 11 .strength <»f the earth's 
field, p time of a complete oscillation of the magnet, and I nuuurnt 

M 

of inertia of the magnet, them ^^.^4 ^ (t*xprcssing the result <d .1 

deflection exj^eriment, d b<ung llui distance Indween the <'entre of the 
magnet and that of the needle, and T being a measure cd the deflts iitm) 

and also MH =« (expressing the result of an oscillation cxjHuiinent). 

Find the values of M and H when 20, I 169, t3*i» «“ ^ i*t4**» 

and T *» *325. 

44. In finding the swing radiu-s A (ins.) of a connecting rod, the 
following measurements were made: — 
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i « time of a complete oscillation =» 2-03 secs. 

p aw distance of centre of gravity from the centre of suspension = 
3X;43 ^ 

If A aw distance of centre of percussion from centre of suspension 
t aw 27 r,y/ ~ ; and also = ph. 

Find h in inches {7r=w 3’i42, g=: 32-2 Ip. sec.®}. 

45 . The maximum stress in a connecting rod can be found from the 
equation /«w x ‘05-^2^ + -00429 

If / wa 4700, D sw diameter of cylinder ^ diameter of rod — 2-5, 

p wa steam pressure at mid stroke =w 65, i;= velocity of crank, crank 
radius 8, and I aw length of connecting rod = 60; find the value of v. 


46 * It is requimd to find the diameter D of one pipe of length L, 
equivalent to pipes of length and and diameters and respec- 
tively, from — 

^ ^ Ij juh. 

Put this equation in a form suitable for this calculation. 


47 . If 



find an expression for y. 


48 . Transpose the equation 


c^y 


3^2 


A— y 2^^+2 cA— c®* 
structural design, to give an expression for y. 


occurring in 


Simultaneous Equations. — So long as only one of the quanti- 
ties with which we are dealing is unknown, one equation, or one 
statement of equality, is sufficient to determine its value. 

Cases often present themselves in which two, and in rarer cases 
three or even more, quantities are unknown ; then the equations 
formed from the conditions are termed svmidimieous equations. 
Taking the more common case of two unknowns, one equation 
would not delerminc absolutely the value of either, but would 
simply connect the two, i. e., would give the value of one m terms 
of the other. For two unknowns we must have two sets of con- 
ditions or two equations. This rule holds throughout, that for 
complete solution there must be as many equations as there are unknowns. 

The treatment of such equations will be best understood by the 
aid of worked examples. 

Example 17. — What two numbers add up to 5-4 and differ by 2*6 ? 

For shortness, take x and y to represent the numbers , substituting 
these to form an equal 1011 to satisfy the first condition — 

x+y -5-4 (i) 
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Here, by takini:? varumn valticK of y we ctmltl calrulatr €orrrK{miKling 
values of and there would l>e no limit to the immlrr of ** noluiutm/* 
The first stalciuent in the cjuestiou is, howt'ver, <{iuIthtHl by the srioufl, 
from which we form equation (2}, viz,- - 

X y ^ * 2-6 * • • * * . (i) 

If equations (i) and (z) arc added — 

2 .V s 8*0 

or, in other words, y has Ixvn eliminateil, t\ the numln^r of uukuowtw 
has been reduced by one. ihiv plan nmst theiefore In* to rhniinate/* 
by sonic means, one unknown at a time until all Inicome *' knowiH.** 
This method will bet followed in all cases. 

Reverting to our example, x is ftnnul, hut y is ntill unknown. 

To thul y, substitute the value found for x in eUher c<iuatitjn (1) 
or equation (2). 

In (x) 4 I y 5-4 

and y ^ ^ 5-4 4 ^ 1*4 

A X ’ .* 4*0 1 

y > ^ 1*4 I 

and wo have completely solved our probkun. 

Example 18.— d)etcrminc values of a an<l b to satisfy tlir cquaticnis 


1 ^ -43 (I) 

3a 26 a II (2) 


If equations (i) and (2), as they st.ind, w<‘r<' (*ith<T addi^l (u sub 
traded, both a and b would nunain, so tluit we should Ik' no neau-t a 
solution. To (diniiuatc a, say, we nmsl make the liMdluu’uts at a the 
same in both lines. 

li. g., ifccpiutiou (i) be multiplieil by 3 

and ccpiation {2) be multiplu’d by 4, <m( h line wtuild t ontain 12*1, 
so that the stibiraciion ot tlu^ t'cjuations wouhl t aust* a to vamslu 


Thus- 

iza 1 i)b 

^ I2<J 


izti Hb 

44 

Subtracting — 

1 jb 

85 

wIkuicc 

b 

5- 

Substituting this value 

U)V h in <Mj 

ua( ion 


3n 10 

t l 



2 I 

* 

m • 

a 

* 7 

Grouping the results — 

a 

7\ 


iL. 

5I 


Note.-- If it were desired to eliminate b, cnpiatiun (i) wouhl have to 
be multiidied by 2 and capiutiou (2) by 3, and the resulting e<|uatioiH 
added, since there would llicn be d ub in the top line anti —(16 Ixdow, 
which on addition would cancel one another. 
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Example 19* — The effort E, to raise a weight W, by means of a 
screw jack, is given by the general formula, E=aW+&. If £=2-5 
when W*»* 5; and if E» 5-5 when W==* 20, ffnd the values of a and 
h, and thence the particular equation connecting E and W. 

Substituting the numerical values for E and W — 


2'5=a 5^4*6 (i) 

5-5«2oa-f& (2) 


In this case it is easier to subtract straight away; thus eliminating b. 
Thus- — —3 ass —15a 



Substituting in equation (i), 2-5 == 1 + 6 

h == 1-5 

so that E *2W4‘ 


Example 20. — Keeping the length of an electric arc constant and 
varying the resistance of the circuit, the values of the volts V and 
ainj)crcs A were taken. These are connected by the general equation — 

■XT , ^ 

V = 

Find the value of m and n for the following case — 

V s=s 54'5 when A = 4 \ 

V = 48*8 when A = 10/ 

Substituting the numerical values, in the general equation — 

, n 

54-5 = m+- 
4 

48-8= 

Changing the fractions into decimals to simplify the calculation — 


54-5 =w + -25M (1) 

48'8 == m -{-‘in (2) 

Subtracting — 5*7 = *15^ 


Substituting this value in equation (2) — 

48-8 = wH- 3*8 
w = 45 

or V = 45 + ^ 


Example 21. — Karmarsch’s rule states that the total strength P of 
a wire in lbs. is given by V == ai-ybd?-, where d is the diameter in inches. 
For copper (unannealed) — 

P= 421 when <i== 

P= 55212 when<i=i*2j 
Find the actual law connecting P and d. 
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By substitution of the numerical values 

552ii (ax i*i) t (iP/ ' r ll) (i) 

421 (ax *1) f (/i * *01} (i) 

To eliminate a multiply cquathm (i) by li ami Mibli.o I* 

Thus— 55^1^ * i ^ ‘*1 

5052 r-a I» 2 rl j *t 2 b, 

Subtracting— 50 i(k> 

Substituting hi equal i(m (i) -- 

421 «• 'la } 3H0 
*ia 41 
a « 4 io, 

P « 4 t(ui ; jHcionJ* 

i, for a diameter of •5'', the total htnmgfh ift 

{410X *5) I (38000*- *25) <1705 lb^> 

Solution oi Equations involving* thru© unknowns. Thene 
may alsc^ he solveil l>y the piuci*^^ (4 idumnatmn* the method Innug 
similar to that cmplc^yiul wh<m theie air two unkno\uis ouh*, I'lnee 
equations arc necessary and these may l^e taktm tt4:rifiei m pans, 
the same quantity bt*ing eliminated fn»m e.n h pan, uhi iue the 
question resolves itself into a problem having two ei|uate*ns and 
two unknowns. 

Example 22.-- Find the vahi<*H of a, b amt c t<» *.ate.fv the 


equations — 

4a sh \ yr * 14 (i) 

9 a { ih } 3 ^: * . 47 

a b y ^ II ^ I) 

The unknowns must Ik? eliuiiual<*<! one at a lina\ SuppM.r ur 


decide to commence witli ilu? <diminalitai of c. 'I hu inav h*- iloin* hv 
taking c(pialion (i) and etpiatitm (2) t{»e.«dher, nmltiplvmg ripnOton (jj 
by 3 and ('quatum (2) by 7, and thchi suhtraHiug; an < qtialion ton- 
taining a and b only being Urns oblainetl. h‘or toinpUUt* ».ohi!jon fmr 
other equation must be hnmd to eoiuhine witli the*; if f«i|U4Uon (2| 
and equation (3) arc taken together, equation (2) tun A \h* inultiphnl 
by 5 and equation (3) by 3 ami the rerndting r(|uati*Het th* n addrd. 

Hence, considering equations (i) ami (2), and muUipbing atiottinig 
to our scheme— 

12a 156 ( 2m wa —42 

63a I 14& j 21^; «■ 329. 

Subtracting— -5xa-' 29* * 371 (4) 
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Combining equations (2) and (3), multiplying equation (2) by 5 
and equation (3) by 3— 

rioh^x^c == 235 
3«- == 33 

Adding — 482+ jh = 268 . • (5) 

Equations (4) and (5) may now be combined and either a or h 
eliminated. 

To eliminate a, multiply equation (4) by 16 and equation (5) by 17 
and add. 

Ihcn^ — — 8 i 6<3 — “ — 593b 

816^4-1195 == 4556 

Adding — -“3455 == —1380 

5 ess 4 

Substitute this value of 5 in equation (5) and the value for a is 
found" — 

i. -ijSa-f 28 =e 268 

or 48a s=s 240 

a sss 5 

For a write 5, and for 5 write 4, in equation (2). 

Then--- 45 i^^ + 3^ = 47 

or 3^ s=: —6 

/. c == — 2 

Collecting the results — a ^ 5^ 

&= 4^ 

c a=; — 2J 

Jix ample 23. — A law is required, in the form E = ^^4~5T + cT^ 
for the calibration of a thcrmo-clcctric couple. The corresponding 
Viihu's of I£ and T arc — 


'r (c.o) 

TOO 

600 

1000 

E (micro -volts) 

450 

3900 1 

5600 


In other words, we wish to find the values of the three unknowns, 
a, b, and c, 

Tlic three equations formed from the given values are — 


5600 = a-l" iooo5 1- looooooc (i) 

3900 « ^4- 6oo5-|- 360000c (>) 

450 «a+ ioo5-l- looooc (3) 


Grouping equations (i) and (2) and subtracting, a is eliminated ; 
and similarly for equations (2) and (3). 
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Thus— 5^>uo I tiHMh f locKitKHii: 

3<KHi < a I UHih I irHKMItIf; 

/. lyiH} ^ f f,|| 

Also— ' <'** I * {iHiofHir 

.f 50 a { loah i iuniHM' 

**• 3 13^^ 5uu 5 I 3»^titii»u{* 

To cliniiiiatc b, nuiitiply o<nhitic)U (j) hy 5 aiul (3) hy 

and sublrat'l. 


Then — 8500 monb | ^unnutm 

13H0D 2000b 1 i^cKioooe 

-»53O0 w iBinnumc 

— K too 

A ”“‘00^0 1 

I Hooooo ^ 


Substituiini;' in equation (4) — 

1700 » 4006 1884 

or 400/; ^ 58 1 

b 

Substituting for b and c in etjuathm ( i) -- 
430 « a I Hiiii 
/. « — 417. 

Hence the law of calibration is -- 


t H^phT s)Oi<i I r*. 


Exercises 6. On Solution of Simultaneous Equations, 


Solve the e<piations in h‘xei< i t<i <i. 


1. 

IX 1 .^y 

^^10 

2. 

Xtl 

! ub 



35 X (>y 

‘ » I 


Oi 

: f I<»6 I 


3 , 

5 m Un 

. 3 (>*0 

4. 


:7V |H 



iin 25 

■ xtn 



V *1 

itx ^ M 


5 . 

y 1 i\f7 

.\x 

6. 

i 

1' i. 




(j.f I 'jy 

• -I'rH; 


tu% : j 

:v 


7. 

•\x .?y 

1 

- X \ i 

8. 

3 <‘ 

! . pJ 

' 70 

■ f I ‘d* 

V » 

• ¥ ** 
t 


i‘)x iy 

■’ 1 I 




i tiui n 

i \ 

9 . 

■ip 5S 

i 4 i .< 

10. 

If I-: . 

a \ bt \ ( P, 

ami al .0 


45 [ lof 

HP - Hi 

f,,r 

i 





zp 1 

1 2 S » 89 

values 

h: I 

1 4 *t> 0 

1 




wn 




1 




have 

i 1 

i tt» 

* 1 


fnul the values of a, ii, and c* 
11. If P« ad ( 6d® and P i7H3t) when d* ^ *51 
P « 29yi wlien d *ij 

fmd the values of a and b» 

(P and d have the same meanings as in Pxamplr ai, page 45.) 
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12 « You are given the following corresponding values of the effort 
I'-, necessary to raise a load W on a machine. Find the connection 
betwecu It, and W in the form given that E = 7 when 

W 20 ; and E =» 14-2 when W = 80. 

13 . Corresponding values of the volts and amperes (obtained in a 
lest on an electric arc) are — 

V « 4875 when A = 4 ; and V== 7575 when A -8. 

Find the law connecting V and A in the form V==: m-f 

JlJL 

I.ILP. (I) of an engine was found to be 3*19 when the 
BJdJ’. (B) was 2, and 6-05 when the B.H.P. was 5. Find the I.H.P. 
when the B.H.P. is 37. {1^=5 aB-f 5.} 

15 . Tlxe law connecting the extension of a specimen with the gauge 
length may be expressed in the form, 5 == a -p Z>L, where L = length 
and^ s extension on that length. 

The extension on O'" was found to bo 2*062", and that on 8" was 
2*444". lund the values of the constants a and 5, 

16 . The electrical resistance of a conductor at temperature 
may be found from R/ » Eo d- where Ro = resistance at o®, and 
a « temperature cocfjficicnt. 

If the resistance at 20® is 5*38 ohms and at 90® is 7*71 ohms, find 
the resistance at o® and also the temperature coefficient. 

17 . Xuiul a simple law connecting the latent heat L with the tem- 
perature i wlien you arc given that — 


L 

975 

800 

t 

200 

450 


Find also the latent heat at 212®. 

18 . Unwin’s law for the connection between the length, the area, 

and the. extension of a specimen is — 

Peiccntage elongation 

If ilu‘ arc'a a is *75 and 5= 30-11 when the length ^ = 5", and iC 
wiuui / 8", iiud the law for this case (Mild steel specimen). 

19 . Ktux'Jil as for No. i8, when a — 2*12, and / == 3" when 5== 59*2 
anti 10" wlu'u e -- 2.1*5 (Rolled brass specimen). 

20 . 'riu‘ (hderc'ucc in potential E between tlic hot and cold junction 
of a IheiUhLl t()Ut)le fora dillcrencc of tcinj)eiMtuics T is given by — 

1C = a 4- b'r H~ 

Mud the law connecting ]£ and T for the values — 


50 

100 

300 

I 202*2 

570-1 

I 2058 


21 . /is the tenacity (in tons per sq. in) of copper at /® F. /and i 
arc connected by an equation of the form /= a — 5 (^ — 60)®. Find this 
equation, given that 14-8 at 60® F. and /= 13*2 at 400® F. 

E 
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22 . Repeat m for No* 21, tho valuer of / aiul I tior iMi |j|ifmjih<»r. 
bronze) ^ . 


/ 

l6*o6 j 

t 

roo 


400 


28 . Given that Wt^ai . , . hm<i the law ccmiteiting W iimi p 

P \ A 

Bo ; iiiul also VV 


if 21*11 when p ! Bo; and also VV |ir5r* %%'hrn 
the weight of water used by a steam engine jrr H 
is the absohitc pressnre. 

24 . If le » steam jxsr l!.ih hour and I H.F,, then 

w« a i I 


i* I 
r. hum* 


W is 
and p 


If X2000 lbs. of steam were use<l j>er hour when the II 1 *. w*w louu 
and 3554 lbs. when the H.P. was 180, find the law « unnei ting w and I, 

26 . 500 t:u. ins. of east iron t<*gether with *s |ii tti. tns. «»f «up|w*i 
weigh 206*8 lbs., whilst 13 eu. ins. of (u|i|«*r weigh as ims h an if» t u 
ins, of cast iron, Eind the numlMT of t uhic iiu hrs |H:*r tun of f%u h 
of these metals. 


26 . MeaHureiuents to find the <*onstantH of a trlrsfu|w* with sf^tha 
wires resulted in tho following. At t t iudn iHUiUnt* Innn the nistim 
men! tho difference Ixdweeu tlie readings on the statt hn tlu' ti»p and 
bottom wires was *65 ft.; and at 2 < liains the ddleiente wan 1*^11 tt. 
Find tlxe constants, <' ami K from <*S i K * l> where S . lUtleif in e uf 
staff readings and I> tUslanee. (i chain - 22 yds.) 

27 . Three wires A, B, and (' are .sneeessiv(*lv h»u|K-d tfutethen and the 
resistance of eac h loop measured. 'Hu* lesinlamr t»f A am! H is ftaiml 
to be 260 ohms, of A and (' is 280 (duns, and <d H and i‘ m ^t>u <»hms. 
Determine the individual resistaiuc-s of A, H. uml t'. 

28 . The following ccpiatiuns o( < nrred when tmding the li\niK cuupli »* 
of a builtdii girder™ 

tom I I loni, ^ 7 t> 2*5 

200 . .100 

I 7*8(>. 

Solve these equations for and m,. 

29 . The dead weight" tonnage of a ship is 700 ferns, -whilst the 
cubic capacity of its hold is aiooo t n. ft. 'lu ensnu* tlu* umst point able 
voyage, a mixed cargo of lieavy and lighter guuds must In* « anted, 
and llic complete capacity of tluj hold must Im* utili.csi. t*u»ve tlie 
truth of the following rule : " To (obtain tlu* weight ut the Induei t atgu. 
multiply the siKKifk volume (o the numlK*r of « u. ft. |« * tuni id 
the heavy cargo by the? dcsid weight tonnage. Snbtia* t this lesuH 
from tho total cubic capacity and divide the tlith*reui«» liy the iliiiru me 
between the specific volumes of the heavy and light guuds." 

If, in a certain case, the densities of the heavy and hgjd guuds 
are 35 cu. ft. per ton (Haltpctre), and 80 cu, ft, iJC'sr ton (ging«*r in iMgs) 
respectively, determine the weight of saltjielre carried and also ilm 
weight of the ginger. 
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Methods of Factorisation. — Reference has already been made 
to the word “ factor ” as denoting a number or symbol that multi- 
plies or divides some other numbers or symbols in an expression. 
Thus 3x5 = and 3 and 5 are called factors of 15, i.e., when 
mullii)lied together their product is 15. 

Again — ‘z 6 a^ — axx^xaxaxa. 

Here the quantity has been broken up into 5 factors. The 
process of breaking up a number or expression into the simple 
quantities, wliich, when multiplied together, reproduce the original, 
is known as factorisation. Little is said about this in works on 
Arithmetic, but the process is used none the less for that. 

To illustrate by a numerical example — 

Find the L.C.M. of 18, 24, 15, and 28. 

These numbers could be factorised and written as follows — 
2x3x3, 2 X 2 X 2 X 3 . 3x5, 2x2x7. 

The L.C.M. must contain each of these; it must, therefore, 
contain the first, any factor in the second not already included, 
and so on for the four. 


2x3x3 2 X 2 5 7 

t. e., L.C.M. = ' , — ' X ' X '-V-' X '-v-' 

1st 2nd 3rd 4th 


2520. 


The necessity for the presence of the two 2’s in the second 
group should be realised. There must be as many 2’s as factors 
111 the result as there are 2's in the number having the greatest 
([uantity of 2’s in its factors : i. e., there must here be three 2’s 
as factors in the result. 

It is, however, in Algebra that this process finds its widest 
apphcatioii Rather difficult equations can often be put into 
simpler foiins from which the solution can be readily obtained, 
and by its use much antlimetical labour can be saved. Generally 
speaking, the factorised form of an expression demonstrates its 
natuie aiul properties rather more clearly than does its original 
form. For practical purposes the following methods of factorisation 
will be fouiul sufficient. 

Rule I.- -Often every term of an expression contains a common 
factor : this factor can he taken out beforehand and put outside a bracket. 
The multiplication is then done once instead of many times. 


35-|-6o~ 55 is, we know = 40 
But— 35 4 ■ 60 “55 = (5 X 7) + (5 X 12) ~ (5 X 1 1) 


and the factor 5 is common to each term. If this factor is taken 
outside a bracket, the arrangement then becomes 5(7-1-12—11), 
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or 5 X 8 -« 40 , which agrees witli the previcms icsult. The final 
arrangement is lo be preferretl, Ixjcause the nuiiiUns with which 
we have to deal are much simpler Hence for this imtnerical 
case we see that the conmum factor must lie taken tnitsicic a 
bracket, whilst the terms inside are tlie cjiioticnts of this factor 
derived from the original terms. 

Numbers have been taken for dearness of deinonsttation, Imt 
the metliod holds equally well for syinlKils of all kinds. 

24.- -Factorise the expression, \ 4111%%*. 

In this expression, 7 is common to each term, a* in the highest 
power of a common to eadt term, b the highest power of it, whilst no 
c occurH in the first term, and c is, therefore, not a fa< ftir t (uuiuon to 
all terms. 

Then, the factor to Ihj taken outside a Ijrac ket * jaHt, 

Hence the expression » ya%(ab i or we have brokm 

it tip into two factors. 

Example 25.— Find the volume of a ht»llovv tvhndiital <<dniun* 
12 ft. long, I ft. external radius, and 0 ins. iutermU radius, fium the 
formula — 

Volume of a cylinder iTf*i («■ 3* 14/.) 

In this case the net v<)hnne will Iw the dith’n'iue lietween the 
volumes of the outsitlc and inside c yHiuhu's - 

V - - (tr X I^X 12) (TrXd)^,- 12) w <>i k ing in h*ft 

I 27 r{ I® - (I)*} InS iiuse i irr is a factor t oinnion to hut h teiins 
B" lZ7r\ I - *- * X 

“ 1^-48 cu. ft. 

Rule 2.- The expression may be of a form similar to one whose 
factors are known, and the factors may be written down from inspection. 

If (A+H) be multiplic<l by (A H) the lesultmg ponhn t is 

Conversely, then, the factors of A* are (A B) ami {A ( B). 
or - (A B)(A | B), 

i,e., to factorise the difference of two squares, multiply tho sum of the 
quantities by their difference. This rule is of wide appliiMtiom 

Example 26. — -Wiite down the value of 015.J*-.. 9151*, 

Squaring each and subtracting the results is far haigt^r tinui making 
use of the rule just given — 

Thus— 9 ^ 54 *“- 9151* “ (9154 h 9150(0154 ’ 915H 

- 18305 X 3 - 549 I 5 > 
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Example 27. — Find the factors of 8ia®— 166*. 

8ia!*~i66* = which is the difference of two squares, 

and therefore = (9<**— 4&®)(9**+46®) 

“ [{3*®)®-(26)*][9«*+46®] 

= ( 3 rt® — 2&)(3a*+2f>)(9a*+4Z)®). 

In this examine the rule is applied twice. 

Two other standard forms are here added, although their use 
is by no means so frequent as that of the above. 

A9-B» = (A-B)(A9+AB+B9) 

A»+B9 = (A+B)(A2-AB+B9). 

Example 28.“Find the factors of 27«®6® + 

I.et E denote the expression, then — 

E + 125c®) by Rule i. 

«= a^{^ab + ^c^){ga^b^ — j^nbe^ + 25c®) . 

Rule 3.' In many cases of trinomial, t. e., three-term expressions, 
the factors must be found by trial, at any rate to a very large extent. 

Tliorc are certam rules applying to the signs, which can best be 
followed by hrst considering the following products: — 

{x -1-5) (2:4-6) = (2: X %) 4 - (* X 6) 4 - (5 X 2-) 4 (5 X 6) 


= 29-4-11^4-30 (i) 

(2;— 5)(2:— 6) = 29— 112-430 (2) 

(2-l-5)(2— 6 ) = 29 — 2—30 (3) 

(2- 5)(2-i-r)) = 294-2—30 (4) 


In (i) and (2) thcie are like signs in the brackets and a plus sign 
precedes Ihe- third term in the expansion, which must be written in 
llu' ord<‘r of ascending or descending powers of 2 or its equivalent. 

In (3) and (4) thcic are unlike signs in the brackets and a minus 
sign conu's before the 30. Hence the first rule of signs may be 
stated : -So arrange the signs that the one before the first term is 
]ilus, an adjustment of signs throughout being made if necessary. 
l.o<)k to the sign before tlie third term of the expression; if Hus 
IS a plus then we conclude that the signs in the brackets will be 
like, and if this sign is a minus then the signs in the brackets will be 
unlike. If they are to be like, they must be either both plus or both 
minus, and the sign before the second term in the given expression 
indicates which of these is accepted. Thus, a plus sign before the 
second term indicates that the signs in the brackets are both plus. 



54 MATHEMATICS FOR ENGINEERS 

If, however, the signs in tlie brackets arc to Iks unlike, one pnKliH-t 
must be the greater and the sign Ixsfore the second term mdn ates 
whether it is the product obtained by using the plus or the immis 

sign. 

Jug., in (3) we have —30 as the thinl term; arcnrdiiinly tlie 
signs in the brackets will l>e unlike : alstJ the secanii term is --x 
so that the minus product is to l>e the greater; hence the miiiUH 
sign in the brackets must kdore the 6. 

The actual numbers in the brackets must I>c hnuul !>y trial. 
They must in each of the four instances multiply togtUlier to give 
30; also, in (i) and (2) they must add together to give xi, ami in 
(3) and (4) their difference must las x. 

Example 29.- Find the factors of tyx no. 

In the given expression tlie third term is — iio, so that there must 
l>e unlike signs in the lirackets. Also, the } product must Ik* the 
greater, since 4 lyx is the secoml teuu. 

Since the signs in the brackets arc to Iw nnhke, two nuiulw*rs must 
l>c found whicli when multiplied together give iio, and whs» h differ 
by 17. 

These numliers are 5 and 22; and the signs placed tiu'sf 

must be so chosen that h 17.^ results when the biackelH are iriuovi il. 
Thus the plus sign must Ik* placed Indore the* ii, and h<*nct: - 

ijx^ no {x I 22) (.V — 5). 

Example 30.™ -Factorise the expression — 2 x^ - iHx - ffo. 

Applying Rule 1 — 

The expression 2(x^ h x^x i 

(Note the adjustni<*nt of signs, to ensure f Iwdoir the first teiin ) 

l)ealing with the part of tlu? expr<*ssion in l)ia< kets • phi i signs 
throughout denote 4 in brack<‘t.s: h(*n< e two nuinln'rs aie retpunsl 
that nmltiplksl give -<^5, and adihul give ; ihvsv Ih mg <) and 5. 
r, 44ie factors — 2(v p ij)[x 4 5 ), 

Example 31.— lund the factors of 6in» | um— 35. 

This expression could be redueed to the form of the previous rxaniplf*H 
by dividing by 6, but the fractions so obtain<‘d would tvmlvt the further 
working rather involved. It is Ixdter, therefon*, to pro«tK‘fl m follows : » 

There will be unlike signs in the brackets, since the sign Indtiro the 
third term is minus, and the factors of 6 have to be combin€*d with 
those of 35 to give a difference of products of +xi. The varying tif 
the factors at either end may result in many arrangements being tried 
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before tlie correct one is found. After a little practice, however, the 
student disregards abstird arrangements and so reduces his work. 
The correct arrangement in this case is (3?^— 5)(2w+7). 

The first terms when multiplied together give the last ones 
give --35, the extreme terms give +21W, and the middle terms — low, 
i. the last two combine to give -f-iiw. 

The arrangement is more clearly shown if written down as — 



The emd terms are easily settled, but for the middle term the multi- 
plication must be performed as indicated by the arrows, and the restilts 
must bo added or subtracted as the case may demand. When the 
correct arrangement of the figures has been found, the letters must 
be inserted. Hence, the expression has for its factors (3m--5) (2^4-7)* 

Example 32. — ^Factorise the expression 72a® 4* i8a&— 77&®. 

In the first place disregard the letters ; dealing only with the 
numbers. 

The f'U'tors of 72 arc to be combined with those of 77 to give a 
diffcreu('(' of 18. 

72 lias many factors, bxit 77 « 7x11 or 77x1. 

The tiial airangcmcnts would be of this nature — 

For the middle term, the difference =* 43. 




= 25. 


24^11 

3/\7 


if 


»» *f 


= 135 - 


I'lic Inst is the arrangement desired. To allocate the signs: — the 
net result of the products is to be 4-18: 7x12 gives the greater 
pro<luct, hciucc the 4- must be placed before the 7. 

The expression = (6a 4 - yb){t 2 a— 11b). 

The Remainder and Factor Theorems. — Suppose we 
have to deal with an expression such as — 

x^+bx^-\-cx+dx^. 

If this expression be divided by (x—a), the remainder will be — 
a^+ba^+ca-^-da^. 
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•which could have lx:e« more simply (jbtained by sulwlitutinf; a fur 
X in the original expression. 

If (x--rt) is to Ixi a factor of the original expresnitHi then the 
remainder after <livision by (x—a} must Ixj wro, lienee we obtain 
a nde enabling us to fiml factors of rather ctimplieuted e.Xj»ressions- 
Flnd the value of the main quantity (usually the x) whioh makes the 
suggested factor zero ; substitute this value In place of the x In the 
expression, and it the result is zero one factor has been found. 

£. g., if it Ixi conjectured that (*+.'0 o factor of aji cxf««‘Hsi<iij. 
its value would he found when x had the value • j. 


Example 3.5. Fiml the hu tors of x* i ;»* 14 r j.). 

Lot us try if (x 4) is a factor; wc will suiwtitute, therefore', f 4 
for X in tlio expression, whicli Ix-comes ■ 

(4)® i (4)* '4(4) ~ '-^4 1 <^4 “ 

/. {x— 4) is a f.u'tor. 

Another like ly hu tor would lx; {x 1 3), for 3 • 4 ei p.ut of jt j, anil 
there must be a i»lus sign to coinbine with tlm mime, in (r 4) to 
give -•^4- 

Substitute —3 for x, and the I'xpression iMsoines --- 

(- 3 )* 1 (- .t)*-- i4('-.d - .^4 ■ ’ “ -e? I ‘H 4-* ' - t ■ ' « 

(^ i" 3) i'’ o f.ictor. 

The otlicr factor may be found to lx- (-v | z) 

A'® + X* ~ 14X— 24 - . (at <- 2 )(v <■ 0 (t 4 ). 


Multiplication and Division of Algebraic Fractions. 
The simphlication of algebraic fiactmns fuinishes iiselul example', 
on the application of the ruk's of imines and of f.»ion',.ition. 

When a number of fractions are to be multiplied together, cancelling 
can be performed as In the case of arithmetic fractions, always provided 
that the complete factors are cancelled and not portions thereof. 

It. is in its lo\V(*st terms; 

4^ ^3 

4X or strike out tlu^ j's, ben-aust* {zx | 
quantity, as also nmst I 3). 


\vv (^annot camel 21 ttitn 
j) must b«* tieatt'd as one 


Example 34.- Simplify 






The traction - 


A „ -n . ^ 


( 2oa^ ^ ^ 
i2oa'*f 


iBaH "" 2a^bi(i 
4 - $ - I i 'i 4 

20gV 


i a f 6 A - 4 f 
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Example 35. — Simplify ^ 


— £47 

zBx^ 96* 


No canc'clling must be made unlil numerators and denominators 
are expressed in Icrms'of their factors. Thus the fraction — 

® ® ® 

_ {x f 3 )(^+ 5) w 3(2^- 7 )( 2 _£+ 7) 

{'IX- 7)(^+ 5 ) ^ 4(A?'-f 3)(5^-”sr 

® ® ® 


and in this fraction — (T) cancels with @ 

(D cancels with 0 
0 cancels with 0 

giving the answer in which no further cancelling can occur. 


Example 36. — Simplify 


.y — 14 ^ ^ X— z 

6xy—i/[y x^—^ 4-^—7 * 3 ^^— -^ — 14 


The numerators and denominators are first factorised giving the 
fraction in the form — 

{^x- 7){x^- z) ^ _ 4x^ ^ (x -2) 7) (x+ 2) 

^y(3^ - 7) — z)(x-+ 2) (4X - 7) 2x(x 4- 2) 

which by cancelling reduces to ^ 


ICxample 37.- — Simplify the fraction 


2x^— 4TJ1;— x^-{- 70 
3x'^ + I ia; — 20 


'rho f.u'iors for the denominator are the more easily found ; they 
aie {x 1- 5) and (pr--]). The first of these is a possible factor of the 
nnnicraior also; a,pplying the remainder theorem, the value of the 
ininu‘rat()r whim a; 5 is 2{— 125) — 4i( — 5)— ( — 5)^ + 70, e., o, 
hciu c (,r I 5) is a factor. In like manner it would be found that 
(.v “ 2) was also a factor; and by division of the numerator by the 
[uodiKd of these, viz by ^'2-1-3^^ — 10, the remaining factor is found 
to be {zx— 7), 


I lenec the fraction = 


(£_- 2) (at + 5) (2;^ 7) ^ (2r - 2 ) ( 2,r - 7) 

(^+5) (3^ -4) (3^' -4) 


Addition and Subtraction of Algebraic Fractions. — The 
same rules are adopted as for arithmetical fractions. 

The L.C.M. of the denominators (L.C.D.) must first be found by factor- 
ising the separate denominators according to the plan detailed on page 51. 


Example 38. — Simplify the fraction — 

5a loa 51 

7"^ 12a— 21 20a— 35 
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This becomes (after factorisation of the denoiiunatom) 

5« , _ 5f 

(4«-7) 3U« -7) 5(4«--7) 

and the LX.D, w (^^“*- 7 ) x 3 x 5 ** r 5 ( 4 a — 7 ) 

, .1 * 1 50^ — 15*1 tiKa 

whence the expression ^ - 15 ( 4 .. 7 ) 


Example 39.- -Simplify 

^ ^ ^ ^ X* \ SX 1 - 6 X*-j- (>X h *4 A* f JOIf f 41 

This becomes (after factorisation of the <It‘nominatofs) 

■» , 15 _ 

(4f+ 3)(,v4- -i) (,v t 7 )(x z) (x4-7)('f+3) 

and the L.C.P. is {x -\ 3)(.v i .i)(x-t- 7). 

Dealing with the first term only and nuilf iplying Imth uuiner.it<ir 
and denominator by this L.Cl.D. — 

^ ^ ^(v I ,t)(v 1 4)(.v i 7) 

ix+ 3)(ar-h 2) {X (■ 3)(a- I- 2) (r | _^){x | j)(.v f- 7) 

which after cancelling re<ln(eH to , . f/' / ^}, . , 

(at-I 3)(Ar f 4)(,v t 7) 

In like manner the second and third terms redu«<‘ to — 

I5('^+ 3) t tztv f j) 

, (^+ 3)(^-i- 2){x 1 7) {X 1 3)(v t ^)(r I- 7) 

Hence the fraction •« ^ *' *' * -■!) 

(v I 3)(‘ I ■!)(-> 1 7) 

A* I 7.V 1 i5.r I 45 ijv 44 
I 3)(^t 2)(v I 7) 

I li>X f 21 

” (•»•■ I .t)(v I ■«)(v I 7) 

__ (‘'I 3)(r 17) ^ t 

(-'■ I dX*’ I I 7 ) ' X i 2 


Example 40.- -Show that if 

a 1 b 
a— b 


c I d 
c— d 


Y“» 

I^roin T 
0 


by adding i to each Hide- 


4 " I 


d 


+ 1 


Taking the L.C.D. of each side- 

a-f d 

s = 


d 


lht*n 


a f b 
b 


c I d 
d 


mid 


. . it) 



EQUATIONS 


equation- 


59 

lal 

( 2 ) 

k 3 ) 


In, like manner by subtracting x from each side of the original 

a Cj^d 

' b dT 

Hence, dividing (i) by (2) — 

«•— h 0^ d 

These results arc of importance. 

Exercises 7 . — On Factors, and on Multiplication and Addition 
of Algebraic Fractions. 

Factorise the expressions in Examples x to 20. 


1. l8;tr— 88 

8. — 26^4- 105 

6. {za + — (3a 46)® 

8. l2Ar®— 73;ry H- 105^2 

10. 2om% + 2on® — 


2. — I9;»r+ 88 

4 . 6. 24;^^ — a? —44 

7 . 4 a& — 4552 

9 . 88 •— 3a;2 — 13^^ 

wxH^ wxl^ . ^wxH wx'^ 

x 6 


11 . 


+ ■ 


4 24 ■ 384 

12. IttR® — ItTTt'*, giving the vohnnc of a hollow sphere of outside 
radius li, and internal radius r. 

18. 94Ar^+ 30^— 963 - 


wlx^ wx^ wV^x . . ... 

12EI — 2^^ •— expression occurring in connection with 

the deflection of beams. 


15. 54a^& — ^ooa^bc'^ — ^zd^bc 

o 

17. 64 c” 4 - 
^ 27 


16. 4 a®—- i 2 a& 4 - 9 &® 


18 . Y — V (giving the volume of the frustum of a cone; R and r 
being the radii of the ends of the frustum and h its thickness) where 

ttR®/, , TrrVi , , rh 

V {h-\- k), V = and k 

3 ^ 3 

19 . h ^ 4 ^+ 35 - 

20. C)p^ 4- 4- Gp — 35. 


K-r 

[Hint — ^Try {x 4- 7) as a factor.] 

[{p — i) is one factor.] 

21. h'lnd, by the methods of this chapter, the value of (199X46) 
1 ( ^()8 X 69)-- (199 X 92). 

22. lund the value of 7 r~RH— 7 rrH, which gives the volume of a 
hollow cylinder, when tt = 3*142, R= 12-72, r==9 58, /= 64-3. 

23 . Find the L.C.M. of — a? — 6 , 3;^® — 2 IA" 4 - 3 ^. and 4 Ar 2 — 8 ;v — 32. 

locM'^cl ^ ^xalb^ci ^ 
xya%^c^ 4ci ' 15 


24 . Simplify 

25 . Simplify 

26 . Simplify 

27. Simplify 


— 2/^. y — 80 ^ Zx^ -1- 58,^? 4 99 


zox^-\- 15;^”- no 
zx . ^x 


4“*" 2X ” A?® — 2;r — 8 

0^34.26® . 9a® — 5^6 — 146® 

4a^ + 46^ 4a®6® ■ 7a® — 76® 


4 ^ 

9 


, 2a" — go 
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28. Simplify 

“ ioO “| 3 (>.r 


29. Solve tlie equation 


Sjv* \ 7X 14 Sir 

- 4X iHo 30.ir* P 175 - 
4 4 2.V ^ .iX 7 

5 V — 3 lihx 3 


^ 35 * 


80 . Salvo Iht! cciuati.m ^ 

Multiply tlu'ough by the L.C’.U | 

3L A tinii ]H)Ie is attracted by a nuiKnetie pole tif htieuitth w wUh 
a force n‘pellecl by a for<*e of 

What is the H'sultant attractivtt forte ? hind the v«ilue (jf thin forte if 
I in very stnall compared with d, 

82. bind the factors of (a) 3 a^ I Ux^ ; [b) 24 | ^\jx 721 * , 

W d- yyV - 3r)®* 

83. ilnd the factors of (.v® \ yx j 0 )(a® | yx j tj^) iHo. 

84. M, a bending moment, is givtm i»y 

iy{zs f 3) ! 32 {iHs® f 35V i td 

’ 8(5 { 2) 24(o.v* f 2 } 13s) 

Find a more simple expression for M. 


85. The expression Pi^i - Px^u) P%^*% relates t€» tin* 

work done in the expansion of a gas. State this in a mt>n* siuiplt* hnui 

86. The (k'pth of the centre of pn*ssur<‘ of it rectajqod.ir plat«\ of 
width h, inuner.sed vcrtually in a Inpiid, the top Iwnng u .tud tlie l»nttom 

t units below the level of thc.surfau* of tin* Hepud, is givc*u bv ] 

■ <**) 

Exjjress this in a simpler form. 


Quadratic Equations. Any (•(piatimi in wln<h (Ik* sqii.u<-, 
Init no lughar power, of the unknown, occuis, is tt'unnl .i 
o(]>ialinn. 'I'lie Hiin])loHt tVjMi, or /utrr <)na<lr,iti(', is tP to 

solve which, take the square root of both stiles. Then ti eilhet 
-1-5 or —5, b(!e;uise ( 1 5)=* '^5 :ui<I tilso ( 5)'-* .>5. This resiill 

would bo written in the shortei form d j 5. 

It is essential that the two solutions should 1 h'. stated, ulthouf.h 
in most practical cases the nature of thci problem shows that the 
positive solution is the one re(pmv<l. 

The solution of the pure quadratic is ehmumtary ; but in the 
case of an equation of the tyi)c x^-\ yx-\ iz o (sjHiken of as 
an adfected quadratic, i. e., one in which both the lust and (lie 
second power of the unknown occur) new rules must Ihi <lev»-!ojM‘d 
or stated. Three rules or methods of procedure are sugf'ested for 
the solution of adfected quadratics, viz. — 
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Method 1. — Solution of a Quadratic by Factorisation- 

Group all the terms to the left-hand side and factorise the expression 
so obtained. Next, let each of these factors in turn — 0 : thus two 
solutions are determined. 

For all quadratics there must be two solutions or roots in 
some cases they may be equal, and in rare tases “ imaginary." 

tliis method to the example under notice : — 

Example 4|i. — Solve the equation 7^;+ i 2 ==o. 

I 3 y factorisation of the left-hand side 

(^+3)(^+4) =0. 

Then either 3 = o, in which case ;»?==:-- 3, 

or ;ir 4- 4 = o, in which case — 4, 

bccaxisc, if one factor is zero, the product of the two factors must also 
be zero; g., if ;v= — 3, (^+3)('^+4) = oxi = o. 

Ilcixce A? === — 3 or — 4. 


Example 42. — Solve the equation 24a2-f r7a= 20. 

Collecting terms, 24a^ 4- I7<2~ 20 = o. 
Factorising, (8a— 5 ^f 3 a 4 - 4) == o. 

/. either 8a — 5 == o, i. a = 

or 3«4“4 = o, t.e,,a = 


} 


If no factors can be readily seen we may proceed to — 

Method 2. — Solution of a Quadratic by completion of the 

Square. 

All the terms containing the unknown must be grouped to one 
side of the ecination and the knowns or constants to the other 
sid(\ 

The left-hand side, viz. that on which the unknown is placed, 
is lusxt made into a perfect square by a suitable addition, the same 
amount being added also to the right-hand side, and then the 
s<iuare root of both sides is taken. The solution of the two simple 
iMliiations thus obtained gives the " roots " of the original equation. 

Before proceeding fuither with tins method a little lU'climinary 
work is necessary, the principle of which must be grasped if the 
leason of the method of solution is to be understood. 

(a+24)2 = ^2+48(2-1-576. 

Suppose that the first two terms of the right-hand side are 
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given, and it is desired to add the necessary <itiantity to make it 
into a complete sciuare. 


a»-j-48« 1-576 might be written us («)*+ [2 X (-'•}) X 


fKy 


so that if a®-l-48« is given, the term to Ixj uddetl is , ». e., i 
the square of half the a)efl'K-ient of a. 

Similarly, ** 4 - 7 * could be expuissecl us a |H!rfect s<}uare if 

ivere added it is then the stpiare of 

Returning to the method; a mmuTirul exuinph: will best 
illvBtrate the proc(!Sses. 


IS 


Example 43.- Solve the equation x^ | t5.T } 

Grouping tonna x*-\ t^x « «). 

Adding the square of half the eticIlK i<-ut of x, viz. ^ ' to each slilo, 

I- 15 -^ t {*/)*"■ - y I - y i i'd 

or (^x } «> 47'i5. 

Extracting the square root of hotli 

1 0 -K 8 

Xmm — y 5 L 11-88 

■“ ““ 7‘5 (■ <‘ '^8 or — 7-5 — 6-83 
“ — 't’-^ <u - I 4 't 8 . 

The change from .v* 1- 15,^ 1 to i oft<-n prc-i-ntn difli- 

culty : the rcjuam for the onii-.sion of the i*;!- <i<ieh not m-ciu i h-.n 
It must be reineinhcred that it is represenltsi lu the setontl fouii, ti.i 

(^-b t- 2 (pnidiK 1 ) ,v=* 1 ( I [^2 X ;if X ( *;‘’j j 



If the coefOclent of x® Is not unity It must be made so by division 
throughout by its coeffllcient. 


Example 44. — hind a value of IJ (tlic breadth of a flange) to satisfy 
the equation. 3-64 It*— 51-8 B*— yoo =» o. 

Hus equation, though not a quadratic, may be treated as a qiiatlrutic 
and solved first for B»; i. e., if for B» wc write A tlic equation l)«come» 
3 -04 A*— 51 *8 A— 900 >« o. 



EQUATIONS 63 

Dividing throngli by 3*64 (the coefficient of A^) and transferring 
the constant term to the right-hand side — 

A® — I4-24A = 247. 

The coefficient of A is 14-24; half of this is 7*12, hence add 7-12^ 
45., 50*8 to each side — 

i . A^— I4-24A+ (7-12)® =2^7+ 50-8 =» 297*8 
or (A — 7*12)’^ = 297‘.8. 

Extracting the square root throughout — 

A — 7*12 == db 17*26 
t,e.9 A = 7*12 ± 17*26 
whence A =» 24*38 - or — 10-14. 

Now A =a B®, so that B* « 24*38 or — 10*14. Of these values the 
former only is taken, since we cannot extract the square root of a 
negative quantity. 

Thus B® aa 24*38 or B » ± 4*94, but evidently the negative solution 
has no meaning in tlxis case. 

B=4*94> 


Example 45. — If 4a®— 26® o, find the values of a to satisfy 

this equation. 


Dividing through by 4 and transferring the constant term to the 


right-hand side, 
T 1 

Cf) 


The coefficient of a is ^b\ half of this is ^ob: hence we must add 

4 o 

2 

to each side. 

T„„s , Cf )■- -?- + - i|f 


Exlicicting the square root- 




8 


= 3-6i& or •I4&. 


Method 3. — Solution, of a Quadratic by the use of a 

Formula. 

It will be evident from the foregoing examples that all 
quadratics reduce to the general form 

AX® + Bx + C = 0. 

If Method 2 is apphed to the solution of this, the result is a 
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formula giving the roots of any quadratic, that the pui- 

ticular values of A, B and C are sul>stitu<etl in it. Thus ~ 

Ax® -J- B;e } C - o 

Dividing through by A and transjKising the constant term — 


B 

A 


X ^ 


C 

A 


B 


/ IS 

To each side ad<l the square of half the coellkient of x, vi/. 

, , B , /BV C , /B\* 

‘’^•A* + L^) -- A-' (.a) 


or 




A 

_ (', i;® H» .}.*vc 

A ' .{A® 4A» 

B® -lAC 
4 A® 


Extracting the square root of both side.s - 

B .lAC 

2A 

- B 1 V'B® - ~ 4AC 

2A 


a: 4- 


whence 


uA 

X 


are 


Thus tlie roots " of the general qudiiratic 1 Bv } C *» <1 

B (-\/H®-.}At: J -B \/B,® .lAC 

2 A ‘ 2 A 


Example 46, Solve the <*(jn,itiou Hv li. 

Colleeting all tlu* tt'riUH to onv M(1<\ 51* St i .» o. 

Then for this to Ix^ ith'iitital with t!u* st ant laid tt»nu - 

A ^ 5, n 8, (' 12 

. } H 1 \'o4 1 ^|t) 

•• ^ ^ ' io 

^ 8 I ^ ^ M 7 ’t 

IO 10 

«r-s 2-51 or — -t)!. 

Great care inuU be exereiHcd to avoid errors of sign, To obtam 
the value of — 4AC, first find AC ^ 5 x («- li) or — Oo; 

4 AC then « — 240 
and — 4AC w* + 240. 
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Example 47. — Solve for y, in — •4y*— i"5y — 32 =0. 

It is always advisable to have the first term positive, so change all 
the signs before applying the formula. 

Then — i‘5>'+ '32 = o. 

Here — ■ A = -4, B=i*5, C=-32. 

— 1-5 ± V2-25— -512 

;g— , 

snJ.'S ± ■'^ 1:738 

— >23 or 

Example 48. — The stresses on the section of a beam dne to the 
loading are a normal stress /„ and a shearing stress q. These produce 
an entirely normal stress / on a plane known as the plane of principal 
stress. Find an expression for /from the equation /(/-“ /«) 

Removing the bracket and grouping the tprms to one side — - 
Here — A == i, B = — C = — 

f- +/»±: 

“ 2 


The next example is instructive as showing the advantage of 
resolving large or small numbers into integers multiplied by powers 
of ten, 

hxample 49. — Solve the equation L;r^+R,r-}- (^11 equation 

octurrmg in electrical work) when L=*ooi5, R= 400, K= -45x10®. 

Substituting the numerical values for L, R, and K — 
•OOI5,ir^+400^+.^^^\^, = o. 

The last term may be written in the more convenient form 2*22 x 10® 
since ~ = 2-22 and = io«. 

— •0015-3?® -H 400;^+ (2*22 X xo®) = o 

Comparing with the standard form — 

A »= (1*5X10®), B=(4XI0*), C«(2^22XI0®) 

F 
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Hence x 


— (4 X 10*) t V'(i6 X 10*) — (6 X 10 * X X lu*) 
3 X lo • 


“ (4 X 10*) ± X 10*) - ( 1-33 X io«}^ 
3 X 10 * 


ihe second term under the radical sign being written in thin foriu no 
that lo* is a factor common to both terms; and the si|u.ue rout ul 10* 
is readily found. 


[6 X ro • X X JO* o» I 3’32 x 10* x lo*,} 


The stjuarc root of io« is 10* : this may Ijc i»hu ed outsitlo the 
radical sign, and then — 




— (4 X JO*) 1 lu* 
3 X JO * 




io*(- 4 i. v'i4-67) 

ST® * 

3X10® 

JO*/ . % 

(-4 i 3 '^J) 

(lo^x — 2 * 61 ) (if U)® X *053 
' ’ or - ^lioo. 


Example 50.~A formula givtui by Prony (in c*onn<H‘tit»u wilh t!u* 
flow of water thr(njjj;h channels) couuiHting the liydrauiic j 

with the velocity v and the hydraulic jihmu depth m was of the fonu 
mi^av-^bv^. Under certain conditions a ^ •000044, ^ ’ •otmooi. 

Show that this is in close agreement with the formula given by 
Chezy, viz, xoyVmi. 

mi ‘ ' aif \ bv^ 

or bv^ [ av nn ^ ■ o 

. », — I I 

w 26 


Inserting the miincrical values for a and 6 — 

4 mib 4 X *000094 mi 
•oo(> 37 (>mi. 

Also, a® is very small, even in comparison with *000376, and can 
therefore be neglected. 


lienee 


I wg 4. V*o oo37()mi 

' 2 X *000094 2 X *000094 

- - -234^: J;04-3V'w»; 


Taking the + sign and neglecting the first term, v Vmi, 

which agrees well with the v *■ 103 Vmi given by Chezy. 
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Quadratics with " imaginary ” Roots.— The question may 
have presented itself ; What is done when (B®— 4AC) in the 
formula for the solution of the quadratic becomes negative ? How 
can the square root of a negative quantity be extracted ? 

The square root of a negative quantity is known as an imaginary 
qu^tity, and all imaginaries are reduced to terms of the square 
root of — I, wliich is denoted by/. At present no meaning can be 
stated for this, but it is referred to again in a later chapter. 

Thus — j = V— I, —I, == — V— I, etc. 

E.g., V— 30 = y/sox —I = Vsox = ± 5 - 477 * 


Example 5 1 . — Solve the equation 2X^ — + 15 = o, employing 

Method 3. 


+ 5 ± ‘^ 9 — 120 

^ SS- — 

4 

ib Vl X 

«... 

Expressions of tlie type a bj, where a and b may have any values, 
occur in Electrical theory and in the theory of Vibrations, such being 
referred to in Cliaptcr VI . they are also ol importance when the 
stability of aeroplanes is considcicd. 


Cubic Equations. — Cubic Equations, i. e , equations contain- 
ing the cube of the unknown as its highest power, may be solved 
graphically, in a manner to be demonstrated in a later chapter, or 
use may be made of what is known as Cardan's solniion. 

The three roots of a cubic equation may be cither, one real and 
two imaginary, or, three real. Cardan's solution applies only to the 
former of these cases and gives the real root only. 

It + ax d™ 6 = 0 be taken as the standard type of cubic 
eciuation, then the real solution is given by Cardan as — 


X 





4 

4 / 


The proof of this result is too difficult to be inserted here, but 
it is outlined in A Treatise on Algebra, by C. Smith (Macmillan 
and Co., Ltd., 7s. td). 

3 7 2 

If 4— £- be negative, the three roots are all real, but Cardan’s 

27 ' 4 

solution cannot be applied. 
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Example 51. -Solve the equation #» — lajr + 65 « o. (Imaginary 
roots arc not rc<iuired.) 

Here « 1 2, & =» 65, in comparison with the standard form. 

- (- l) i- (- 4) “• - 3 - 

If tlie equation is not of the form, }• ax f h o, it ran 
made so in tlie following manner. 

Example 53. — Find a solution of the equal i<m~ 

( 242^^-} 1441/'-- 1944 o, V bring a vrlocUv. 

For this to l>e reduced to the stantlanl form, the term cimtiiining 
t;* must be ehminated. 

By writing (V { a) for v and suitably choosing a, this < an Ik? dour, 
for — 

(V + a)* f 24(V + a)* b I44(V »b a) — 1944 o 
V* 4- 3V^a “b b <»* b'-i4V* q f 48uV { X44V f 144a 

— X944 o . . (1) 

Kquatiag the coeiTu i<?uts of V* to zcto (siiue tlu* tcuu ctjul.umng V* 
is to be nuule to vanish), 3a \ 24 o, i.e,, — 8; 

so that t; w V — 8» 

Equation (i) can now l>c written ( — 8 bring substitutrd for a) 

V® — 24V* t 192V — 512 I 24 V 3 I 1336 3H4V I 144V 1152 1944 u 

or V*— 48V -2072 o 

Comparing with our standard foruuihL - 

a®w —48, - 2072, 

Therefore, by Cardan- — 

V- {+T+ V- f;+T')*'' IT- »/■ i"; I 

•m (2070)1-1- (2)* — I2’75-i- l-iC) =■ 14. 

Hence — v »» V— 8 «« 6. 

Equations of degree higher than the third (if not reducible to 
any of the forms already given) are best sedved graphicsiUy. (Com- 
pare with Chapter IX.) 
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Exereises 8. — On Quadratic and Cubic Equations, 

Solve the equations in Exercises i to 10. 

!• ^* + 5 ^ + 4 o 2 . + 15 = 4;*? 

8. — 3^® 4 - 9^+ 14 « O 4 . Bp^ --yp^ 425?a +5^+16 

234a — -764 = •417a — -325^* 6, + 5^ + 2 

8 


6 . *ooia®-« 

7 4 , 

• 2 X-^S' 


2 .x 


3 ^- 7 

9 . •— . 2;v — 12 s= ^x^ 

^ X ^ 3 Q X 


+^.^ 7 _ « 

^2+ 5^+ 6 2 ;»?-h 3 

10. 1700 + •oi26F= •ooooo3F^ 

V>= 33 - 


find the values of I when 


>- 5 j 

1 - 2 ) 


12 . Iff: 


100 . 


11 If 

2 g 2X 36 ' g'=32- 

4 - 

! — find h when fc=i5, a = 5'5. This equation gives 

the radius of a circle when the height of arc h and length of chord 2 a 
are known. 

18 . Solve for F the equation — 

3F., 

30 X 10* 7200 

14 . We are told that W(A4-A) = iFA (a formula relating to the 

H' 

strength of bodies under impact), and also a = W =» -45, and 

^=5 2*4. Find values of F to satisfy these conditions. 

oh^ 

16 . The equation — ' relates to masonry dams, 

where b = width in feet of base of a dam a feet wide at the top, and 
h feet deep , w being the weight of i cu. ft. of masonry, and p being 
the weight of i cu. ft. of water. Find b for the case when a =* 5, 
h 30, w = 144, and p = 62*4. 

16 . Find expressions for fa from — 

17 . If /= j solve (<ri) for u and (b) for v, 

214,2 4 _ \ J \ J 

18 . To find 7 % (the depth from the compression edge to the neutral 

axis of a reinforced concrete beam of brc<ultli b) it Wcis necessary to 
solve the equation 4- 2 AtWw— 2mATfl{ ™ o Determine the value 
of n to satisfy the conditions when At ~ 1*56, 6=5, and 

10. 

19 . Solve for C the equation 75 x io®C^ — lo^^C-h 12 x 10^*^=: o. 




P~T 


X -ooqC, and 


20 . Find the values of t when 
P«» 120, C= 3375, T= 67, L= 1765. 

21 . Find the ratio, (of teeth of involute 

wheels) from = 5 ? 4 .i where n~ number of teeth in the follower 
^ a np 4 

wheel « 24. 
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22 . The equation mi mm av + bv* relates to the flow of water in 
channels. If a •»» -000024 ami 6 *000014, this in the funu 

vmmcVrni, making any justifiable approximation. (Ccimi>are Exampla 
50, p. 66.) 

28 . Solve the equation 2as* — 33+ ssr— 

24 . Find values of I to satisfy the equation W •• |«i ^ i f 

(Merriman's formula for the weight of roof principals), given that 
W «• 5400 and a »■ lo. 

25 . X is the distance of the point of contraflexure of a fixed lK*.am 
of length I from one end. If x and / are connected by the ecpi.itiou 

X ^ „ o, find the ponilionH of the points of contra flex urn* 


2$. To find the position of a mechanism so t!uit thet angular velocitioH 
of two links Hhouief lie the Barue it wan neressarv to solve t!ie fi|uaticm 
/*-- 19-5/’ 54 fi Find vahieH td / to satisfy thin. 

27 . To fme! rf, the depth of flow through a channel under certain 
conditions of slope, etc., it was uecesharv to solve the equaticin 
i*305e/— x*305«-^o. Find the value of a to satisfy this. 


28 . Tlio values of the maximum and minimum stresses in the metal 
of a rivet duo to a shearing stress q and a tensile stress /„ due to c<m- 
traction in cooling arc given by the roots of the cciuatiou - 

/(/ -/,)‘>C* 

If §'■■44 tons per sq. in. and tons i>cr sq. in., fintl the two 

values of /. 


29 . The length L of a wire or cable hanging in the form of a {xiralxjla 
is given by — 

L .■ S i- 

where S=«span and D™ droop or sag. 

Find the span if the sag is 3'-9* anti the length of c..i.blc is ioo*.|oi3 ft. 


Simultaneous Quadratics. — Consider the two c(iu.itions 

2X0 

- . s= 1-8 (i) 

y ^ ’ 

and 5*6(5'C— y) = x* (j) 

Values of * and y are to be foim<l to satisfy both e<iuations at 
the same time (hence the term “simultaneous'') : also tim .second 
eciuation is of the second degree as regards *, and is therefore a 
quadratic. 

In most practical examples (the above being part of the investi- 
gation dealing with compound stresses) one equation is somewhat 
more complicated than the other, and therefore, for pur{x)ses of 
elimination, we substitute from the simpler form into the more 
difficult. 
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In this example equation 
transiX)sition — 


»•== 


(i) is the simpler, and from it, by 



Substitute for x, wherever it occurs in equation (2), its value in 
terms of y. Then — 

5 -6(5-6 — y) = (•9y)* == ‘Siy® 

31-36— 5-6y = -Siy* 
or -813^® + 5-6y — 31-36 == o. 

Hence y - - 5 -6 ± 

' 1-62 

= - 5-<>d:l-l-53 
1*62 

— 17*13 5*93 _ _ 

“ '““'1.62 ^62^ "^'56 or 3-67 

To find X — 

X = •gy and, substituting in turn the two values found for y, 
;r =s *9 X — 10*56 or *9 x 3*67 
«= — 9*51 or 3*30 
;»r=: - 9-51 or 3*30 \ 
and y =as iO‘ 56 or 3*67 / 


Example 54. — In a workshop calculation for the thickness of a 
packing strip or distance piece in a lathe the following equations 


occurred — 

(gcj)* = (f5 + y)2+- (0 

(9-y)* = (1-75 + >')* + •^* (-) 


Solve these equations for x and y. The p*icking stiip was required 
for a check for a gauge, and great accuracy was necessary in the 
cal (’ll kit ion. 

By removal of the brackets the equations become — 

98*01 = 2*25 + 3y H- *64 H- i-6r .... (3) 
98*01 = 3*o625 + y^ 4 - UJ 

By subtracting equation (4) from equation (3) an equation is 
obtained giving y in terms of x, thus — 

o = — *8125— *57-]- *63 + i-6x 
or ■5y = I *6;^ — *1725 

whence y = -3^5. 

Substituting for y in equation (^) — 

98-01 = 3-0625 + [3-2X— -345)®+ 3'5(3-2*— •345) + -'^'® 

— 3-0625 -f 10-242;®+ -1200 — 2-2082?+ 11-22?— I 2075 + 2?®. 
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Collecting terms, ii' 24 «*+ S-ogat#— <><>*035 ■* o 

whence « -8-992 fc V(S-g<)z)» + (4 x 

22 * 4 « 

^ — 8 hj 92 ± 66-3219 
22-48 

^57^3299 - 75-3139 

22*48 22-48 

or - 3 - 3503 - 

i. tho thickness of the strip was 2*5503 (inches): the negative 
BoUition being disregarded, 

Tho two values of y wotild be obtained by substituting the two 
values found for x in the equation 3*22?— 'i fS* 

Thus— y (3-2 X 2*5503) -345 or y «* (3-2 x - 3*3503) - *345 

y » 7*8 1 6 or 1 1 *066. 

The positive solutions alone have meaning in this ex*unplc% so that 
X 2*5503 and y ^ - 7-8 1 6, 


Example 55. -Solve the equations^ — 

52?* 4- y* 4 * ax — * 7y — 4 <) i 

7 «^ 1 3 y 9 


From equation (2) — 3y 

or y 


9 - 7 ^' 
9 - 7 J 
3 


Substituting in equation (i) — 

5^* 1- -1- ^x ~7 ('' ~ 7^) . . 05. 


j ^ 81 4« 40a'® ■* 126a 


5 a* h 


4' 2a — 7 


(■' 71 


95 - 


Multiplying through by y — 

45^;*+ 8r + 49af*— i8y-l- 147X -*» S55. 

Collecting terms — 

94^^* t- 39-* — ‘X>3 -» o 

Factorising — 

(94*+ 3.2i){'*- 3) "O 
94 


or 3. 


(i) 

(A 


Now. 
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Substituting the two values for x — 


0 + *247 
^ ^ 64 

3 

9 — 21 

or y = ^ 

3 

1031 

or =s — 4 

94 

3 

« 4 

or 

94 1 
or 

94 J 
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The method of substitution indicated in the previous three 
examples is to be recommended in preference to the “ symmetrical ” 
methods usually given, but which only apply to special cases. 

Occasionally one meets with an equation or pair of equations 
to which this method is not applicable. Thus if the equations are 
homogeneous and of the second degree, i. e., all the terms contain- 
ing the unknowns are of the second degree in those unknowns, 
proceed as in the following example ; the method being in reality 
an extension of the preceding. 


Example 56. — Solve the equations — 

3 ^y = 54 (i) 

•*’y+ 4 >'‘‘= ( 2 ) 


Tlicn- 


Dividc equation (i) by equation (2). 

+ 3^y ^ _54 
^y + 4 y* 1 15 

Multiplying across — 

ii5^®+3-15^y = 5‘\^y + 
Collecting terms — 

xi^x^ 2gixy-- 2i6y2 ==: o. 

Factorising — 

{Z2,x + jiy) (5.V - 3y) = o 


72 3 

^ y or = y. 
23 5 


whence x = 

Substitute each of these values for in turn m equation (2). 


Thus, taking ;r = 


,72 

23 -' 
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and 

and 

Taking ;r » 

5 


Grouping rcsnits 


Surds and Surd Equations. ■ One often meets with %nvh 
quantities as '\/3. *^7 or ^ a : such are known as surds or irratioiuil 
quantities, since their exact values cannot be ftnind. 

The value of ^3 can Iks found to as many pku'cs of detdmals 
as one pleases, but for ordinary calculations two, or at the most 
three, figures after the decimal ix)int are quite sufla icnt : thus 
i/3 ==» 1*73 approximately, or 1*73-2 more neaily. 

It is both easier and more accurate to multiply by a surd tlian 
to divide by it, and therefore, if at all possibhq one must rid tin* 
denominator of the surds by siutabhi multiplication. 

The process is known as raiionalising tlu^ denominator. 

Example 57. — Ratioiialisc the deiiontinator of 

V 3 

To do this, multiply both numerator ami denoininatc»r by Vs, 
since Vi X V3 « 3. 

Then — V3 V3xe3 ’ ruhull. is rctiuircti in 

decimals it is 2-89. 

Example 58, — Find the value of ^ . 

4- v^s 

Multiply numerator and denominator by 4 l* V5. 


jrsa » 

^ 2i) 

y “*±^2 

X ^ ( I , J ^5. 

i 4 

y * 3 36 when X ^ 

« i 

y vm 4-36 when X ^ ^ 

•S'* t .(y* < 113 

b 

: y* Its 

5 

V* i * 

^ -23 

and y ‘ ^ 1 5 

and X 13 

.% X ^ h 3 4 ] 

y 5 L I 
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Then the fraction 


7(4 + V5) ^ 7(4+ yT s ) 

( 4 -V 5)(4 + V 5 ) 4 ®-(^^ 5 )* 

*= 7(4 + ^*^36) ^ 7X 6-236 
16—5 ** II 

““ 3 * 9 ^ 8 - 


Surds occurring in equations must be eliminated as early as 
possible by squaring or cubing as the case may demand. 


Example 59. — Solve the equation = 7. 

Cubing both sides — 2 = 343 

- P =* 345 * 


Example 60. — Find x from the equation — 

4 - Vzx^ 3 = 5. 

Transposing so that the surd is on one side by itself- 


Squaring both sides — 


whence 


24?+ 3= I 


Note. — The solutions of all surd equations should he tested. 

Reverting to the original equation and substituting — i for x — 

4— \/24r“+3 = 4 — V'— 2 + 3 = 4^1 = 3 

and not 5, so that — i is not a solution of this equation, but it would 
be of the somewhat similar equation — 

4 + V 2 X-^ = 5. 

When squaring, either (— V 24 ?+ 3 )* or ( + V2;r +3)® = 24 ?+ 3 , 
so that the solution obtained may be that of cither the one equation 
or the other. 

In this case, then, there is no solution to the equation as given. 


Example 61. — Wohler’s law for repeated stresses can be expressed 
by- /. = f+VA*-Wi 

where /i == original breaking stress, S== stress variation in terms of /„ 
and /i= new breaking stress, 

Find 4 when S == -537/51^ /i = 5 ^* ^ 

Substituting the numerical values — 

h = _ (2 X -537/2 >< 52) 

». e.. /, = -2685/, + V2704 - 55-8/, 
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Arranging so that tlxc sur<l is isolated — 

/• - -2685/, « ^^704 - syBft 
or • 73 '‘ 5 /t “> V27<j4 - 55-8/, 

Squaring— •535/i* 2704 - syHf, 

or -S.iS/** ♦ 55’«/» ~ 2704 - o. 

Solving for /j by means of the fonnnla™ 

/ «. “55-8i <3110 + 57'jo 

J* 

^ - 55-8 i ‘>4-5 3«-7 „j. . i5'>-3 

1*07 1*07 1*07 

■w 36-2 or — )c*|o»5. 

The negative solution has no meaning in t!ie viinvn to w!u«*h thiri 
formula is applied, hence the positive solution alone is taken* 

/t ib-i. 


lixiimph 62.™Find the value or values of t<» satisfy the equation 

— 7 f« 3V^.r f ly * iB* 

It is best to separate the stird.s thus - 

3 ‘\/2 ;v+i7 — x/.fv 

Square both sides and then — 

9(2Ar + 17) w (18)* \ (v'4;r— 7)* - z x iH < v^.p -- 7 

i . s ., i8;v 4 * 153 » 3iJ4 4 - 4*1^ 7 — 3(1 \/.j v - 7 

or. isolating the surd — 

36V4X~^7 tsna 164 — l^\X 

or 1 8 'v/q;^ — 7 »«» 82 — yx. 

Squaring again — 

324(4^?— 7) 1.2. 67^4 4 " II 

whence — 49;^®— 2444V } 8<;<ii . o. 

Factorising — (49;v — 2248)(;v - 4) -a o. 


To test whether those values satisfy the original eqihition* — 

When s= 4, left-hand side « Vio — 7 P3V8 | ly 

3 q- 15 , „ x8, which is the valw' of the 
right-hand side — ;v ^ 4 satisfies* 

♦ Always remember that when squaring a *'two-tenn*' ex|m*ssuHi 
three terms result, of the character; (ist vstjuared) (iiid squared) ± 
(twice product of ist and 2nd). 

u <5., (A 4- B)* A* + B» 4- 2AB 
(A - B)* « A* 4- - 2AB* 
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When X 


2248 


49 


, left-hand side 




4496 

49 


+ 17 


?3 , 
7 + 


71^7 + 3 

2^ 

7 

“ 44f which does not = 18. 

22/(8 . 

IS not a solution of the given equation ; it however 
satisfies the equation 3 -f 17 — ' 


Hence x 


18. 


Exercises 9. — On the Solution of Simultaneous Quadratic Equations 
and Surd Equations. 

1 . Find values of x and y to satisfy the equations— 

37 = i6 

-f 37a — 2A? “H 47 = 50 

2 . Solve the equations — a® 3 

2a -f 27= 7 

3 . Solve for p and q the equations — 

= 5 

P^ + 5 Pq + 55^2 = — I 

4 . Solve the equations 9X-\- = 132 

yx^d>y = 54 

6. Determine the values of a and h to satisfy the equations — > 

— 2a6-i- 3 = 0 
2a-f- = 4 

6. Solve for m the equation 4m = 5. 

7. 'file following forinula is used to calculate the length of hob 
iu(|mu‘d to cut a woim wheel, for throat I'adius r and depth of tooth d 

f=i2,V d{2r — d) 

f'md the depth of tooth when the hob is 3^ long and the throat 
radius is 2". 

8. Fmd a from the equation VSa-i-Q— 3 = 4- 

9 . Solve for II the equation 25*6H — 346 VH = 10000. 

10. The forinula /, = ^- -|- V/i* — xSf^ is that given by Unwm, and 

refers to variation of stress. Bauschinger’s experiments in a certain 
ca.se gave S == •41/,. /i= 22-8, and ;r= 1-5. Find the value of /,. 

11 . Using the same formula as in the previous example (No. 10) 
fmd /jj when S = J/,, fi = 30, and x = z. 

12 . Solve for a the equation Va+2+ V a = 2 

13 . Find a value or values of x to satisfy the equation— 

Vi -i- 9X = ■Vx+ I — V4;r '+ i 
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14 . The length ^ of a strut in a roof truss was required from the 

equation V;r® — . 36 4- Vx^ 4 16. I’ind this length. 

15 . Find the value of k to satisfy the equation referring to the 
discharge of water from a laink — 

Ix-i,- \/* (VAT- Vh^) 

Given that -45x60, Aw«X5-6, 

*44 

and A, -^25. 

16 - The following equations occurred when calculatiug a ski|a* of 
a form gauge — 

m* (-06 I* n)>» 
m -0175 — « 

-03 “* -035 

Find the values of w and n to satisfy these conditions. 

17 . If i »a span of an arch d rise 

h «« height of roadway above the lowest point c)f the art h 
c wa highest ,, „ 

then epd *» h and also c «« 


Fiixd the values of d when A «» 23 ft.^ and / «ai 24 ft. 

18 . The dimensions for cast iron pipes for waterworks aie rclatc<l hy 
the equation 

I as '000054lh/ q* *l5Vd 


where H *» head of water in feet 

t ^ thickne.ss of metal in inches 
d r-a internal dia. of pipe in inches 
If II «« 300 and / *K» .5 find d . 



CHAPTER III 
MENSURATION 

Introduction. — Mensuration is tliat part of practical mathe- 
matics which deals with the measurement of lengths, areas, and 
volumes. A sound knowledge of it is necessary in all branches of 
practical work, for the draughtsman in liis design, the works’ 
manager in his preparation of estimates, and the surveyor in his 
plans, all make use of its rules. 

Our first ideas of mensuration, apart from the tables of weights 
and measures, are usually connected with the areas of rectangles. 
How much floor space will be required for a planer 4 ft. wide and 
12 ft. long ? Here we have the simplest of the rules of mensuration, 
viz. the multiplication together of the two dimensions. Thus, in 
this case, the actual space covered is 4x12 = 48 sq. ft. 

Area of Rectangle and Triangle. — If the rectangle is 
bisected diagonally, two equal triangles result, the area of each 
being one-half that of the original rectangle, or we might state it, 
h (length X breadth), or as it is more generally expressed, i base X 
height or i height X base. (Note that the i is used but once; 
tlius we do not multiply 4 base by 4 height.) This rule for the area 
of the triangle will always hold, viz. that the area of the triangle 
is one-half that of the corresponding rectangle, t. e , the rectangle on 
the same base and of the same height. Thus in Fig. y, the 
triangles ABC-, AH'C, and AirC are all equal m area, this area 
being one-half of the lectangle ACB'D, i. e., ihh. It is the most 
widely used of the rules for the area of the triangle, because if 
sufficient data are supplied to enable one to construct the triangle, 
one side can bo considered as the base, and the height [i. e., the 
perpendicular from the opposite angular point on to this side or 
this side produced) can be readily measured, whence one-half the 
product of these two is obtained. 

A special case occurs when one of the angles is a right angle , 
then the rule for the area becomes : Area (to be denoted by A) 
equals one-half the product of the sides including the right angle. 
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One furtlier point in connection witli the right-angled triangle 
must be noted, viz. the relation Ixstween the sitlcs. 

The square on the hypotenuse (the side opjnisite the right angle, 
i. e., the longest side) is equal to the sum of the squares on the other 
sides. {Euclid, I. 47.) 



Fig. 7. Fig. 8. 


Tn Fig. 8, AB is the hypotenuse, because the right angle is at 
C, and — 

(AB)a =» (AC)»-|-(BC)a 

or c* = 1 rt®. 

A word about the lettering of triangles will not Ix' out of place 
here. It is tlic convention to place the large letters A, B and C 
at the angular ijoints of the triangh;, to keei> these letters to repre- 
sent the angles, e. g., the angle Alif, is (Umoted by H, and to letter 
the sides opposite to the angles by the corresiKiiiding small lettios. 
Thus the side BC is denoted by a, because it is the side opjiosite the 
angle A. 

Rule for Area of Triangle when the three sides are 
given. -As previously indieati-il the rule A/i/t can heie In- applied 
if the triangle is drawn to scale and a height lue.isuied. ( 1 he 
triangle can be constiucted so long as any two sides uie togetlier 
greater than the third.) If, however, instruments are not hamly 
proceed along the following lines : ■ - 

Add together the three sides a, b, and c, and call half their sum s ; 


Then the area is given by — 

A «■ ^5(5 — aXs — ~ 

This rule will be rcferrcil to as the " s '' rule, and the proof of it 
will be found in Chapter VI. 

Logarithms or the slide rule can be employed directly when 
using this formula, since products and a root alone are concerned. 
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Example i. One end of a lock gate, 7 ft, broad, is 2 ft. further 
along the stream than the other when the gates are shut ; find the 
width of the stream. 

Let 2x width of stream. (See Fig. 9.) 

Then — 7^ «=* + 2® ^ ^ 

“ 7* _ 2* = (7- 2)(7 + 2) = 45 
or X ^ 6*71 ‘ 

so that the width of the stream = 2^? == 13 >42 ft. Fig. 9. 


Example 2,— Find the area of the triangle ABC, Fig. 10. 


Area «» i base x height 
»» J X 14*6 X 11*4 
«« 83 "2 sq. ins. 



(Note that 11-4 is the perpendicular 
on to AB produced.) 



Fig. 13- 


Example 3. — The pressure on a triangular plate immersed in a 
liquid is 4*5 lbs. per sq. ft. The sides of the plate measure r8-i'^ 25*3", 
and 17*4''' respectively : find the total pressure on the plate. 


Let a=^i8-i, 6 =<25*3, £;=si7'4. 

Using these figures, the area will be in sq. ins. — 
i8-i -1- 25-3 -{- 17-4 _ 6o-8 _ 

5 = ^ — - 30 4 

Then A V3o-.i(io-4— 1 8*i) (30-4 ^25*3) (3b“4 — 17*4) 
=-^ V3o-/| X i2'3 X 5*1 X 13 


Taking logs throughout— 

log A i[log 30*4 4 * log 12-3 + log 5-1 + log 13} 
"1*4829'' 


A A 


1*0899 I 
■7076 

''4-3943- 
.log 157-5 
' 157-5 sq. ins. 


: 2*1972 


llien total pressure =» ^ 4*5 lt>s* j^feet* x 




G 
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A further rule for the area of a triangle will Ixs found in 
Cliapler VL 

A rule likfdy to prove of service is — 

Area ol m equilateral triangle "433 x (side)®* 

Thus if the sides of a triangle are each H unith long its area m 
"433 X 8^ f. e?., 277 sq. units. 


Exercises 10, On Triangles and Rectangles* 

1 * A boat sails due K. for 4 hours at 1,17 knots ant! flnui <Iue N, 
for 7 hours at io%| knots. How far is it at ilie eiul of tlu? it htnirs fnun 
its starting-point i 

2 . Find the diagonal pitch of 4 Ixuler stays plated at the aimers 
of a sqtiare, the horizontal and vertical pit eh Indug 

5. If a right-angled triangle Ik? drawn with sidc^s alKmt the light 
angle to represent the eletUrhal resistance* (H), and reattanca* (zrr/I,), 
respectively, then the hypotenuse represt*uts the inqs’chmit*. loud the 
impedance when / 50, L *159, K * 5c», ami 7 t >-^3-I4Z. 

4. It is reqxiircd to sed out a right angle* on the field, a c hain or 
tape? measure only being available. Iiulicaite how this nuglit lx* dcaie, 
giving figures to illustrate your ansvvc*r. 

6* A fioor is 29'-s'Mc»ng and n'-io"' broad. What is the* distance 
from one corner to that opposite ? 

6. At a certain point on a mountain railway track the level is 
215 ft.; 500 yds. further along the track tiie level is Z2y ft. ivxpu'SH 
the gradient a.s — 

(a) I in X (;r being measured along tlie irac*k). 

{b) X in (x being measuied along the horizontal). 



(ti^ 
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Fig, 



7 * For the Warren Girder shown at (a). Fig. ri, find the length of 
the member AB. 

8 . A roof truss is shown at (6), Fig. ir. Find the lengths of the 
members AB, BC and AC. 
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9 # A field is 24J chains long and 650 yds. wide. What is its area 
in acres ? (Surveyors' Measure is given on p. 87.) 

10 . Find how many pieces " of paper are required for the walls 
of a room 15 ft. long, i2'-6" wide and 8 ft. high, allowing 8 % of 
the space for window and fireplace (a " piece " of paper being 21''' 
wide and 9 ft. long). 

11 . A courtyard 15 ydvS. by 12 yds. is to be paved with grey stones 
measuring 2 ft. x 2 ft. each, and a border is to be formed, 2 ft. wide, 
of red stones measuring i ft. x i ft. How many stones of each kind 
are required ? 

12 . A room 15 ft. by 12 ft. is to be floored with boards 4^^ wide. 
How many foot run will be required ? 

18 . Bcdorc fracture the width of a mild steel specimen was 2-oi4" 
and its thickness *387'^ At fracture the corresponding dimensions 
were 1*524." and -250". Find the percentage reduction in area. 

14 . A rectangular plot of land i mile long and 400 ft. wide is to be 
cut up into buikling plots each having 40 ft. frontage and 200 ft. depth. 
How many such plots can be obtained ? 

15 . The top of a tallboy is in the form of a cone; the diameter 
of the base is 4", and the vertigal height is ij". Find the slant 
height. 

16 . A bar of iron is at the same time subjected to a direct pull of 
5000 lbs., and a puli of 3500 lbs. at right angles to the first. Find the 
resultant force due to these. 

17 . At a certain speed the balls of a governor are 5" distant 
from the governor shaft; the length of the arms is 10''. Find the 

height ” of the governor h and hence the number of revs, per sec, 

r I. ’SlG 

n from ~ 

18 . A load on a bearing causes a stress of 520 Ibs./a"'. If the stress 
is Reckoned on the ''projected area" of thc'bcaiing, the diameter of 
which is 4" and the lenglli 54", find the load applied. 

19 . The sides of a triangle are 17*4", 8-4" and i5‘7" respectively, 
bind its area, by — 

(a) Drawing to scale and use of i base x 
height rule. 

( 5 ) Use of "s " rule. (Sec p. 80.) 

20 . Find the rent of a field in the form of 
a triangle having sides 720, 484 and 654 links 
respectively, at the rate of £2 10s. per acre. 

(See note to Ex. 9.) 

21 . Find the area of the joist section shown 
in Fig. iia, (Thickness of flange is 0-2^.) 

22 . Neglecting the radii at the comers, calculate the areas of the 
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sections in Fig. n : viz. (l>) channel hcctiou, (c) vmetiual angle, and (d) 

lee section* 



Area of Parallelogram and lOxombua. ^>0111 the thrtM* 
sided fig\ire one prognissc's to that having four sides, surli Unug 
spok<in of gt‘.nerally as a quadrilaicniL 

Of the regular ciuadrilattirals refcreiuat has alrtsidy Inieu nuulv 
to the simplest, viz. tlic rectangle (the scpiare l)(*ing a paitit'ular 
example), for which the area length X breadth. 

Since the area of a triaingle is given by the product, | base X 
height, it follows tliat — 

(а) Triangles on the same base and having the same height arc 
equal in area, and 

( б ) Triangles on equal bases and having the same heiglit are 
equal in area. 
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Thus, if in Fig. 13 the length FC is made equal to the length 
ED, the triangles AED and BFC will be equal in area, since the 
bases arc equal and the height is the same. Also it will be seen 
that the sides AD and BC are parallel, so that the figure ABCD is 
a parallelogram. Then — 

The area of the parallelogram — 

ABCD = area of figure ABFD + area of triangle BFC 
== area of figure ABFD + area of triangle AED 
= area of rectangle ABFE 
= AB X BF. 

This result could be expressed in the general rule, “ Area of a 
parallelogram •>= length of one side x the perpendicular distance from 
that side to the side paraliel to it.” 

In the case of the rhombus (a quadrilateral 
liaving its sides equal but its angles not right 
angles) one other rule can be added. 

Its diagonals intersect at right angles, and 
lienee its area can be expressed as equal to 
one-half the product of its diagonals; i. e., 

Area = J x BD x AC, the reference being to 
the rhombus in Fig. 14. 

This rule should be proved as an example 
on tlic ^ base X height rule for the triangle. 

Area of Trapezoid. — A trapezoid is a quadrilateral having 
one pair of sides parallel. 

Its area — mean width X perpendicular height. 

— i (sum of parallel sides) X perpendicular distance 
between them. 




Fig. 15. Fig- 16 -Cross Section of a 

Cutting 



Jn Fig. J5, AB and CD are the parallel sides, and the area 
= i{AB + CD}xh 
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Example 4.— Gilciilaic the area cjf the cross scclian of a cutting, 
having dimeuHions as shown in h'ig. 16. 


Area 


i!7<) { X 16 sq. ft* 
800 Stj. ft. 


Example 5. ^ The kathode, or dejvosit plate, of a rop|ier voltameter 
has the form shown in log. 17. C ah ulate, approximately, the area 
and hence the current tlensily (i, amperes per sq, in* of surface) if 
1*42 amperes arc passing. 



Fig, 17. Fig. i«. 


We. may divide the surfiieo of the [dale int(» ihret* p.uts, A, Fh and 
Area of A 2*6 x 2*65 . » 6*0 s{|. ms. 

Area of H ' ( ^ ^ ^ ^ '^5 * i*'|2 ,, ,, 

Area of C « -ox -7 ,, 


'Pi dal area of one side* 8*71 ,, 

This is th<* an*a of out* side; but the deposit would lx* on l»oth sides- 
total area X 8*74 s<|. ins. 

and current density w «3 ^8 * 0812 amp, pt»r sg, iiu 

or I amp. for 12*3 sq. ins. of surface. 


Example 6.— Find the area of the rhombus, one sidi* of whu h 
measures 5'' and one diugouiil 

Let zx^ length of other diagonal in inches (Fig. i8b 
Then, by the right-angled triangle rule, 

;!?* BBS g 

A X ^ 

Area J (product of diagonals) «* | x 8 x 6 »* 24 sq, ins. 
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This example could also have been worked as an exercise on the 
“ s '' rule, the sides of the triangle being 5, 5 and 8 respectively. 

Areas of Irregtilar Quadrilateral and Irregular Poly- 
gons. — Having dealt with the regular and the “ semi " regular 
quadrilaterals, attention must now be directed to the irregular 
ones. No simple rule can be given that will apply to all cases of 
irregular quadrilaterals : the figure must be divided up into two 
triangles and the areas of these triangles found in the ordinary way. 

This method applies also to irregular polygons (many-sided 
figures) having more than four sides ; but these figures split into 
more than two triangles. 


Example 7. — Find the area of the quadrilateral ABCD, Fig. 19, 
in which AD= 17 ft., DC= 15 ft., BC= 19 ft., 

AC = 26 ft., and the angle ABC is a right angle. 

It will be necessary to find the length of AB. 

By the rule for the right-angled triangle, 

(AB)* = 26* — 19* = 7 X 45 = 315 

AB = 17-76 ft. B 

The quadrilateral ABCD == Triangle ADC -f- 
Triangle ABC. 

Dealing first with the triangle ADC, its area must be found by the 

2 

A = V29 X 12 X 14 X 3 
= 120-9 sq. ft. 

ArfM of triangle ABC= ^ x 17*76 x 19 = 169 sq. ft. 

/. Area of quadrilateral ABCD = 121 + 169 

= 290 sq ft. 

Example 8 - Inncl the area of the plot of land represented in Fig. 20 
(being the result of a chain survey). 

Some of the dimensions arc given in chains : it is worth while to 
remind ourselves of the magnitude of a chain. 



Surveyors' Measure 
I chain = 22 yards = 66 feet. 

I chain == 100 links (i link = 7*92".) 

10 chains == i furlong. 

80 chains = i mile. 

I sq. chain = 22 ^ == 484 sq. yards = xV 
or 10 sq. chains = i acre. 

10 sq. chains == 100,000 sq. links. 

I acre = 100,000 sq. links. 
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The given figure ia divided by the " offsets " into trlunglrs iuul 
trapezoids: the offsets iM-ing at light angles to ti>o mam tltam hues. 

It will be convenient to work in feet. ^ 

Uealing with tlie .separate jKirtion**. 


Area ACJ « 

4 X H|H Xi6.| 

'2fu Jl* Stp ft. 


1 

A('B 

4 X iqH Xi4 

*»•* #« 

1 ^ 

B 1 

CDB IT- 

4 X l6 K 24 

192 ,, 

/‘X. 

b 

M M- . 

CDKF 

1(20 1 l(») • 64 

M 

/., 

/ 1 

FK<;n -- 

4(20 1 8) « Ho 

1 1 .*<» „ 

HGJ 

4x8x1 io 

48 t> 

/T 

v\ 

JKL 

4 X 100 X 13 

^ » fO|<f 

■/ 

N/. 

r 

L h 


LKMN « 

4(13 f 15) 200 

* 2800 ,, 

• i\ 

NMA - ^ 

4x15 > JO 

^ 22 s 

.i'll tl Mp it. 

.f 

4 . 

/. Tola! area 



/V 

< ♦ 

. 4 i 


t 


iSl it 

<)(> - (t(* 


8*(>7 st|. t'huH. 

4it tt\ 


Fij^. JO- 


Areair of Regular Polygons. Kr^'tilar |»o1mm»iis •Jiuuhl U* 
ciividecl up into ctjtial isos«*<’lrH tiianpjrs, and thm* will U* as inanv 
t)f these as the figure has suites. 1 ht* «ueas cd th(' tiianglrs atr Iwsf 
found (at this stage*) by ^Iravviof^ tu Malo, and as an aid t*> tins thi* 
following ndt* should Ik* borne in muni. 

The angle of a regular polygon of n sides 


S.U X 90 degrees. 


Thus, for a n‘gular jHaita^on (a fivt* suited finnu') n *; an«i the 


angle ^ * 


5) 

5 


>: qo 


lo8‘^ 


Alternatively, the following eonstiurtinn mav be usrtl. Suinwr.i' 
that the area of a n*gular htqdagnn, i. e., a sevtai snir.l tuoiir, e* 
r<*<inintd, the haigth ol sidt* Uang ij"; ami we wisli to linil ifs 
ausi by drawing to scale. Sid out <»n anv Ikim* luit* (lug /i) a 
S(unicn<de with A as centre and ladms ij'' (tin* length nt side). 
Divide the semi rircnmftTimee into seven (tlie mimln'r of Mde%j 
equal parts, giving tlai {Knuts ii, H, c, d, f, J, (i (this division t«» 
clone by trial). Through the semnd of th<*se divisions, \i/. B, 
draw the line AB; drawing also lines Ac, Ad, etc., i.nhating fioisi 
A. With c'entre B and radius li" strike an arc ctiBiiig Ac in 
C ; then B( - is a side of the heptagon. This process can Iw rejUMteii 
until the figure ABCDEFG is completed- 
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To find the area of ABCDEFG. 
angles and note the point of 
intersection O of these bisectors ; 
this being the geometrical centre 
of the figure. Measure OH (it 
is found to be 1-56"). 

Then area of AOG — 

= AG X OH = i X 1*5 X 1-56 
= 1*17 sq. ins. 

Area of ABCDEFG— 

= 7XAAOG = 7x1-17 

= 8-19 sq. ins. 


Bisect AG and GF at right 
D 



•Area of Polygon. 


Exercises 11 . — Ob Areas of Quadrilaterals and Polygons. 

1. The central horizontal section of a hook is in the form of a 
tra]>cz()Kl 21^^ deep, the inner width being 2" and the outer width 
Find the area of the section. 

2 . The diagonals of a rhombus are 19*74" 5*28" respectively. 

Find the length of side and the area. 

3 . Find the area of the quadrilateral ABCD shown at (a), Fig. 22. 
What is the height of a triangle of area equal to that of ABCD, the 
base being 5"^ long ? 

4* A lield in the form of a quadrilateral ABCD has the following 
dimensions in yards: CD == 38, DA == 29, AC ==54, BE (perpendicular 
from B on to AC) = 23. Find its area in acres. 

5 - J^cproducc (b), Fig. 22, to scale, and hence calculate the area of 
AfU'DICF. 

6- F'lnd the area, m acres, of the field shown at (£:), Fig. 22. 
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7 * A retaining wall has a wicllfj oi 4^ ft, at haM- and ^^6*" at 
The face oi the wall has a h4itter oi i in li, ami the hat k of watt k 
vertical, h'ind the an^a of settiem and ako the length along the fiue. 

8 . Tim ,*"Uh‘ slopes of a canal (f«»r <»nlinary sod} are i| Imrt/onfat 
to X vertical* If tac witlth of the base is 10 ft, am! the dt |nli of water 
is 5 ft* fmd the " arc*a of flow wltrn the t*iual h full, 

9 * Find the hydranlit' mean depth (i.i?., ) for the 

* \ Wetlrtl |H‘iJineter/ 

canal section for which the dimeusiouH are gi%*en in tJurHlicin H, 

10 . The end of a bunker is in tlw form of a t r»i|K’iroid. Idiid its 

area if tlm parallel sides are and rc*h|>«n lively, the 

sick being while the other suk is imrimmlti idar t<» the parallel 

sides. 

11 . A regular octagon cinnunscrtlms a ctn le of t* ratUus. Idml 
its area. 

12. Mnd the area of a regular hexagon whose si*le in 4*^8'". 

13 . The eml fixing numtent f<»r the end A of the huil! in giid»*r, 
Mg. Tza, is fotuid hy imikiug th<* ,in*a AHM*‘ f*t|ual to the area AlU IK 
Find this nuunent, i, e,^ had the lc*ngth Al*‘. 

14 . A plate having tht* shape of a rt^guhtr hexagon of shir is 
to be plated with a lay(*r of inppi-r on e.u h <d its fairs, Idnd the 
current reejuired f(»r tins, allovMng i-o*impries |H*r 100 sep ms, 

15 . An irregular pentagon 
of area 50*08 s<p ins, is rn.ide 
up of art ecjuilateral triangle 
with a scpiare on om^ of its 
sides. Find the length of 
side. 

16 . Neglecting the radii «il 
the corners, fmd the approxi- 
mate area of the rail sc*ction 
shown at (a), Mg. li. 

Circumference and Area of Circle. When n, the numlHu 
of sides of a p<dyg(jn, is lucie.isetl vvitluiut limit, tin* sides mri|;r 
into one outliiu» an<l tin* p<dvgon btssunes a 

A circle is a plane ligiut* l>oundcd by one line, lallrel the (iruon 
ference and is sucli that all lines, (silhsl rniitt, diawn t») inert the 
circumference from a hxed point within it, termed the tcn/rc, *iir 
equal to one another. 

The meanings of the terms applusl to parts of the cinh will 
best be understood by leference to h'ig. 25 and 24, 

If a piece of thread be wrappsl tiglitly round a cylinder for, 
say, five turns and the length then mcasureil anti thvnietl by 5. 
the length of the circumference may bt* fomuL Comparing this 
with the diameter, as measuretl by calliimrs, it would Im fouiitl t<i 
be about 3^ times as long* 

Repeating for cylinders of various sizes, tlie same ratio of these 
lengths would be found. The Greek symbol w (^1) always denotes 


D C 

./I':” f"b. 
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this ratio of circumference to diameter, which is invariable; but 
its exact value cannot be found. It has been calculated to a large 
number of decimal places, of which only the first four are of use 
to the practical man. For considerable exactness tt can be taken 
as 3-I4 i 6 : however, or 3-1428 is quite good enough for general 
use, the error only being about 12 in 30,000 or about -04%. Even 
-V- need not be remembered if a slide rule be handy, for a marking 
will be found to represent v (see Fig. i, p. 17). 




Fig. 24. 


Then — circumference = irx diameter == irtf or Birr 

where d = diam. and r = radius. 

Also — Area = 7rr® oxXd^ 

4 

= -7854 : a marking on the slide rule indicating this. 

^The mark M on the slide rule is 

It is soiiu'timcs necessary to convert from the circumference to 
the area; thus — 

Area - ^)l = 

47r 47r 47r 

[0 stands for circle and Qce for circrimfcrence.] 


Example <). — Find the diameter of the driving w'hccl of a locomotive 
which in a distance of 3 miles makes 1010 revolutions (assuming no 
slipping). 

In one revolution, the distance covered — Oce. 

^ _ tot al distan ce =, 3 21 £t 

* • number^f revolutions 1010 

and diam. « = 5 

TT rr X 1010 






Notice that or *7864 Is la the neighbourhood of *78 or f ; therefore, 

4 

for approximation purposes, square the diameter (to the nearest round 
figure) and take | of the number so obtained. 

In this case, (3*5)^ — iz approximately, 
and I of 12 9, 

Areas of circiis can most reaiiily ht* ohtaiiuMl Ijy the* tine of the 
slick rule, the metliod being as foIIt»ws - 

Set one of the iVs (marked on tlie (' scult*) (nder log. i, p. 17) 
level with the dianuder on the 1) seaU*, plat*t* tin* ciunor ovt*r i cm 
the B scale, tlu'ii thet aiea is read oif on flat A scale; the appinxnaa- 
tion being as Indore. This mcdhnd is of tlu* gieatt^st uttlity, tind 
several example’s shonld he w’cnkett by au’ans of it Utv the* sake* 
of practice. 

Examf>hs — 


Di.i, 

Area 

Appioxim.o i'»n 

-}•« 

i8-i 

i X 

/ 5 I H j 

7 «r 5 

4 t)f >5 

2 - 

f » j? B ) 1 St »l ) 

■(>5 


Jx 

*.V> 


If the C'/s aie nut mdicat<s} on tin* t‘ s( ale c»f thr \]n\r inle, 
nnukings should be nnule tui them at i*iaS and i«*'.pe» tudv. 

The reason for these* maikmg.s may be eKpIatne<l as Inlliiw * 

The area of a cinde t)r, as it might be wntten, sP ; 

4 w 

Now- i* 28 (), of which tint stjuare root is A maikmg is 

thus placed at 1-128, so that when this mark is set Ievi-1 wills the 
diameter on the 1) scale, the reailing on the 1) s<-.ile dpjHisite 

the index of the C scale gives tlu- v.due of d ■: By re.uiing 

the figure on the A scale level with the index on the B seale, (he 
square of d or found; (his U-ing the area of a 

circle of diameter d. 

For convenience in handling the rule a marking is made at 



MENSURATION 


3*569 on the C scale also ; this figure being obtained by extracting 
the square root of 12-86 instead of that of 1-286. 

Some slide rules are supplied with a three-line cursor. If the 
centre line is placed over the dia. on the D scale then the left hand 
line is over the area on tlie A scale* 

Example ii. — Find the connection between circumferential pitch 
and diametral pitch (as applied to toothed wheels). 

The circumferential pitch — 


^ of phch circle _ 7^ 

® number of teeth "N 


The diametral pitch pa 


number of teeth 


Hence, 


diam. of pitch circle d 

1 TT 

N 

d 


circumferential pitch 


diametral pitch 


E. if pc is I , then ^ = -375 or pa^ = 8-37". 

° Pd -375 

To find the area of an Annulus, i.e., the area between two 
concentric circles. 

It IS evKhuit that the aiea will be : — 

Aiea of outcii* — au'a of inner ciixle == 
ttR'^ ■— TTf^. (Fig. 25.) 

This can be jnit into a form rather 
more convcuucnt for coiuputaLion, thus — 


Area of annulus = 7r(R^— or — (D^ — 

4 

or, in a foiin more (easily apjdied — 




Fig 25. 


Area of annulus 


- (R - r)(R + r) or (D - d)(D + d). 


Tins nile can be wriUen in a form useful when dealing with 
lubes, thus — 

Area — ttCR — -f r) = •Zir{R — ) 

= 2,r(R - r){r + 

= 27 r X ^ X average radius 
= TT X average diameter X t 

where t is the thickness of the metal of the tube. 
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Example iz . — -Wliat is the area of a piece of packing in (ho hjrni of 
a circular ring, of outside diameter pj" and width .ii" i 

Here, R 475", r »» 475 - 3 --i 5 

Hence the' area ^ 7r(K~-»')(R f- r) *■(475-1- f 5 )(l 7 .'i *' 5 ) 

w X 6 *i 5 X 3**^5 


Examph 13.— A holiow shaft, 5"^ inlernai (iiauL, in to hava tha 
same scclitaial area as a solki shaft of 11* cli.un. Mini its external 
diam. 


Area of solid shaft ^ ^ x ii^ 

4 

Ixt 1) « outside diam. required. 

A real of hollow shaft « - 25 ) 




The two areas are to be the same; eciualing the expressiouH found 
for these- — 

"(D* - 25) X lii 

4 4 

whence D^-* 25 ^ 121 

and ][)* 14b 

/. I> ■ » I i-07'*'. 


Products, etc., of tt.— C ertain relations occurring fieipicntly 
are here stated for reference purposes. 


TT = 3-142 

---BBS *318 

TT 

JL 

47r 

-= -<795 

IT* =3 9*87 

47r* 39 - 4 «. sJiy 30'.‘5 

TT 

3 

^ 4-it) 

; = - 5^36 

7854 

.{TT 

It) 

log TT 

= - 497-2 


Exercises 12.- On CIrcumferenee and Area of Circles. 

1 . Find the circumference of a circle whose diam. is 7*13''. 

2 . The senii-circumfcrcncc of a circle Is 91 *4 ft. What is iM 
radius ? 

3 . Find the area of a circle of diam. 

4. The following figures give the girth of a tree at various {x^ints 
along its length. Find the corresponding areas of cross sections : 
4*28, 5-19, 6-47, 2*10, *87. 

{Suggestion : area « ; first find value of consfant multiplier 

(approx. -08). Keep the index of the slide-rule B scale fixed at this ; 
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place cursor over ©cc on the C scale and read o 0 result on A scale ; 
the squaring and the multiplying arc tlxxis performed automatically.} 

5 . If the circixmfcrcntial pitch of a wheel is find the diametral 
pitch. (Sec Itxamplc ix, p. 93.) 

6. A packing i"ing, for a cylinder 12'^ diam., before being cut is 
12*5^ diam. How much must be taken out of its circumference so that 
it will just At the cylinder? 

7 . A cinmlar grate burning 10 lbs. of coal per sq. ft. of grate per 
hour burns 66 lbs. of coal in an hour. Find the diameter of the grate. 

8. Assuming that cast-ix"on pulleys should never run at a greater 
circumhircntial spetul than i mile per min., what will be the largest 
diam. of pulley to run at 1120 revs, per min. ? 

9 . llie whetd of a turbine is 30^^ diam. and runs at 10600 R.P.M. 
What is the vclcH'ity of a point on its circumference ? 

Note.- "The rule xxsed in questions such as this is v = 27r^"N, where 
V ^ veloc'ity in fcsc^t per min., r = radius of wheel in feet, and N 
number of revohitions per minute. 

10 . A piece, 4^ h)ng, is cut out of an elastic packing ring, fitted to 
a cylinder of diam., so that the ends are now i" apart. Find the 
diam. of the ring before being cut, 

11 . Find the diameter of an armature punching, round the circum- 
ference of whicli arc 40 slots and the same number of teeth. The width 
of the teeth and also of the slots (at circumference) is *35^. 

12 . While the load on a screw jack was raised a distance equal to 

the pitch of the screw {i"), the eilorl was exerted through an amount 
corrc.s])on<li ng to i turn of a wheel iO'5i" in diam. Find the Velocity- 
... ... distance moved by effort! 

I distance moved by load j 

18 . Tlic stress fin a flywheel rim due to centrifugal action is given 

I 2 

hy / ■= ^ , where iv — weight of rim in lbs. per cu. in., v = circum- 

ferential si)eed of lim in ft per see., and g = 32*2. Find the revs, per 
nun. if / 12 X 2 2.p) when w ^ -28 and diam. == 10 ft. 

14 . Idncl tlu^ Ix'iidmg stress in a locomotive connecting rod revolving 
at n levs. pc‘i se( . fiom the cqu<i.tion — ■ 

i) Avr^fi^yyP^ , , 480 

stress - ^ X where y = i, p = ---^3 

r - 12, I — 120, /i® = 3, and g = 32-2. 

The driving wlicols are 6 It. in diam., and the locomotive travels 
at 40 miles per hour. 

16 . Find the area of the section of a column, the circumference 
of which is 18-47". 

16 . Calculate the diameter of a circular plate whose weight would 
be the same as that of a rectangular plate measuring 2'-6" by 3'-2', both 
plates being of the same thickness and material. 

17 . Find the area of the section of a rod of -498" diam. 

18 . If there is a stress of 48000 lbs. per sq. in. on a rod of -566' 
diam., what is the load causing it ? 

19 . Find the total pressure on a piston 9' diam., when the other 
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Mclc iii ilu) piston is uiulcr a back of 3 lbs. |>c*r sip in, abova 

a vaciuuiu 

Gauge pressure (pressure above atnitjspbere) • ^ 64 lbs. |»er stp in. 

I atiiKispliere 14*7 lbs, |M*r stp in, 

20 , The <lrivnig wheel of a lo<om<hivt% 5 fU in diaineitT. inade 
jro(K)o revolutions in a jotiriK'y of 20 inilt^H. What tiistante wan Itwi 
owing to slipping on the rails? 

21 , The total pressxirc on a piston was 8462 lbs* if the gauge 
registered 51 lbs. ptu' sq. in* [i. e., pressure abt>vc atmosphere) aiul 
there was no back prt*ssure, what was the <Iiaiuet«‘r of the pi^don i 

22 , Find the area of section of a hoUiav sliaft of external chain. 5 J"' 
and internal dium. 3^ 

23 . A einadar plot of laml is to \n* surnnind<*d by a feiuing. the 
distanee lietwcsm Ine <*dge of the* plot and the feiu iug being the same 
all round, viz. 6 ft. The length of the feiu ing retpiired is 1H7 ft. Fmd 
the area of the sp«u'c between the phU and thcj fciuing. 

24 . lund the resistance! of 60*5 ems, length o( cop|H^r wire! of diain, 
•068 cm* from 

m 

XV 

a 

where ««* area in scj. cms., f length in cnis., aiul k i<‘sistivity 
-0000018 olun ]H‘r etmtinudre eulx*. 

25 . The Inickiing lo.id F on a (innilar rod is givmi by 


A/c 


(,y‘ 


xjc\ 

Find the diameter when 

1'* *“-2 i «85()<», / c - 


whe le A 
and K 

67000, c -* 


ansi of siH'tiou 
diiimetc-r 
4 


5fH)0' 


«ind L 


30. 


26 . A pair 
pitch of tc-eth 


of spur whe<*ls with 
I J"' IS to be used to 


Wheel 


transmit power fiom a shaft nmnmg ^ 
at 120 JGF.M. to a ( oimic’r shaft iiin- 
ning at 220 K.P.M. 'Fhc distiint<; 
b(*twc‘<m th<! c (‘litre's of tlu' shafts is to 
be 2.1^ as nearly as possible. 

It the diameters of tlu* piteh < ink's 
arc inversely as the K.F.M., hud the 
true distance between tlie c-entres and 
the number of leclh on e^aeli whet'l. 

27 . Calculate the area of the zero 
circle (th(i circle of no n'gist ration of 
the wheel), the radius of wliitii is HI >, 
for the planimotcr shown in outline in 
Fig. 26. 

28 . The resistance of x mile of 
copper wire is found from— 

-0.1232 
area in sq. 

Find the resistance of i mile of wire of No, 22 B.W.G* (diam. »• •03"'). 



R 


Troc.ioq 

Poftr* 


Mg. 26.— Amsler Planimeter. 


ms. 
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Length o£ Chord and Maximum Height of Arc.— In 
Fig. 27 let h = maximum height of the arc, 2a = length of the 
chord, and r ~ radius. 

Then, by the right-angled triangle rule, applied to the triangle 
ACO— 

= {r-h)^-^a^ = r^^h^—2rh+a^ (i) 


Transposing terms — 
a® = 2rh--h^ 
whence — 
a — ^ 

or length of chord 
- 2V2r/r^^ 

a rule giving the length 
of chord when the radius 
and maxinuim height of 
arc arc given. 

If h is expressed as a fraction of the radius, say h = fr, the rule 
lor the length of chord becomes — 



length of chord = 2rV2f—fK 


From equation (i) 


2 rh = 


r = 


aS-j-A® 

2 ,h 


a rule giving the radius when the chord and the maximum height 
of arc are known. 

From (i) also, h^—2rh-\-a‘‘ = 0, and from this, by solution of 

the quadratic — 

^ 2r ± y/ — 4^^ 

2 

or A = Jf ± 


giving two values for h (i. e., for the arc less than, and the arc 
greater than, the semi-circumference) when the radius and length 
of the chord arc known. 

If two chords intersect, either within or without the circle, 
the rectangles formed with their segments as sides are equal 
in area, Euc. Ill, 35 and 36. Thus, in Fig. 28, at both (a) 
and (&) — 

AP.PB = CP. PD 
B 
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If .C and I) coiiu icle as at (c^), E'ig. 28, then— 

{iny « AE* EB 



ICv(imf>Ie T-t- Hu* luinlnrss nnmbur of a sjxu a< wndinn to 

liiiiu’irs It'si , Mivrn by 1 toad 

^ c'urvfd ai(‘a of d(‘pr<.‘ssK)U 

bx|)r(‘SH thi^ as a formula. 


'riu‘ iiuvod au‘a (of st'i^nu'ut of splu'n*) ^ ^rrrh (svc p. 
r is ladius of llu* ball making the mdoutatioii. 

I) diaiiu‘tt*r of cU*prcssi(>n. 

Then coirrsponds to a in tlu^ foiogoing formula*, 


so thiit h 
and haidnoss nuinbt'r 



i>’n 
•I / 


Length of Arc. lC\acl Rule, Hu* li‘ng(h of tlu* art* (U'priids 
on th(‘ anglt‘ it subtends at the n'litit* of the eiirlt* : tlu‘ total a, ugh* 
at the e(‘ut^^ is tins bt‘ing subtt*n(lc(l by tlu* (nn’unilt'K'Ut'tu 

An ang](‘ of dO*’' wouM bti opposite an arc cupial to om* tt*ntlu 
Hut eiuuniU*rt*net;, whilst if the arc was - •= J of mee, tlie ani;^^' 
at the centre would bt^ 120"^. 


In g(*ueral- 


or, arc 


ai'c _ angle in degrc'C's 
coce ^ 360 

2 Ttr X angle in degrees _ angle in degrees X rad ius ^ 

' ” '57-3 


If the arc is exactly equal in k-i:i;th to the radius, the angle 
then subtended ought to serve as a useful unit of measurement, 
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for one always expresses the circumfereHcOfiti, terlhS df ti\e /Ridiiis 
This angle is known as a. radian. 

If the chord w'ere equal to the radius, cgiTtra L angle wouk . 
then be 6o°, so that when the arc is involve^Nci^f^VffiB]# rw^^vitlfe 
angle must be slightly less than 6o°. 

Actually, the radius is contained Zv times in the Oce, hence 

2ir radians = 360°, i. e., x radian = = 57"3°> 

27r 

Therefore, to convert from degrees to radians divide by 57’3. 

Thus — 273° = = 4-76 radians. 

57*3 

Radian or circular measure is the most natural system of angular 
measurement; all angles being expressed in radians in the higher 
branches of the subject. 

A simple rule for the length of an arc can now be established. 


Length of arc = 


27rr X a ngle (de gree s) 

“ 360“* 

27rrX angle (radian) / since 360^ ■) 

27r \ = 27r radians / 

rx angle subtended by the arc, expressed in 
radians. 


Now it is usual to represent the measurement of an angle in 
radians by 6, and when in degrees by a. Thus the angle AOB in 
Fig. 27, subtended at the centre of the circle by the arc ADB would 
be expressed as 6, if in radians ; or a, if in degrees. 


Hence, length of arc == 


irra 

180 


or rd 


Example 15 — A bedt passing over a pulley 10" diarn. has an angle 
of lap of 115° : find the length of belt in contact with the pulley. 

In this case y = ^ and a = 1 15 

length in contact = length of arc = — ^ fso ~ 


Example 16. — What angle is subtended at the centre of a circle of 
14*8 ft. diam. by an arc of ^7*4 ft. ? 


Arc == rd 

. /, arc 37'4 

• (9 = _ = X2 = 5-05 

r 14*8 ^ ^ 

Thus the angle required is 5*05 radians or 290 degrees. 
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It may be found of advantage to scratch a mark on the C scale 
of the slide ruhi at $y- 2 , so that the conversions from degrees to 
radians can be performed without any further tax on the memory. 

Example 17. -It is requircid to find the diameter of the broken. 



An appioximate rule for the length of arc is that known as 
Huygluius’; viz. — 

Length of arc =■ 

wliere Cj iuul represent the chord of half the arc and the cluml of 
the arc respectively {i.e., q = 2 a). (See Fig. 27.) 


To find the Height of an. Arc from any Point in the Chord. 

It is required to find the height ICF (see Fig. 27) of the arc 
ADB, the length of chord AB, the maximum height CD of the arc 
ADB aiul the distance CF Ixiing given. 

If O is the centre of the circle, OE is a radius and its length 

can be fcnuul from r = - 

'ih 

Then— (0E)2 (K(;)a -j- ((;())» 

(I^(;)a -f (CF)^ 

and of these hnigths, QIC and C'F are known ; therefore KG is found. 

But KCi IS known, since F(i — OC ^ r — h. 

**. the height ICK, wiiich — KG — FG, is known also. 

A numerical example 
will (Icmonstrate tliis 
more clearly. 

Example 18.^ — A circular 
arc of radius 15^^ stands on 
a base of 24". Find its 
maximum height, and also 
its height at a point along 
the base 5^ from its ex- 
tremity. (Deal only with 
the arc less than a semi- 
circle.) (See Fig. 30.) 
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To find h. We know that r =» 15^, and a 12^ 
hence h ^ 

= 15 ±^225-144 
=* 15 ± 9 = 6"^ or 24"^. 

According to the condition stated in brackets h must be taken as 
6^, i, e., the maximum height of the arc is 6"^. 

Then — 152 == EG2+7* 

EG® = 15®— 7® = 22 X 8 = 176 
or EG =13*26'^ 

CO = r—h — 15—6 == 9^ 

EF =» 13*26—9 = 4*26"^ 

or the height of the arc at the 5^ mark is 4*26^. 

Area of Sector- — A sector is a portion of a circle bounded by 
two radn and the arc joining their extremities; it is thus a form 
of triangle, with a curved base (see Fig. 24). Its area is given by 
a rule similar to that for the area of a triangle, viz., J base X height, 
but in this case the base is the arc and the height is the radius (the 
radius being always perpendicular to the circumference). 

Hence — Area 0! sector =» J arc x radius, 

or, in terms of the radius, and angle at the centre (in radians). 

Area = since for the arc we may write r 6 . 

The area of the sector bears the same relation to the area of 
the circle as the length of arc does to the 0 ce, i. e . — 

Area of sector __ an gle ( in deg rees) 
area of 0 360 

Area of sector = x irr® 
ooU 

Area of Segment. — ^The area of the segment, being the area 
between the chord and the arc (see Fig. 24), can be obtained by 
subtracting the area of the triangle from that of the sector. Thus, 
in Fig. 24— 

Area of segment ADB = area of sector OADB — area of triangle 
OAB. 

In place of this exact rule, we may use an approximate one, 

viz. — 

. , . 2 h f 7 chord + 3 arcl 

Area of segment = j- 

where h = maximum height of segment. 
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When tlic arc is very flat the chord and arc l)ecoine sensibly 
the same, so that — 

- , . 2hfxo ch()rd\ 

Area ol segment — < > 

3 t 10 J 

= ^ X A X chord 

a 

2 

= X rnaxinmni height x width. 

3 

The area of a segment may also be found from the approximate 
rule — 

4 /d 

Area of segment *« -^’608 

wlicrc d — (liam. of circle, and h — maximum height of segment. 


Example kj* -The Hydraulic Mean Depth (ir,MJ).) factor of 
great iinportaiu'c in connection witli the ilow of liciuids through pipes 
or cJiaiineLs is ctpial to the section of ilow divided by the wetted 
perimeter. 

Find this for the case illustrated in lug. 31. 


Hero, section of ilow area of segment A('B 

w area of sector OAC'H '■area of tri- 
angle OAH 

i )0 
3(>o 

<)Tr — 18 

10*3 s<p ins. 



X 5T X — J ;< 6 X 6 


Wetted pennietf^r 
00 
3r,() 


arc ACB ' >: 2 X rr x 6 \ 7 r 




A II.M.l), {usually denoted by m) 


ro'3 




Note that foi a £)ipc running full boro llu‘. ILM.L). — 
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Exercises 13. — On Arcs, Chords, Sectors and Segments of Circles. 

In Exercises i to 5, the letters have the following meanings as in 
Fig 27, r = radins, Ci = chord of arc, C2 == chord of half arc, h — maxi- 
mum height of arc, and a = angle subtended at the centre of the circle 
by the arc. 

1. == 2-4"', find Cj and h, 

2 . = 80", f = 50^; find and A. 

3. =: 49'', Ca = 25'"'; find y and h. 

4. = 6", r = 9^ ; find arc and area of segment. 

5. Cl = lo"^, h = 1-34"; find area of segment and a. 

6* A circnlar arc is of 10 ft, base and 2 ft. maximum height. Find 
the height at a point on the base x'-t" distant from the end, and aLso 
the distance of the point on the base from the centre at wliicii the 
height is i ft. 

7 . A circular arc has a base of 3"^ and maximum height Find 
(a) radius, (6) length of arc, (c) area of segment, {d) height of arc at a 
point on the base x" distant from its end. 

8. A crank is revolving at 125 R.P.M. Find its angular velocity 
{i. e., number of radians per see ). 

9 . If the angular velocity of a flywheel of diam. is 4-5, find 

the speed of a point on the nm in feet per minute. 

10 . Find the area of a sector of a circle of g*y" diam., the arc of the 
sector being 12*3" long. 

11 . One nautical mile subtends an angle of i minute at the centre 
of the earth; assnmiug a mean radius of 20,890,000 ieet, find the 
number of feet in 1 nautical mile. 

12 . Find the chrfcrcncc between the apparent and true levels (2 (f , 
CK), if AC == 1500 yards and R = 3958 miles. [Sec (a), Fig, 32.J 




13 . {b), Fig. 32 (which is not drawn to scale), shows a portion of a 
curve on a tramway track. If R == radius of quickest curve allowable 
(in feet), T — width of groove in rail (in inches), and B = greatest 
permissible wheel base (in feet) for this curve, find an expression for 
B in terms of R and T. 

14 , A circle of 2*4" diam. rolls without slipping on the circum- 
ference of another circle of 6*14'' diam. What angle at the centre is 
swept out in i complete revolution qi the rolling circle ? 
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15 . A railway curve of j mile radius is to l>c set out by " i chain 
steps. Find the ** deflection angle for this, 0., the angle to vvlurh 
the theodolite must be set to fix: the 
position of the end of the chain. 

The deflection angle is the angle 
between the tangent and the chord. 

16 , Fig, 33 slvows a hoi) used for 

cultinK f«‘rratious on a It 

was found that the <l<'i)lli of tooth 
out when the culling (‘dge was along 
AB was not stillicienlly great. Find 
how far b.iek the cutler must bo 
pround so that the depth of serration 
IS increased from ’0^5* to 'ozy", 
i. e., find x when AB'--=> -025' and 
CD »» -027'. 

The Ellipse. — The ellipse i.s the locus of a piint which moves 
in such a way that the sum of its ilistances from two fixed points, 
called the foci is conslaiit. This constant length is the length of 
the longer or major axis. 

In Fig. 3.1, if P is any point on the ellipse, PF -i- I’F^ -■ 
constant AA‘, F and being the foci. 




Let major axis = 2a, and minor axis - zh. 

Then from the (.Icfinition, FB = F'B = a. 

In the triangle FOB. (FB)» == (FO)* + (OB)* 
or a* = (FO)* (/;)* 

so that if the lengths of the axes are given the foci are located. 
Area = xab. (Compare with the circle, where area = irrr.) 

The perimeter of the ellipse can only be found very approximately 
as the expression for its absolute value involves the sum of an 
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infinite series. Various approximate rules have been given, and of 
these the most common are, perimeter = 7r(B^b), or ; 

the second of which might be written in the more convenient form 
4-443 + 6^. These rules, however, do not give good results 
when the ellipse is flat. A rule which appears to give uniformly 
good results is that of Boussinesq, viz. — 
perimeter = tt {l*5(/j+ 6)-— 

The height of the arc above the major axis at any point can 
most easily be found by multiplying the corresponding height of 

the semi-circle described on the major axis as diameter by 
e, g., referring to Fig. 34, QN = -xMN. 

Example 20. — The axes of an ellipse arc 4-8'^ and 7•4'^ Find its 
perimeter and its area. 

According to our notation, viz. as in Fig. 34, 2.a == 7-4, a ^ yy 

Q.h = 4*8, h = 2-4. 

Then the perimeter = 7r(a 4- &) = 7 t(6*i) = 19*15"^ 

or TT V'z{a^ 4- 6^) = TT V2 (19*45) ~ 19*38^^ 

or 7r{i-5(a 4- b)— Vab} = 7r{i*5(6*i)— V3*7 x 2*4} 

= 19-36" 

Aiea = irab == tt X 3-7 X 2*4 =s 27*85 sq. ins. 



Fig. 35. — The Parabola. 
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TEe Parabola. — The parabola is the locus of a point which 
moves in such a way that its distant’C! from a fixed straight line, 
called the directrix, is always ecinal t«> its dist.uu't! from a fixed 
point called the focus. 

Referring to Fig. 35, PZ — PF, where F is the focus, and P 
is any ix)int on the curve. 

The distance BA, which is equal to Ah', is always ileiioted by a. 

The chord LL^ through the focus, perpenduadar to the axis, 
is called the talus rectum, and from the definition it will be seen to 
be equal to 4a. The latus rectum, in fact, determines the propor- 
tions of the parabola just as the diameter <lo('S the size of the ciix'le. 

If Py -=y ami AQ-~-x. then F(J - A(J AF ~ {x a) ami 
PF -= PZ Bg = .V I rt. 

Then in the triangle FPg, A 


(FP)® = (PQ)® i-(i<g)® 



(x 1 n)® --y®l(v u)® 

rI 

1 \m 

0 \ 

or X® |-r<®~| y- 1 .r® j-n® zax / 


i X 

whence 4ax ^ 

i 

Q ^ 

s H 

or (1 wiclth)^ “= latus rcctiun X distuiu'e i 



along axis from vmitux, 

Fig. 

i6. 


c. (MR)® = 4a X AR in Fig. 36. 


If a semi-circle be drawn with h' as <'entie ami with h'P as 
radius, to cut the axis of the parabola m T ami N, PI" is the tune, cut 
at P and PN is the normal. (Fig. 35.) 

The distance along the axis, iimlei the normal, f. c., ()N m h'lg 3,5, 
is spoken of as the sub-normal, h'or the. paiabohi, the length of 
the sub-normal is constant, being e(|ual to J.a, i.e., I latus rectum. 

Use is made of this [)iopertv m the design of goveimus. It 
the balls arc guided into a jiaiabolic path, tlu' spee<l will be the 
same for all hi'ighls, for it is found thiit the .s])ee 1 depends on the 
sub-normal of the parabola, and as this is constant so also mii.st 
the speed be constant. 

2 

The area of a parabolic segment =^- „ ot surrounding rectangle, i.e., 

O 

2 

area of P'AP (Fig. 3b) — X PP' x AQ. Length ol parabolic 
8D» 

arc = S-fg g- approximately, where S -- span and D - droop 
or sag, as indicated in Fig. 36. 

Circular and other arcs arc often treated as parabolic when 
the question of the areas of segments arises; and if the arcs are 
very flat no serious error is made by so doing. The rule for the 
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area of a parabolic segment is so simple and so easily remembered 
that one is tempted to use it in place of the more accurate but more 
complicated ones which may be more applicable. 

Take, for example, the case of the ordinary stress-strain diagram, 
as in Fig. 37. To find the work done on the specimen up to frac- 
ture it is necessary to measure the area ABODE. Replacing the 
irregular curve (that obtained during the plastic stage) by a portion 
of a parabola BF, and neglecting the small area ABG, we can say 
that area ABODE = rectangle AGUE parabolic segment BFH 

= L« + ^e(M-L) =-{2M4-L}. 

3 3 



If the ratio is denoted by r, then the result may be written — 


’3 


, , L' 




+ 


area ABODE 

which is Kennedy’s rule. 

So, also. 111 questions on calculations of weights, ciiciilar seg- 
^ments are often treated as parabolic. 


diagram 


Example 2.1 . — The bending moment 
long, simply supported at its ends, is in 
the form of a parabola, the maximum 
bending moment, that at the centre being 
49 tons feet. Find the area of the 
bending moment diagram, and lind also 
the bending moment at 6 feet from one 
end (this being given by the height of 
the arc at D, Fig. 39). 

Area of parabolic segment ACB 
= I X 49 X 28 = 915 unit s. 

These units are tons feet x feet or tons feet^. 


for a beam 28 feet 



Fig 39. 
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Now it can be sliown that the nicnnent of one-half the trending 
moment an‘a (viz. AMC), taken round ACl cltdermines the deflection 
at A and also at H. 

Actually, the maximum deflection (at A or B) X area of 

AMC X where K Young's inodulus for the material of the Ixiam 
and second moment of its section. Since B would be expressed 
in tons per sq. foot and I in (feel)' the deflection woul<l be expressed in 


X feet* tons x feet 
tons X feet^ 


t, e,, in feet. 


To find the height ED -- 
(M B)® 

A 4a « 


4a X MC 
(MB)® 
MC ' 


from definition 

t4* 

' 'sm A 

.19 


HK® 

CF 

DK 


4 a X CF 

(I‘:f)® 8® 

»--3l 

4 a 4 
MC -- Cb' 


16 

. 49 ^ 


A Benciing moment 6 fe<q from end 


16 - 33. 

. 33 foot tons. 


Examf^le iz. - the length of (lie siil)-nonn:il of the parabola 

y* — 6y — xC>x — 23 ■ o. 

The equation might be written- - 

(y® — 6y -1 ()) • - i6r 32 o 
or (y “ J)* •’ «<>(.v I 2). 

This is of the form -- Y® -• .ptX 

where Y =» y — 3, X - ^ ;r + 2, a 4 
Length of subnormal • * 2« - • 8 units ; an<l is a constant. 


Th.e Hyperbola. -Tlie liyiKirboIa is the locus of a point which 
moves in such a way that the (lifforencc of its distances from two 
fixed points, called the foci, is constant. 'riuTC are two branches 
to this curve, which is drawn in Fig. 38. If P^- is any point on the 
curve, then PU^— P^F'’- = AA^ — 2«, 

AA^ — transverse axis, and BJF — conjugate axis = 2&. 

DOD*- and EOE*' are called asympkdes, i. e., the curve approaches 
these, but does not meet them produced : they are, as it were, 
its boundaries. 

PM and PQ are parallel to EOE^ and DOl)*- respectively : then 
a most important property of tliis curve is that the product 
PM X PQ is constant for all positions of P. 

If = AA^, the asymptotes are at right angles and the 
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hyperbola is rectangular : e, g., the curve representing Boyle's 
law (the case of isothermal expansion) is a rectangular ^hyperbola, 
the constant product being denoted by C in the formula, pv = C. 


Exercises 14. — On the Ellipse and the Parabola. 

1. A parabolic- arc (as in Fig. 36) stands on a base of The 

latus rectum of the parabola being 8", find — 

{a) Maximum height of arc; (6) area of segment; (£:) width 
at point midway between the base and the vertex. 

2 . A parabola of latus rectum 5^ stands on a base of 6"^, find — 

(a) Maximum height of arc; (b) height at a point on the base 
z" from the centre of the base ; (^;) area of segment ; (d) position 
of focus. 

3 . A parabolic segment of area 24 sq. ins. stands on a base of 12^. 
Find the height of the arc at a point from the centre of the base 
and also the latus rectum. 

4. The axes of an ellipse are and 6" respectively. Find — 

{a) The area ; {b) distance between foci ; (c) height of arc at a point 
on the major axis 4" from the centre , {d) perimeter by the 3 rules. 

5 . The lengths of the axes of an ellipse can be found from = 30, 

where a and b have their usual meanings (see Fig. 34). Find — 

(a) Area of ellipse ; (b) distance of foci from centre ; (c) peri- 
meter by the three given rules. 

6. A manhole is in the form of an ellipse, 21" by 13"^. Find, approxi- 
mately, the area of plate required to cover it, allowing a margin of 2" 
all the way round and assunung that the outer curve is an ellipse. 

7. A cantilever is loaded with a uniform load of 15 cwts, per foot 
run. The bending-moment diagram is a parabola having its vertex at 

* • vul^ 

the free end, and its maximum ordinate (at the fixed end) is — where 

w = load per foot run, and I is the span which is 18 ft. Find the 
bending moment at the centre, and at a point 3 ft. from the free end. 

8. It is required to lay out a plot of land in the form of an ellipse. 
The area is to be 6 acres and the ratio of the axes 3 : 2. Find the 
amount of fencing required for this plot. 

9. There are 60 teeth in an elliptical gear wheel, for which the 
pitch IS '235^'. If the major axis of the pitch pcnpliery is twice its 
minor axis, find the lengths of these axes. 

10. Find the number of feet per ton of oval electrical conduit 
tubing, the internal dimensions being x and the thickness 
being *042^ (No. 19 B.W.G.). WeigYit of mcitcrial == -296 lb. per 
cu. in. 

The Prism and Cylinder. — A straight Ime moving parallel 
to itself, its extremities travelling round the outlines of plane 
figures generates the solid known as the prism. If the line is always 
at right angles to the plane figures at its extremities the prism is 
known as a right prism. If the plane figures are circles the prism 
becomes a cylinder. 
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A iKulicular rasr of the prism is the cuboid, m whirli all the 
faces are rectangular, i. e,, the plane (igures at extrenuties of 
the revolving hue are nKiaiigles. 

For all prisms, ri^ht or oblique - 

Volume »»« area of base x perpendloular height* 

The lateral or side surface of a right prism - 

•w perimeter of base x height 
Total surface - liiltu'ai siufacc f* an^as of riuls. 

^Applying to the duboid. 

Volume ^“area of basc^ X heiglit 

: cwxh — aXby c\ (i’ig. 40.) 

I,<dcia! suiface • 2tib t jhc 
'total surfiicti 2ah \ 2bc | 2 (tc 
2 {ab i bc-\ cu). 





Fm .|0. I'iC 41. 

If a h c, the <aih<)i(l lH'(<mies a cubr, 
and then vol. 

and t{)l;d sin fact' 1 j (r) (m’^ 

If the diagonal of a cuboid is n'ljuiOMl it <Mn Ik* found fiotn, 
diagonal — j whilst for the <‘uIh', tliagrinal uVa. 

Example 23. An ojx'n tank, made of inatt'rial thi< k, is E (X 
long, U)'' wide and <lecp (tlu‘sc' being tlie outside dimensions). Idinl 
the amount of Hland metal re<iuired in its const met ion if the ]>lateH 
arc prepared for acetylene wc'lding, and fnxd also the caipacity of the 
tank. 

the plates arc to be joined by acetylene wedding no allowance 
must be made for lap; the plates would be left as shown in the sketch 
at A, Fig. 41. 
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Total Surface — 2 x (15 — i)[io — (2 x J)] 

2 X (15 - i)[3o - {2 X i)] + [30 - (2 X i)][io - (2 X i)] 
= 280 -f- 870 + 280 sq. ins. = 1430 sq. ins. = 9-94 sq.ft. 
Volume = (30 — i) X (10 — !•) X (15 — J) 

^ X 9-5 X 147 5 

1728 

Capacity = ?9-5,X_9:5_>lJ4:75_2<^5 gallons 
= X4-9 gallons « 

If tlic weight of water contained is required — 

Weight = 14*9 X 10 = x^g lbs. 

Note. — I cu. ft. of fresh water weighs 62-4 lbs, 

I cti. ft. of salt water weighs 64 lbs. 

I gallon of fresh water weighs 10 lbs, 

6| gallons occupy i cu. ft. 
j cu, cm, of water weighs i grm. 

Applying the foregoing rules to the cylinder. 

Vol. = area of base x height 

i. e,, Volume of cylinder = irr^xh = 7 rr^h or where r = radius 

of base, d == diain. of base, h = height or length. 

Lateral surface = Zirrh. 

Total surface = ^irrh-^-Zirr^ 

~ 27r;'(// + ^) 

Volumes of cylinders can most readily be obtained by the use 
of the slide rule, adopting an extension of the rule mentioned on 
p. 92 . 

It IS repealed here with the necessary extension : — 

Place one of the Cs, on the C scale of the rule, opj^osite the 
dianicter on the D scale : then place the cursor over tlie length 
on the B scale, an<I the yohiine is read oft on the A scale. 

Rough approximation, Vol. = %drh. 

E.g., Diam. =4*63^' 

Length = 1875". 

Vol. (by approximation) = |X20X20 = 300 cu. ins. 

Vol. (by slide rule) = 316 cu. ms. 


Dia 

Length 

Vol 

•23 

300 

12-45 

47-3 

2-8 

4945 


Exercises — 
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lurmnple Mud the iit ib^. ami gium,, imi iiirtn- id 

€0|>|H*r wire of diumi, ’0.15 < uu (<‘'op|>fr wrighN *31 lb* p^r tu. m.) 

Noie — 2-54 cms. t in* 

4&3-6 grms. «» 1 lb* 


Then— 1 cu, cm. cm in. 

\Vi i^;ht of i cu, vm. of copper 




lb. 


Vol. I iiu-trc (.f win* *■< ('0.|5)*x n»‘» cu, • iii*. 

4 

t \i, i m. 

(•i-5})’ 


W< ip,ht 


*ou \ 1 1 l!n 


or weight r ^ -Oil it I X 45 i*0 
I'.^oo fO’uH. 


25. \ boiler tout.iiie* .pSi» ftibrs, r.ii h (* ft. and 

'ij ins. t*xt<’inal (li.mu'ter. I'lml the heatuig mu t.u e ilue to t!ie r. 


I'he heating surface will l>e tlie Mnfa<e in (outaet uPh the* watei, 

i. the ou^^.i<lt‘ surface* of the* tulu-s. 


LuteiMl MU fac t* 


rrd • leilg.th X Ho. of tube^i 

rr X ^ X O * *pSo 
4H 

20 7t) sq ft. 


Exercises 15. On Prisms and Cylinders. 

Prisms 

1 . A room ft. long by i »/ uP' wide e* o' hudi hmd tie* 
vohime oi oxygem in it, il air eonlaius ..;i ‘h, cd ox\giii and 70’;,, *d 
nili t)g< u by volume, 

2 . A bl(»ck of wrougjit iu>n 15'' -‘T' i*" wtdglis np^Ib.. htufl th*- 
<l(‘usit y of W.L (lbs. per t \i. m.) ami also Us spt t lUt g,ra\Uy if i«u it. 
ot water weughs (jisj ll)s. 

3 . The weight of a brann phde <d uniform tlmkm‘*s, of hugfh 
and breadth was foumi to be* yosi lbs. H bta^.s wnglr. * i lb, 

p(*f cm in., find the tide kiuss.s of thi*» plate. 

4 . Tlie sectioiiid arisa of a ship at its waterdine is m| ft. ; how 

many tons of co«tl would be iu*edt*d to sink her 1 ft ? ’ (,i3 t u. ft. cd sea 
wat<*r weigh 1 ton.) 

5 * 'i'hc coefTicieni of tiisplaceinent of a ship - 

vohum* of inuuerst'd hull of ship 
volume (d rectangiihu* bloek of same duiieiisiouH 

If the displaccnicni is .^000 tonn and the huh can lie <if?mitlered to 
have the dimensions 320^x35^x15^ had the coefficient of displace* 
meat* 
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6 . The ends of a right prism $'-4" long are triangles having sides, 
19''* 27*2" and 11*4" respectively. Find the volume of this prism. 

7 . Water is flowing along a channel at the rate of 6-5 ft. per sec. 
The depth of the channel is g'\ the width at base 14", and the side 
slopes are i horizontal to 3 vertical. Find the discharge — 

(a) In cn. ft. per sec.; (&) in lbs. per min. 

8 . A tightly-stretched telephone cable, 76 ft. long, connects up two 
buildings on opposite sides of the road. The points of attachment of 
the ends are 38 and 64 ft, above the ground respectively, one being 
37 ft. further along the road than the other, and the buildings each 
standing 10 ft. back from the roadway. Find the width of the road. 


9 . The section of an underground airway is as shown in Fig. 42. 
Air is passing along the airway at 10-5 ft. per sec. ; find the number of 
cu. ft. of air passing per minute. 



Fig 42. 



Fig 422. 


10 . Find the volume of stone in a pillar 20 ft. high, the cross-section 
bc'ing based on an equilateral triangle of i foot side, having three 
circular sectors described from the angular points as centres, and 
meeting at the mid points of the sides. Find also its weight at 140 lbs. 
per cu. foot. (Fig. 42a.) 


Cylinders 

11 . The diameter of a cylinder is 38-7", and its length is 28-3'', 
Find its curved surface, its total surface and its volume. 

12 . Find the ratio of total healing surface to grate area in the case 
of a Caledonian Railway locomotive. The heating surface in the 
lircbox is iiq sq. ft., the grate area is 20-63 sq. ft., and there are 275 
tubes, of il" external diameter, the length between the tube plates 
being I o'- 7''. 

13 . A current of *6 ampere at 100 volts was passed through the 
two field coils of a motor. If the diam. of the coils was 4" and the 
length 4J", iind the number of watts per sq. 111. of surface. (Curved 
surface only is required.) 

14 . Find the wciglit of 5 miles of copper wire of -oz" diam., when 
copper weighs *32 lb. per cu. m. 

15 . Find the weight of a hollow steel pillar, 10 ft. long, whose 
extcimal diam. is 5^^ and internal diam. is 4" (i cu. ft. of steel weighs 
499 lbs.). (See Area of Annulus, p. 93.) 

16 . Water flows at the rate of 288 lbs. per min. through a pipe of 

diam. Find the velocity of flow in feet per sec. 

17 . Find the heating surface of a locomotive due to 177 tubes of 
I diam., the length between the tube plates being 

I 
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18 . A pi’^U^n is moving muirr tlm aiitim at a iiusiii rlirt Uvi* pi* 

of 38*2 lbs, pt’rsq. in. at a si'k-ccI 400 fU |H»r min. if thr hHr%rq*MW« r 
dcvt‘Iopc<l is 70, tiiul the t!i*un. <»f the* pisUm. 

[ ti p min. x total pres%m«* in Iti*,! 

S,\oat% I 

19 . In a t(‘n-rouple<! hK'omotivo there were ,|0| of cllain 

and the heating surfaec due to thcHc waft 328^* sq. ft. the Iriigiti 

of e.'uii lube. 


20. lla* diameter of a hydratdic acennuihitcjr is t an«l the sliokt 
is 6 ft. Mud the work stortsl |k*r stroke if a <onst*tnt pirs-tiie of 
750 lbs, per s(p in. !>e assumed. 

21 . In (Mleulating thtt iiuheatcnl horse-|Knvt*r of an engine at vauoi* . 
loacls it was found that a saving of tune was etfeeted if au 'Mnigine 
const. int ** w.is fotuni. 


If ilk* ein'iue constiint 


Vol. cd < vHuilor 
12 * ,i <000 


find this, if diam. - 5*5'" anti sfrokt* ^ 10'*'. 

22. 'riif' w(*h»ht of a < .isting is to bt* m.nir up fmm «|*i j: H*'. t** 
,plO lbs, by tlnllme, a tliain, hole ami pluemng with k-ad. !«* 
what d{*pth mnst the holt* he <lull«‘<l if the weif'.hts of lead aiul <'a*n 
in»n are sj t uinl *2(1 11). per tu. in. resjH’t tively j* 

23 . I'he ecuidta t ivit y td eop{K*r win* tan be expies^ietl bv its r* a.t 
anee p<‘r pjaiumt* metn*. I'lmf the t omltu ti vity of a %mm* 5 ne in*** 
IcJiig and td '7f>2 < m. <ham. (Mo. i S.W.th) li thr H<*’a»tamt* e* gi\*n 

by "^^onoon 1 7 X ; the units Ii«*ing cmn. and thr \\» ight of 1 

cu. em. of ropp(*r !H*ing 8*<>i grins, 

24 . I’lnd tile weight, in lbs, |H‘r 100 ft*et, (dtdt*etuial tttmliut lulsng 
of external tham. 2"" and internal diam. 1*872'', tlie \vt ight of the 
niateri.il beiiift -itiO lb. p<’r t u m. 

25 . A 10'*' h'Ugth cd i" <H.un. steel mtl is tti h<* foigetl to givt* a It it 
ijt'' wiile and J'*' thuk. Assuinmg no lo*.s jn the ftnging, fnul the 
length cd this bar. 

26 * Idutl tlu* e.ip.ieity (in gall* ms) tif an tnl-drnm </' tUa. and t htgb 


Pyramid and Cone. Tf a straight line <d vanable leuidli 
inov<*s in sn^di a w.iv that om^ extit*nutv is always on the btiund.u^ 
of a plane liguriq rall<*d the base, whdst the ettUer is at a ti\ed 
point, i'alhsl the vtu'tex, the solid gen(*r.itt*cl is lenurti a /animid 
Id tlu^ line joining the vertex to tlu^ geoiiudrical cenlu* of the base 
is at right angles to the base, tlien the pyiamiti is s{H»ken «d as a 
r/g/d pyramid. 

When tlu^ base is circular the figure is teruust a cone; rig/i/ 
circular cones b(‘ing those most fn*<ju<*ntly nud with, lliese ate 
coins for which .all stations at right angles to the axis aie rin les. 

The lateral surface of a right pyramid will evidently Iks the 
sum of the areas of the triangular faces. 

Consider the case (d a sijuare pyramid, 1, e., where the bav 
is sejuare [see (a). Fig. 43]. Tlie triangular faces are equal in area. 
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Area of each = | base X height 

= i X AB X VL [see {a), Fig. 43] 

where VL is spoken of as the slant height of the pyramid ; its value 
being found from — 

VL = \/VO^ + OL* , [see (6), Fig. 43] 

LO being J side of base. 

Total lateral surface = 4 x AAB x VL 
= 2 . AB x VL 

or lateral surface of pyramid — ^ perimeter of base x slant height. 

This rule will hold for all cases in which the base is regular. 
[Note that if the base is rectangular, there will be two distinct 
slant heights.] 



Fig 43 — Square Pyramid. 


Length of edge of pyramid = VB = VVO^ + 

Fig ^3], where OB == ^ diagonal of base. 

The three lengths or heights should be clearly distinguished. 

VO == perpendicular height, or more shortly, the height 
VL = slant height, and VB = length of edge. 

Volume of pyramid is one-third of that of the corresponding prism 
(t. < 5 ., the prism on the same base and of same vertical height). 

/, VoL of pyramid = | x area of base x perpendicular height. 

Example 26. — h. JflagslaE, 15 ft. high, is kept in position by four 
equal ropes, one end of each being attached to the top of the staff, 
whilst the other ends are fastened to the corners of a square of 6 ft. 
side. Find the length of each rope. 



tifi 


MATHRMATirS FOR HNCIINKKRS 


I biist* 6 i (tin* diagonal of a «<jUtfcrt! alwayn « 

V'i X si(It'). 'Hu* lengtli n‘<|uirc{! in the length <tf the rclgen, %na:. VB 
[see (/.) Fig. . 13 !. 

Now V( ) 15, ()f^ ^ 3 Vi, hence VB wa ^ v^i)® I (15)® " « ViH f 225 

Vi.H 

VB » length of each rope » 15*6 It, 

A fplyin^i to (he ( one.- If the latinal surfatT oi the cone is 
devclfjped, e., laid out into one plane, a sector of a rinie restilts, 
the radius being tlu* slant h(*ight /, and the arc being the cirrurn- 
lerence of tlie has<‘ of the cone or 2 rrr (see Mg. 44). 

Now area of stsior of <au‘li» = | aicx radius ^ | X Zvrxl 

Ttrl 

i. e., area ol curved surface of a cone vrL 

Notice that tliis agiees 
with the icsult obtaiiu^l 
from the rule for the pyra- 
mid, viz. J perimeter of l>ase 
X slant luaght. 

If tluj developnumt of the 
cone wt*re actually r(*<}uired 
it would he ntH'cssary to find 
the angle a (log. 

Now - 

a _ arc _ r 

J()0 oiC(; 27 rl I 

l]()ar 
a ^ ^ 

Lateral surface, them, ' - Trrl 

T(jlal surface — rrr! 1 nr {I t r). 

As the cone is a sptM'ial foim of pyramid its volume, will 1 h‘ 
on(‘“lhinl that of the cylindta* on the same base and of the same 
height. 

Vol. of cone - g^r/^A or or -2618^** 

d being the tliamcter of the; base and h the perjKiiulicuIar height. 

The approximation for the volume is J X (iliam.)*x lieiglii. 

Example 27. — projectile is cylindrical with a conical point (ace 
Fig. 45). Find its volume. 




MENSURATION 


117 


As the cone is on the same base as the cylinder its volume can be 
accounted for by adding -J of its length to that of the cylinder, and 
treating the whole as one cylinder. 



Fig- 45- 


Hence, net length = = 4*6''' 

/. total vol. = ^x(i*6)2x 4*6 
= 9*26 cu. ins. 


Frusta. — If the pyramid or cone be cut by a plane parallel to 
its base the portion of the solid between that plane and the base is 
known as a frustum of the pyramid or cone. 

The lateral surface and the volume can be found by subtracting 
that of the top cone from that of the whole cone or by the following 
rules, which give the results of this procedure in a more advanced 
form. 

Lateral surface of frustum of pyramid or cone 

= i {sum of perimeters of ends} X slant thickness. 

h 

Vol. of frustum of pyramid or cone = ^ (A + B + V AB} 

where A and B are the areas of the ends, and h is tlie pei pinnhcular 
height or thickness of the frustum. (Tlie proofs of these rules are 
given on p. 123.) 

For the frustum of a cone these rules may he expressed in rather 
simpler fashion — 

Lateral surface of frustum of cone = 7r/(R+r) 

I being the slant height of the frustum. 

Volume of frustum of cone = - * {R® + r® + Rr} 

where R and r are radii of ends, and h is the thickness of the frustum. 

Example 28 . — K friction clutch is in the form of the frustum of a 
cone, the diameters of the end being dj" and 4!", and length 3^". 
Find its bearing surface and its volume (see Fig. 46). 
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The slant liciKlit must first lx: found 
(li)* 

w» 13*51: 

/. / w 3'08^, 

Now R 3*25, and r 2*13. 

A Lateral siirfaeo 

n X '-i'Li) 

TT X 3*68 X 5*38 62*2 sq. 

Also — 

Volume - 1 r* + Hr} 


^ {i‘>-54 + A'5^ + 

^ X .V5 X .,.<,0 ^ a<..,cu. ins. 
i P 



Exercises 16. On Pyramids, Cones and Frusta. 

1. The Hides of the base of a square pynunitl are eai h l ^*7"" and 
llie iu‘jght of tlu‘ pyramid is 0*5'*’. Fmd (a) the vt>lumr* {!») the Literal 
blirfare, {c) llu; It'O^Ui of the slant eilge. 

2. The volume of a pyramid, wliose base is an ecjuilaltn’al tnangle 
of 5*2^ sithq is 79*0 cu. ms. Fmtl its height. 

8. Mad the total area of slatiu|4 on tlie rucjf sliowa at (fi) Fig. *17. 



Hevah'on 



5 ‘ H 


I I 



4 . Find the volume of a hexagonal pyramid, of height 5*12'^, the 
base being a tegxilat hexagon of X“74"' «iae. 

5 . A square pyramid of height 5 ft., the skies of the base being 
^acb 2 ft., is immersed in a tank in such a way that the base of the 
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pyramid is along the surface of the water. Find the tgtal pressure on 
the faces of the pyramid if the average intensity of pressure is the 
intensity at a depth of below the surface; the weight of i cu. ft, 
of water being 62-4 lbs, 

6, A turret is in the form of a hexagonal pyramid, the height being 
2^ ft. and the distance across the corners of the hexagon being 15 ft. 
Find the true length of the hip {i. e., the length of a slant edge), and 
also the lateral surface. 


Cones. 

7 . The curved surface of a right circular cone when developed was 
the sector of a circle of ii’42'^ radius, the angle of the sector being 
127®. Find the radius of the base of the cone, and also its height. 
(Refer p. 1 1 6.) 

8. A piece in the form of a sector (angle at centre 66°) is cut away 
from a circular sheet of metal of g" diain., and the remainder is made 
into a funnel. Find the capacity of this funnel. 

9 . A right circular cone is generated by the revolution of a right- 
angled triangle about one of its sides. If the length of this side is 
32-4 ft. and that of the hypotenuse is 55*9 ft^, find the total surface 
and the volume of the cone. 

10 . A vcvssel is in the form of a right circular cone, the circum- 
ference of the top being 19-74 ft. and the full depth of the vessel being 
12 ft. Find the capacity m gallons. Find also the weight of water 
contained when the vessel is filled to one-half its height. 

11 . A conical cap is to be fitted to the top of a chimney The cap 
IS to be of 7'' height and the diam. of the base is 12". Find the amount 
of sheet metal required for this. 

If this surface be developed, forming a sector of a circle, what will 
be the angle of the sector ? 


Frusta of Pyramids and Cones. 

12 . A pier is m the form of a frustum of a square pyramid. Its 
ends are squares, of side 3 ft. and 8'-6^ respectively, and its heiglit is 
6 ft. Find its volume and its weight at 1^0 lbs. per cu ft, 

13 . A circular brick chimney is 100 it. high and has an inlenitil 
duun. of 5 ft. throughout. The external diaih. at base is 11 It and 
at llic top 7 ft , the thickness being 
uniformly n^duced from bottom to top. 

Find its weight at 120 lbs. per cu. ft. 

14 f. Find the lift h of the valve 
shown in Fig. ^8, given that BC = i 
and AD — i|"'. it is necessary that 
the area of the lateral surface of ABCD 
should be 

15 . One of a set of weights had 
the form of a frustum of a cone, the 
thickness being 4i'', the diam. at the 
top 'being 10", and the diam. at the 
bottom being 2^". Find its volume and its weight at *26 lb. per cu. in. 

16 . A square pyramid of height g" and side of base 15"' is cut mto 
two parts by a plane parallel to the base and distant from it. Find 
the volume of the frustum so formed, and also its lateral surface. 
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17 . A cone 1 is ml ut 8^' from tlie vertex to form a friintiim 
of volume 0)0 vii, iuH. Miiti the radniHfjf the base of the cone. 

18 * The parallel faces of a frustuxnof a pyraiuitl arc soiian^H on »klr» of 
3'*' and 5^^ respectively, ami its volume is ji| mi. ins. loud its altitude 
and the height ami lateral edge of the pyramid fnim which it is cut. 

19 . A eonu'al lamp-shade in 2|^diam. ut the top and diam. at 
the bottom. The shortest distauec between liaise ends is 5*. hind 
the area of material requir<»d f«)r this, allowing 4 % extra for lapping. 

By <lrawiag to scale, hud the area of the rtHiangular piece Iruin 
which the shade would exit. 

20 . A pyramid, having a smure base of sitle anti a height of 
34"^, is cut py a plane distant from the base ami |i.irallel to it. hmd 
the total stirfacc of the frusttnn so formeti, and also its volume. 


TlX0 Splxere. * If a semi riiclc revolves about its diameter as 
axis it sweeps out the solid known as tin* spliens 

I'lu* ptulion of tin* sphere 
Wl iHdwmm two paiallel cutting 

planes is known as a zon€^ : 
thus (l)FE in lug. .p) is a 



•r- tn 


r? 


\ 


h'ig. 40. 

CD or ICF would Ix' small riirhs. 
Let tlic radius of the spluut 


Then the surface of the sphere 
4 


ZOIU*. 

\F I’lui ptution int hided !h* 
tw(‘eu two planes meeting 
along a diametm is kinjwn as 
a Iun<\ 

A pltine section thiougji the 
centre is calUsl a gosd \ 

any other plaints will nil \hv 
spher<‘ m sfuttil 

1 litis, t lit* set 1 1( >11 on AH 
(h'ig. .p)) would be a gnsit 
cii('l(\ and th(* set tnuis on 
'lli<‘ poitnm (Ml) is a scgmcih 
r, ami diam. ti. 

4 X aiea of a gieat f*) 

4 X 47rr'^ or Tjc/** 


Vol. of sphere 
Surface of a zone 


Id'*' 


ttcF 


or 


, 4 

TT e” wm 

3 ^ 3 - 8 '' “ 6 

curved surface of circumscribing cylinder 
Zwrh 

(A being the distance between the parallel iilanes). 

Vol. of zone — (r^* + r**) + A*} 

[The proof of these two rules will be fount! in Vol. 11 of Maihemalics 
for Engineers.] 
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The zone may be regarded as a form of frustum, and being 
the radii of the ends and h being the thickness. 

If = o, the zone becomes a segment, and then — 

Vol. of segment = + k®} 

k being the height of the segment. 

A relation that exists between the volumes of the cone, sphere 
and cylinder should be noted. Consider a sphere, of radius r; its 
circumscribing cylinder (i. e., a cylinder with diam. of base = 2r and 
height — 2z), and the cone on the same base and of the same height. 

A 2 

Then, Vol. of the sphere = = -irr^X'Z 

3 3 


Vol. of the cylinder = nrr^X2r — 

Vol. of the cone == — x 2r == ~ Tvr^ X i. 

3 3 


Hence the respective volumes of the cone, sphere and cylinder 
of equal heights and diameters are in the proportion 1:2:3. 


Example 29. — A disc of lead 1^" diam. and -S" thick is melted down 
and cast into shot of (a) diam., (d) i" diam. How many shot can 
be made in each case, supposing no loss ? 


Case (a). 


Vol. of disc = - X 14^ X -8 cu in. 
4 


39 * 27 r cu. ms. 


Vol 


. of r shot = X (0) = — 

6 V8/ 6 X 512 


/. No. of shot = 


39 - 27 r X 6 X 512 


== 120,300 . 

Case (b) - -The diam is twice that of Case (a), therefore the vol. 
of I shot IS 2^, ^ e , S times as great. 

No. of shot == ~ 15,038. 


Example 30 ---Find an expression for the weight in lbs. of a sphere 
of any matciial, having given that the weight of a cu. m. of copper is 
•318 lb. (approx.). 

Weight of a copper sphere of diam. D — 

— volume X density 

= |D® X -318 
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Hence the weight of a sphere of any nuiterial, its diameter 
being D — * 

1)* y sjHH-.ilic. gravity of solid 
tTy .sjHS'ilic gravity t)f fopper 


Example 31. — Find the total surfato of a iieinisphcrit al dome, of 
inside diam. 5!" and onlsidc <liam. 7-4'. 

Outside surface ■« J x 47r x (3’7}* ** •'*< 1 ’ *bH, 

Inside surface • » J X 41T x (■^•75)* » 47-3 
Area of base jr(3-7“ — 2-75'*) nyj. „ 

Total surface area 1 52-3 sq. ins. 


Similar Figures. Similar figures arc those having flic same 
shape : thus a field timl its representation on a <lra\viiigd)oard are 
similar figures. Tiiaugles, whose angles arc etpial, eaeh to each, 
are similar figtm;s. 

On every hand one comes acioss instances of the application of 
similar figures; and in comn-etion with these, three rules should 1 h 3 
remembered. 


(1) Corresponding lines or sides of similar figures are proportional. 

{hud id. \’I. .} ) 

(2) Corresponding areas or surfaces are proportional to the squares 

of their linear dimensions. {huchd, VI. co.) 

(3) Volumes or weights of similar solids are proportional to the cubes 
of their linear dimensions. 


E.g., consider two exactly similar cones, the h<*ight of one hemg 
three times that of the other. 

Then (l) the radius and hence tlu! eircumfeieiua* of the b.ise of 
the first arc three times the radius and ciicumfeience. of the sn ond 
respectively. 

(2) The curved surface of the first = 3® x that of the second. 

(3) The volume or weight of the first -= 3® x volum(3 or weight 
of the second. 

To generalise, using the symbols L, S, and V for side, sm laces 
and volumes respectively — 

If the ratio of the linear dimcnsit)ns of two similar figures is 

represented by 1^, then 

V 


and 


Vi (UY 

V,-(lJ l-l 
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If it is desired to connect up volumes with surfaces— 

/S /L \® 

cubing equation (i) 


By cubing equation (i) 
By squaring equation (2) 


^-^2/ 

'LiV 

.W 


Hence — 


Example 32. — A conical lamp-shade has the dimensions shown in 
Fig. 50. Find the height of the cone of which it is a part. 

Let X inches be the height of the 
top triangle, viz. ABC. Ar — r 

Then ABC and ADE are similar / \ ' 

triangles, hence the ratio is /X 

the same for both. / 

t. 5., ^ for the small triangle must ==* / | \ 

^ ^ R/ :F t 

for the large triangle. /I—L — 6 — — *h\ 

Then, by multiplying across — ^ Shade I ^ A 

lOA' = 6;r -f 24 1 1 A 

^ 5- U JO-— ^ 

Total height of cone = 6 -}- 4 = Fig, 50. 




- JO-— 
Fig, 50. 


It is convenient at this stage to insert the proofs of the rules 
for the latcial surface and the volume of a frustum, given on p. 117. 

In Fig. 50 let the height or thickness FG of the frustum Bf'I^D 
be denoted by h ; let A be the area of the end DE and let B be 
the area of the end BC. [Note . — The figure is taken in these proofs 
to be the elevation of a pyramid, so that the proofs may be perfectly 
general ] 

Then, from the similarity of the triangles ABC and ADE — 


whence 


perimeter of end DE 
perimeter of end BC 

p. of DE _ 
p. of BC 

p. of DE — p. of BC 
oTBC 


AB + _ , BD 

AB ~ ^ AB 

(p. being written to denote 
perimeter) 
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Lateral surface of frusttim BCED = lateral surface of pyramid ADR 

—lateral .surface of pyramid A iiC 

«= i(p. of DExAI))-J(f- 

BCxAH) 

* J[(p. of DExAH) f (p. of DE 
XBD) -(p. of BCXAB)1 

= J[AB(p. of I)K - p. of BC) 

-{■(p, of DExBI))! 

Substitnf inf,' from equation (1) - i[(p. of BCxBD) } (p. of 

l)ExBI))j 

»=JxBI)xsum of jxuimeters of 
ends 

"■ J sum of perimeters of ends 
X slant thickness. 


Af'ain, since ABC and ADE are similar solids, the aieas of their 
respective bases are propoitional to the stjuares of their resjiective 
heights - 

A (AG)“ 

B (A10“ 


or 


By transposition — 


B --- A 


(Ah)'^ 

(At.)- 


(^) 


Also by extraction of the s(iu;ue loot 

VA _ AG 
VB '"Ah' 


is) 


Volume of frustum BCEl) 

= vol. of pyramid ADI'. vol. o( pyiamid AItti 
= JxA>:AG — JjxBxAE 


By substitution from eiiuation (2) 

= ixAx AG— JxAxI'^*'.!* X AF 

(AiO 

(AG)« - (AF)“ 

(AG)“ 


iA 


,-j 


Factorising the numerator (see p. 53) — 


[AG-AF = h] 


^ iA[(AG-AF)]L(AG)2-l-(AGxAF)-f (AF)»J 
(AG)“ 


, , r A x (AG)* , A X AG X AF 
*\“(AG)*" + “" (AG)*~“ 
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Substituting from equation (3) — 


= i,[A+(Ax^) + (?XA)] 


= P[A+V'AB+B]. 


Example 33 . — K surveyor's chain line is to be continued across a 
river. Describe a method by which the lino may be prolonged and 
show how the required distance may be deduced. 


Suppose C is a point on the line : select some station A on the 
opposite bank (Fig. 51) and put A, B and C in line. Set off BD and 
CE as offsets at right angles, so that E, D and A arc in a straight line. 


Then — 


AB DF _ BC 

BD FE CE - BD 

. ^ BC X BD . ^ ^ , 

AB ~ Qg'ZTjjD or A B is found. 



Example 3|. — The actual area of a field is 5 acres : on the plan it 
is represented by an area of 50 sq. ins. To what scale is the plan 
drawn ? 

We are told that 50 sq. ins. represent 5 acres or 50 sq. clitiins. 
Hence — i sq in. repre.scnts i sq. chain 

or x'" represents i chain. 

So that the scale is i" to a chain, or the representative fraction 
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Exumpi& 35. TIu* surfaces oi two exattly siniilar iKuIers 

arc B50 an<l sq. fl. res|KH’ti vely. Hu* capacity of the sccoiul Ixing 
750 gallons, what is the capacity of th«‘ hrst ? 

It is not necessary io determine the ratio of the linear diniensioias, 
for statement (3) on p. 123 can Int tised, since the capac ities arc pro- 
portional to the volumes. 

Now-*- Sj i 830, S| 996, Vg ^ 750, and is rcc|uiriHl. 



or V, ^75->x(J")^ 

log Vj log 750 I i*5(Iog H30 — log 
. i -£-8751 j ^ 

^'8751 I‘5 X ‘OCnSo 

/* V j ^ 501 gallons. 


An .application of sinnlar li;;ures is found in the engraving 
inachiiK£ and in tiuj nslucmggear used in conmsdion with indteators. 
In Fig. 52 such a gtuir is uq>rcsentcd. 'Fhe movemumt of the cross- 
head is reduced, the ratio of reduction Ixnng « 


inoveimmt of crosshe.id _ ()(“. 1>C. 

movement of pencil ” OP AP 


The performance of large ships can h(£ uivt^st igalcsi by ('ompaiing 
with that of small models. Here, again, fln^ laws of similanty aic 
of great importance. 


Suppose the moclel is Inult to a scale of i, e,, aiiy Uuigth on 
the ship is fifty tmu^s the <*(n K'^ponduig length on tlu‘ moded. 


Then its wetted surface is ^ of that cd the. sliiu; while its 

2500 ' 

displacement is ^ (i.e,, of the ship's displacemcmt. Also 

^ 125000 \ 50*’/ ' * 

the resistance to motion of the ship would be So^ times that of the 

modeh 


An instance of Ihcs use of the niles for similar figures is seen in 
the following :~ 

If the circumference of a circle of 3'' diam. is 9*426" and its 
area is 7-069 sq. ins., then the circurufereiu’c of a circle of 30'' diam. 
will be 9-426 X 10, i. e., 94-26", and its area 7-069 X 10® =» 706*9 
sq. ins. 
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Hence one can form a most useful table, to be used for all sizes 
of circles. 


Diam, 

Circurafereace. 

Area. 

I 

3-142 

•785 

2 

6-283 

3-142 

3 

9-426 

7-069 

4 

12*566 

12-566 

5 

15-708 

19-635 

6 

18-850 

28-274 

7 

21*991 

38-485 

8 

25U33 

50-265 

9 

28-274 

63-617 


Suppose the circumference of a circle of ‘375" is required. 

Oce of circle of *3" diam. ==xV Oceof O of 3''diam.= -9426 

0ce of circle of -07" cliam. = Oce of 0 of 7" diam. = -2199 

0 ce of circle of -005" diam.= 0 ce of O of 5'' diam.= "O157 

/. 0ce (-375" diam ) == 1-1782 
Again, the area of a circle of -8" diam. 

== “ X area of circle of 8" diam. 

10 ^ 

= -503 sq. in. 


Exercises 17. — On Spheres. 


1 . Fmd the surface and volume of a sphere of 7-14'' diam. 

2 . A s[)hcrc of 8 " diam. is weighed in air and its weight is found 
to be 80 lbs. Its wc'i^ht in water is 70-35 lbs. If Specific Gravity 

= — , j- — and loss of weight = weight of water 

wciglit of equal vol. of water ® 

displaced, liml the spculic gravity of the material of which this sphere 
is composed and the weight of i cu. ft. of it. 

3 . Fmd the volume of a spherical shell whose external diam. is 
^•92", the iluckaess ol the mclai being i", 

4 . A storage tank, m the form of a cylinder with hemispherical 
ends, is 23!- ft. long over all and 4 ft. in diam. (these being the internal 
measurements). Calculate the weight of water contained when the 
tank is half full. 


6. A sphere of diameter 22 cms. is charged with 157 coulombs of 
electricity. Fmd the surface density (coulombs per sq. cm.), which is 

, - quantity in coulombs 

given by ^ . 

^ ^ area m sq cms. 


6. The volume of a sphere is 84-2 cu. cms. : find its diam 

7 . Find the surface and volume of the zone of a sphere of radius 
S'" if the thickness of the zone is and the radius of its larger end 
is 6", 
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8* The of a hollow spIuTc of iLjtiii-iiK^hil of extcoual ciiam, 6^^ 

Wiis foiinc! to he l!>s. ioncl the internal hiain., if the gun-inetal 
weighH *3 lb* per eu. in. 


9 * In a Brinell hanln<‘SH test a .stc’el hall of iVuim, lo nun, was 
pressed on to a plate*, and thc^ diam. <*f the impri*ssiou w*ih lueasuretl 
Jo 1 x 5 3*15 min. Idml the hardness nuiuli{*r fi>r tlie mat<*Hal <d tlie 
plate if the load appli(*d wan 5000 kgrins. and hurdiu^sH numlK^r 
load 


curvi*d au*a of dt'pression* 


{('ompare ICxainple i.p p. 98,) 


On Similar Figures. 

10. hind the area of seviunx of the masonry dam .shown at (6), 
Fig. . 17 . 

11 . d'he symnu'trieal U‘inplate shown at (e), log. ,17, was cut too 

short along tju* Ixyttom eslge; tlu* h‘ngtii {hini*nsiuiu*(l as s!ioul(l 

he 2*2*2''. him! the amount x to he cut olf in onlt*r to hring the edge 
to th(* u*c|uired lengtli. 

12 . A |)lan is drawn to a scab* of The area on the paper is 

^28. i''. What is the mtiial are*! of the plot repr«*sent(‘d i 

13 . Fin<l the tliani. of tlu* .sinall 
eiul of tlu*. conical rolh‘r for a 
lK*aiing shown in F'ig. 5p 

14 . I'he w<‘tt<‘d surface of a 
shij) of <>500 Ions dispiu (*nu*nt 
is 26000’ |h Wdiat wdl h<‘ the 
\v(*tted surface of a similar vc*ssel 
whose disphu'emeul is 3 <um) inn^ ^ 

15 . One side (d a triangle is 12^. W'lu*i<* must a point he takt*n in 
it so that a paralh*! to tlu* hast* tlnough it will h<* cut oti <i t ri.inglc 
whose aiea is tluit of tlie origimil tn. ingle / 

16 . The parallt*! sides of a trap<*/oid ,ui* 10" anti in'", and tlu* other 
sides are 5'' and 7". h‘ind tlu* an**! of tlu* total tii.ing,h' obtained by 
]>ro(hu ing the nou-panilh*! sidt*.s. 

17 . Tlu' surface of out* splM*n* is <> tiinos that of another What i.^ 
the iMtio of theii volumes i l*uul also tht* latio of th<‘ii <hain<‘teis. 

18 . Hu* arc'.i of a iieltl wms taliulat(*(h fiom .u'tual int**!sui('in(*ntH 
taken, lo lx* 52*7 acres. 'Hu* cliam with w'liich the lines weie measured 
was tt*stetl Hmn<*diatt‘ly aftt*i tlu* survt‘y ami loimd to he loo-H links 
long, h'ind tlu* 1 iiu^ areii of llm hehl (i chain 100 links and m 
sep <*hains i acre). 

19 . A plank of uniform thit knt'ss is in tlu* form of a titip<‘/,oi(l 
\vh<*re ont* end is perpendicular to tlu* parallel suh‘s and is 12 tt. long. 
Tile parallel sides are 12" and resjK*eU vt‘ly. At what tlistaiu'e fioui 
the narrower end must the plank bt^ cut (tlu* cut being parallel to tlio 
12" and 9" si(U‘s) so that tlu* weights of tlu* two poitions sluiU he the 
same ? 

20 . A trajxzoid has its pamlktl sides and 14" and the other 
hKl(*s eaidi 8", Find the areas of the 4 t mingles formed by the diagonals* 

21. I'hc length of a mocUd of a sliip was 10*75 ft., wluLsL th.it of the 
ship itself was *130 ft. if the displacement of llic ship wa.s 11600 tons, 
what was the displacement of the model ? 

22 . To ascertain the height of a tower a post is fixed upright 27 ft. 
from the base of the tower, with its top 12 ft. above the ground. The 


i 

h. 1 3 

I'*R- -H- 
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observer's eye is above the ground and at 3 ft. from the post 

when the tops of the tower and post are in line with the eye. Find the 
height of the tower. 

23 . What should be the diameter of a pipe to receive the discharge 
of three pipes each diam. ? 

The Rules of Guldinus- — ^These deal with surfaces and 
volumes of solids of revolution. 

A solid of revolution is a solid generated by the revolution of a 
plane figure about some axis ; e. g,, a right-angled triangle revolving 
about one of its perpendicular sides traces out a right circular 
cone ; and a hyperbola rotating about either of its axes generates 
a hyperboloid of revolution. 

For the cases with which we deal here the axis must not cut 
the revolving section, and all sections perpendicular to the axis 
of revolution must be circular. 

The rules are — 

Surface of solid of revolution = perimeter of revolving figure 

X path of its centroid. 

Volume of solid of revolution == Area of revolving figure 

X path of its centroid. 

The centroid of a plane figure is the centre of gravity of an extremely 
thin plate of the same shape as the figure. The motion of the 
centroid may be taken to be the 
mean of the motions of all the 
little elements of the curve or 
area. 

These rules are of great value 
in dealing with awkward solids ; 
e, g., suppose the volume of the 
nose of a projectile is required, 
it being generated by the re- 
volution of a curved area round 54 - 

the axis of the projectile (see Fig. 54), 

The area of ABCD and the position of its centroid G can be 
found by rules to be detailed later, and then — 

Vol. of nose = area of revolving figure X path of its centroid 
= (ABCD)x( 27 rxOG) 

A simpler example is that of a flywheel rim. 

Example 36. — Find the weight of the rim of a cast-iron flywheel 
of 5 ft. outside diam. ; the rim being rectangular, across the face 
and 4^ thick radially. (C.I. weighs -26 lb. per cu. in.) 

K 
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n<*re, aroa of rrvolvinpj figure ’=^8x4 
also the mean clianii. 56'' 

whent'e path of centroid n x 

and vuL of rim ?r x 56 x 32 cu. inn. 

Weight of rim rr x 5(1 x 32 X *Jh lb. 

ITS lbs. 

The positions of the centroids (( 1 ) for a few of tlie simple figures 
is here given (Fig. 55). 

Iriangular area {i) * . * * , OG |/i HU) is the uunlianT 

(;i> JHI) I 1.^., AD ^ - DC/ 


Semicircular arc (2) . . , . 

. 0(i 

2r , 

== -6 57 r 

TT 

Semicircular area (2) ... 

. ()('., 

At 

’ - *424 r 

Setnicirrular perimeier (2) , 

.()(}* 

^ - - jSt) r 

{i, c., ai c diameter). 


2 ( TT 

Parabolic se^menl {3) , . . 

. (k; 


Semi -parabolic sei;ment (4) . 

. og 

gA, yc; 2 h 


Area over parabolic curve (5) . OCr -j/i ; <iP ^ 

Area of quadrant of circle ((>) , ()(i GP *42} r 

Area over circular arc {quadrant) or Fillet (7). ( )(ir (iP *22 ) r 
I'rapczoid (8). Bisect AB at K and DC' at V Join hd*'. Set 
off BM — - D(^ and DN ~ - AB. Intersection of IdN and l^h' is at (i, 

or, by calculation. OG ^ I 

Quadrilateral (9). Bis(‘ct AC' at h' and BD at K. 

Make OP --- 'iiAi and OQ ' JfOh' 

Through Q diaw a paiallel to Jil) and tliiough P, a paialhd to AG. 
I'lie inteisection (d these gives G, the centroid ol ABC 1 ). 

Exercises 18 .- On Guldlnus* Ftulos. 

1. An isosceles triangle*, <*iieh of whose ecpial sid<*s is 4 ft. and 
whoso altilntU* is 3 ft., revolves about an axis thiongh its v<*rlex paiallt'l 
to its base. Find the snrfac.o and volume of the soli<l geueiMti'd. 

2 . Find llic sxirfaec and vohnne of the anchor-ring <k*sc nlx^d by a 
circle of 3^ diam. revolving rouiul a line 4" from the nearest point on 
the ('ircle, 

3 . Find the surface and vohimc desc'ribed by the revolution of a 
semicircle of 4^^ diam. about an axis parallel to its base and 5^ distant 
from it. 

4 . An equilateral triangle of side revolves about its base as axis. 
Find the surface and volume of the double cone thus generated. 
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8. A jjar.ihol.i nsvolvcH about its axis. Coiniure the vohnuc of the 
p.ir.ilioloul tliuH (^c'licralcd witli tliat of the circuiuhcribing ryliiulcr. 

6. At {a), Fig. _5'», 

!h shown in sci'tum 
the wiinlisH^ of the 
scH'ondiiry wir<‘ of an 
indiuUitJU c’(hl, Iniul 
tho voliunc of the 
wintlinp;. 

7, C\*UruIatc the 
wt'if’jhl, ill mild 
woiglung -287 II). 
per t il. in » of llui 
spiiKile weifjhi for a 
spring eompn^sM)!* 

Known at {b), idg. 3(1. 

[Hints. Area of Fig. 56. 

a fillet, as at A, 

’ 216 r® wlu*n‘ r is the ladins of the circular are. 

]u)r the position of tlic centroi<l of a lillet rcf<*r to (7), in Fig. 33, 
and also to p. 130.J 

Application to Calculation of Weights. - Wlu n calculating 
weights two rules should be borne in mind in addition to the 
foregoing. 

(r/) '1 he solid should l>e broken up into siinph* jiarts, t. e,, those 
wliostt volumes can be found by tlui rules alnsady givmi ; and 
(/;) suitable approximations should be made wii(n*<*ver possibki, 
(aicular segments may be replaced by paiahohc st^gnuaits d the 
rules for the Iattt*r are easier, the loimdmg of conuns may be 
n(‘gli‘(dcd, unless v<ny larg(n mean widths may be estimati'd, i‘t(\ 

lu)r piu poses of lehnence the table of weights of mattuials and 
other useful data aie insm ted here; but the values given must Ixj 
considered as average values. 

Weighis and Densiiies of Mktais. 




Weight ia 

Weight in 

Sprcihc ClriivUy 


ibi. per c u. in. 

lbs. pcx cu. it 

(guns, pcs cu cm.)' 

Cast iron ..... 

•26 


yi I 

Wrought iron .... 

•28 


7-70 

Sled 

-20 

500 

8*04 

Brass or Chm-melal 

•30 

518 

«• 11 

Copper (Cu) ..... 
Lead (I^b) 

•32 

•41 

55.3 

710 

8-?i7 

1 1 '.H 

Tin (Su) 

•27 

465 

7-48 

Aluminium (Al) 

•0932 


2.58 

Zinc (Zn) 

•26 

450 

7-21 1 
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Weights and Densities of Earth, Soil, etc. 


Material. 

Slate. 

Granite. 

Sandstone. 

Chalk. 

Clay. 

Gravel 

Mud, 

Weight \ 

(cwt. per cu. yd.)/ * 

43 

42 

39 

36 

31 

30 

25 


Useful Data. — Wrouglit-iron plate weighs about 10 lbs., and 
steel 10-4 lbs. per sq. ft. of area per of thickness, i. e., 8 sq. ft. 
of W.I. plate f" thick would weigh 10 X 8 x 3 = 240 lbs. 

Wrought-iron bar or rod weighs about 10 lbs., and steel 10-4 lbs. 
per yard for every sq. m. of section. 

Wrought-iron bar or rod, I'^diam., weighs 8 lbs. and steel 
8-2 lbs. per yard : also the weight is proportional to the diameter 
squared ; thus, a yard of steel bar 2," in diam. would weigh 
2® X 8-2 or 32-8 lbs. 

Four hundred cu. ins. of wrought iron, 430 cu. ins. of cast iron, 
390 cu ms. of steel, each weigh about i cwt. 

A few examples are here worked out to give some idea of the 
method of treatment. 

Example 37. — Calculate the weight, in cast iron, of the D slide 
valve shown in Fig. 57. 



Fig. 57. — D Slide Valve. 


In many cases where the solid is partially hollowed it is best to treat 
first as a solid and then subtract the volume cut away. 
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First, 0(>usi<lc*rinK as a solid - 

Vol. above AH ^ 15-5 X 8*5 X 3 <*ti. ins. 305 im* 
VoL below Ali ^ X 13 X 1*23 • ^ ## 

/, 'Total voL (as a solid) t# 


'To 1 >v subt nu led - 

Vol. of cavity 14 x 7 x 3*5 
7, N(‘i vol. 

and weight 316 >: *.ib 


“ 3H 


1 31O 

. 8^0 H>h' 


t p 
tp 


PLxampie j»S. Idiul the wtdght of a plate f(H* *i casi-*iron tank. The 
plate (st‘<‘ T'ig. 58) is ^4*^ s{|nan* and 1"^ thick; then* art: io ribs, e*arh 
4 ^ X X anti 44 bolt-!u>U's in tju' llaugcs, each i"' stpiare ; alst) 
the llangts iirt* X a 



Dtsiling with th(‘ sepaiatt* j>oi lions . - 
I'lal PLit(‘ (A). 

Vol. u!4 x i4 X I 216 tni. ms. 

Flanges {!>). 

Length - {z x zzl") f (i .» vf'') 

/. Vob . ’ <)3 X I X i — 58-1 ,, 

Fibs (H). 

Area of fat'c of one i x J x J 
/. VoJ. of 20 each I"" thick 4 X J x J x J X 20 - 7-8 ,, 


(iross vol. ,, 

Subtract for 24 boU-liolcs (C) ; 24 x g X g X 4 ^ 4*7 ,, 

Net vol. 277-2 ,, 

/. Weight =» 277*2 X *26 ^ 72 lbs. 
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Example 39, — Find the weight of the wrought-iron stampings for a 
dynamo armature as shown in Fig. 59, 14" diam. and 10"'' long, 10 % 
of the length being taken off by ventilation and insulation. There 
are 3 ventilating ducts, each 

6" internal diam. and nnflhnn 

thick, the gaps between ^ ^ ^ 

these being i Y i Q-nd j 

also 60 slots, each Y by I 

The shaft is 3^ diam. I 



Note . — The stampings ^ 

are only thm and are separ- ^ ^ 

ated one from the other by — — T 
some insulator; also there \ 

would be a small gap for ^ig 59.-Stamping for Dynamo Armature, 
ventilation purposes, and 

hence the actual length of the stampings is less than 10"; in this case it 
IS to be taken as 90 % of 10", i. e., g". 


Area of face of stamping = - X ^4^ 154 sq. ins. 

To be subtracted — 

Area of 60 slots = 6oxJxf = 19-7 ,, 

Mean length of ventilating ducts = (tt x 7) — (3 x i 

= T 7 5" 

/. Area = 17*5 x i = 17*5 ,, 

Area of hole for shaft == - x 3^ = 7-1 ,, 

Thus the total area to be subtracted = ^4.3 

or the net area of the stamping =109-7 ,, 

Then the volume = 109*7 x 9 cu. ins. 
and the weight = 109-7 x 9 X *28 lbs. 

— 277 lbs. 

Example 40.— Find the weight of 150 yards of steel clidin, the links 
of which have the form shown in „ 

Fig 60. 2 '^ — itoJ 


The effective length A of a link | /"h* A I t 

is the inside length, provided that |/ ^ 

a number of yards of chain are being — J — | L.-j\ — !i 

considered. (For small lengths this ^ , j 

is not quite correct.) >v | | ^ I * 

In this case the effective length i ■■ . — L— 

of a link = i J"', so that in i yard — >] 5." p — 

of the chain there are i. e., 24 Fig, 6o.-~Chain Link. 

links, or in 150 yards of the chain there are 3600 links. 

The mean length of i link = ©ce of circle of ij" diam. + (2 x Y) 

= 3‘93 + 3: '5 == 5‘43"- 


of the chain there are 


Fig, 60. — Chain Link. 
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Now 1 * cliam. atcel rod wciglia 8-2 Ib». per yanl (ace p. 133); therefore 

8 *21 

I*' dianu steel rod weighs , i, s,, 2^05 lbs. per yard. 

Hence, weight of i link w» X 2*05 lbs. 

and weight of 3600 links * ^ ^ * 1.1^5 Ihs, 

ILxmnple 41. “Two straight cast-iron pifX's, making an angle of 
135^ with one another, have tlie centres of their ends 2 ft. apart (in a 
stndght line). They arc to be joined by a curved pipe (as in lug, 6i), 
4"" external and f infernal diain., with flanges 8'*' duun. and i*' thick. 
Find the wedghi of the curved pijm if the flanges each have five bolt- 
holes, of i" diain. 



Fig. 6x.- Curved Cast-iron Pipe, 


This is a useful example on the application of (hildiniis* rule. 

Path of centroid « arc of circle, which is or i of the circum- 

300 8 

ferencc. 

By drawing to scale (or by Trigonometry), the radius is found to 
be 2'6 ft. 

A Path of centroid =«« |x7rX5*2 « 2*04 ft. 
and length of the path of the centroid between the flanges-- 

wa 2*04 ft.— (2X i'*') 

« i-gb ft. «* 23*5^. 



MENSURATION 


137 


Area of revolving section 


(jx4») - (jx3*) = 5-5 sq. ins. 


hence the volume ol the solid between the flanges == 23*5x5*5 cu. ins. 

= 129 cu, ins. 


VoL of 2 flanges, each thick, S'' external and 3^^ internal diam. 

n=* 2Xix^(8^— 3^) =» ^X55 = 43*2 cu. ins. 

4 4 «* 

Gross voL of bend =» 172*2 cu. ins. 

To be subtracted — ■ 

VoL of ten diam. holes : 

Net vol. of bend =5 170*7 cu. ins. 
and weight = I70*7X *26 = 44*4 lbs. 


Diam. 

Length. 

VoL 

•625 

5" 

1-5 


Example 42. — Find the weight of the wrought-iroii crank shown in 
Fig. 62, allowing for the horns at the junctions of the web and bosses. 


Dealing with the three parts 
separately : — 

Vol. of the upper boss is the 
difference of the volumes of two 
cylinders — 


Dlani 

Length. 

Vol. 

12^ j 

8' 

908 


8' 

227 


net volume = G81 cu. ins. 


Similarly, vol. of the lower 
boss — 


Diam 

Length. 

Vol. 

15' 

7-25 

1282 

9* 

7-^5 

462 


net volume = 820 cu. ins. 



The horns can be allowed for by adding J of the height of each 
to the length of the web {t. we replace the circular segment by a 
parabolic segment, because the rule for the area is simpler). 

To And the height of the top horn A, — 5, === 6J. 

=: rx~ Vri^—ai^ = 6— V36— 25 = 6—3*32 = 2*68^, 

Hence add i of 2*68'^ i, e., -g" to the length of the web. 
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For the lower honi B, at 7 ' 5 * 

A, - 7-5 v'7'5^ <»■* 

i' 

Hence add on i"" to the length of tlie wc'b. 

Thus the clfectivc length <d the we!> •“ 

jV 

18-4-' 

its mean width — 

so that its voL — «*» iH*4XXiX4\$ ^ *Mo 

Total vol. of crank ' *£|ii rti. mi* 

/. Weight ' ^ i4 1 1 X *28 (*75 Ibn, 

Example 43. — Detenninc the number of H thain. nvet‘»t an at (a) 
Fig. 63 {i. e,, with snap or spheucal he*uF) to weig.h i t wt, (<iucu that 
d S3 t and length zi,) 



If £f = then t ^ and hmgth » i 

For the hcssUls, a rough approximation is that tht‘ two tojtf’ther 
arc one-half the voUuue of a spheie of thanuMoi I'Xii, tin. lu mg the 
diameter of the .sph(*n^ of winch tlu* lasuls ;ut* sogmr nl , , l»nt the 
result will bo .somewhat more accuiatf^ if -52 is laktai m pi.a e of •*, 
(This figure is arrivcsl at by the iis<* of tho n on p i .• i foi tin* 

segment of a splunc.) 

Then — vs)l. of luMcIs *52 « I f,H ( u ins. 

vol. of body (Diam. ^ 1", length . i-i ‘ '8,s ,, 

or vol. of 1 n\ et 2* }0 ,, 

Number of rivets ^x^r cwl. ^ " 1,7. 


Example 41.. — Find the weight of the cast-iron haui:«*r Ixstring 
shown in Fig. 64. 

This example illustrates well the method of breaking a soliil up into 
its component parts; the different parts being dealt with aeconling 
to the letters on the diagram. 
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Treating first as a solid throughout — 

cub. ins. 

A. Cuboid, length = 12^^, breadth = 6*75"", thickness = *75". 

Volume « i2x6*75X '75 — 60*75 

B. 4 cylinders, of diam. i*625'^ and total length = 5'^ 

Volume (obtained from the slide rule) = 10*35 

C. Area of section == semicircle + rectangle — 


= (gX5-5®) + (5-5X2-5) 

= 10-86 -f I3‘75 = 25-61 

Volume = 25-61 X2-75 = 70*48 

D. Cylinder, diam. = 4"^, length = 4'" 

Volume = 50*30 

E. Cylinder, diam. == 4-5", length = -75 

Volume ^ 11*92 

F. 4 cylinders, diam. ~ 2", total length == 

Volume = 3-14 

Gross Volume = 206*94 



To he subtracted — 


G. Cylinder, 

diam. 

= 3", length = 4' 

cub ms 

H Cylinder, 

diam. 

Volume 

= 2r, length = si" 

. , = 28 20 

J. 4 cylinders, diam. 

Volume 

== *75", total length = </' 

. . . - 17*15 



Volume 

Total volume to be subi 1 

Net volume 

. . • 3-97 

aeled 49 * 3*2 

. . . = 157'62 


Hence, weight 157b x *26 
= 41 lbs. 
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Exercises 19.— On Cslculatloa of Weights* 

1 * P'incl the weight of the cast-iron Vce-block shown at ( 5 ), Fig. 
2 . Find the weight in steel of the crank axle shown m hig. 05 



Fig. 65.— Steel ('rank Axle. 


8, Find the weight of sheet iron in a rectangnlar nie.oniring tank: 
the metal being thick. Inside (hmensions of the tank atV .Fa/ 
by 3''-6"'by y'.o^'dcep. Cut from the sales are openings to a(*eomm(nlatc 
litliiigs as follows: One rectangular holts !iy 2^, tw<i ellnuital 

holes 4^^ X 2^ two circular holes 4"^ diam. and eight i^-<lLinn holt lioles, 

4. Determine the weight of xi wrought-iron boiler eiul plate, 8 ft, 
diameter and thick. There arc two thus holes, e*ii h 2 ft. ihanl, ami 
an elliptical manhole i8'*'xi2'^. 

5 . Find the weight of 22 yards of iron chain. Th(‘ links arc 

elliptical xmd arc made of elliptical metal the gieatrst wi<lth 

of section being at right-angles to the plane of the link. The mean 
lengths of the axes of the link are and 2^^ 

6. How many |^-diam. snap-hcad<ul rivets wdgli 1 cwt. ? (ComiMrc 
with Example *:j3, p. 138.) 

7 * Find the w<‘ight in east iron of th<‘ llywlusd of a steam engine 
having a rectangular rim, y'*' widc^ by ladial thu kut^ss; .six straigiit 
arms of elliptical section, the; ax<*s of tint elli]),s(' being 4 1 '*' and 2!^; 
a boss yi'" wide, 9^ diain. and 44^^ bore. I’hc outer d'lametrr of the 
wheel is 7 '-9". 

8 . Required the weight of tlu' cast-iron anchor ]>latr' shrnvn in log. 66. 



Fig. 66,— Anchor Plate. Fig. 67.— Planer Tool Holder. 
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9 . Calculate the weight in cast iron of the tool holder for a planer 
shown in Fig, 67. 

10 . Find the weight of the cast-iron roll for a rubber mill as in Fig. 68 
tUse the slide rule throughout.) 



Fig. 68. — Foil for Rubber Mill. 


11 , A mild steel sleeve coupling for 3" shaft is shown at (a), Fig. 69. 
Find its weight. 

12 * The steelwork for Hobson's flooring has the sectional form 
shown at {b). Fig. 69. There arc 20 such plates for each span of the 
bridge, each thick and 22 ft. long. Find the total weight of the 
steelwork, neglecting the angle and T-bar. 



Mild Steel Sleeve Coupling. Section of Hobson^s Flooring, 


Fig. 69. 

13 . Find the weight in cast iron of the simple plummer block 
shown in Fig. 70. 



Fig. 70. Plummer Block. 
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14. Fig. 71 shows the worm shaft for a motor-ciir rear axle. It 
is made of nickel steel, weighing *291 lb. per cu. in. Fiiul its weight. 



Fig. 71. — Worm Shaft. 


15, Calculate the weight in cast iron of the half coupling shown in 
Fig. 72. 



Fig. 72. — ^Wrought-iron Coupling. 


16, Find the weight in cast iron of the cylindei c over shown m 

F>K- 73- 



Fig. 73. — C.I. Cylinder Cover. 
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17 . Fig. 74 shows the brasses for the crankshaft of a 6i"x6' 
launch engine. Find the weight of one of these in gun metal. 




Fig. 74. — Crank Shaft Brasses. 


18 . The brasses for a thrust block are shown in Fig. 75- Calculate 
the weight of one of these in gun metal. 



19 . An air vessel is shown in Fig 76. Find its weight in cast iron. 



Fig. 76. — Air Vessel for Pump. 
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Tablic of Areas and Circumferences of Plank Figures. 
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Table of Areas and Circumferences of Plane Figures { continued ). 



I. 
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Table of Volumes and Surface Areas of Solios. 


Surface Area. 


Any prism . 

Rectangular 
prism or 
cuboid . . 


Cube • . . 



! Aiea of base Circumference of base 

X height X height 


SSIT 


Whole 


'a} 


Whole area « 6S* 


Square prism 


Hexagonal 
prism . 


Octagonal 
I prism . 





2 -68*/ 
or 


or 'Sz()pi 


T.ateral surface » ^S/ 
Ends 2S» 


T.ateral sss f)S/ or 3*46// 
(h’or ends see Table on 

p 144 ) 


I^at(Tal •= 8S/ or 332// 


Cylinder . . 


TT? Vl 

or 7^5 K/Vi 


Lateral ^ 2Trth 
'J'wo ends Jtt;'-* 

Whole aiea 2>r/(h | r) 


Hollow cyhn- 


Elhplical 
pi ism . 


Sphere 


I Hollow 
I sphere 



v'^ ^ jL ^ 


7r(R® - r^)/i 


Oui(T laiciaM 
suifaco 

Inner lateial\ . 

surface j=“- 27 r;/i 

Lat<‘ial 

=^7r/i(l 5(('i +^0 ’ 

or TT{a \-b)h 
(less accur<Lle) 


or 7D» 
3 ^ 

or *52360® 




47r(R®+f®) 






Tables 


Title. 


Segment of 
sphere . . 


Zone of 
sphere . . 

Any pyramul 


Square pyra- 
mid . . . 


Cone . . . 


Fiustum of 
any pyra- 
mid . . . 


Frustum of 
square 
pyramid . 


Fiustum of 
cone . . . 


Anchor ring . 


These four 
permission of 
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OF Volumes and Surface Areas of Solids { continued ). 

Figure. 






Volume. 


or •5236;i(3»'*+/t2) 




i area of base 

X height 




- 0 / 

d\ 

Ur ^ 

//:-■=: height of fins- 
turn 

A ^ area of huge end 
H.--aica ol small end 

5 

“1 I 


iirr^h 



^(Ad-B + VAB) 
3 


-(S^d-s^+Ss) 


(R" + r^- + K0 


Round section 


Square section 

ttDS^ 


Surface Area. 


Curved surface == 27rRA 

or 27 rR(R — 

where R=rad. of sphere 


Lateral = J circum of 
base X slant height 


Lateral = 2 S/ 


Lateral = nr I 


J.atcial=| mean circum. 

X slant height 


Lateral == 2 /(S + 5) 
(/ = slant height) 


I.alcral == 7 r/(R -\- r) 
{I = slant height) 


47r"R/ 


^ ttDS 


tables are reproduced from Arithmetic for Engineers by kind 
the author, Mr. Charles B. Clapham. 



CHAPTER IV 

INTRODUCTION TO GRAPHS 

Object and Use of Graphs. — A graph is a pictorial statement 
of a series of values all drawn to scale. Such a diagram will often 
greatly facilitate the understanding of a problem ; for the meaning 
is more readily transmitted to the brain by the eye than by descrip- 
tion or formulae. When reading a description, one has often to 
form a mental picture of the scenes before one can grasp and fully 
appreciate the ideas or facts involved. If, however, the scenes 
arc presented vividly to us, much strain is removed from the brain. 
A few pages of statistics would have to be studied carefully before 
their meaning could be seen in all its bearings, whereas if a “ graiih ” 
or picture were drawn to repi’cscnt these figures, the variations of 
their values could be read off at a glance. 

To take another example : a set of experiments are carried 
out with pulley blocks; the results will not be perfect, some 
readings may be too high, others too low : and to average them 
from the tabulated list of values would be extremely laborious; 
whereas the drawing of a graph is itself in the nature of an 
averaging. 

Or, again, a graph shows not only a change in a quantity, but 
the rate at which that cliange is taking place, this latter being olten 
the more important. On a boiler trial a graph is often drawn to 
denote the consumption of coal : from which is shown during what 
period the consumption is uniform, or when the demand has been 
greater or less than the average, and so on. 

A graph, then, is a picture representing some happenings, and 
is so designed as to bring out all points of significance in connection 
with those happenings. The full importance and usefulness of 
graphs can only be appreciated after many applications have been 
considered. 

To commence the study of this branch of our work let us consider 
an example based on some laboratory experiments. 
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Example i. — In some experiments on the flow of water over notches 
the following figures were actually obtained. 

Right- Angled V-Nofch 


Head (ft.) H . . 

•1888 

•2365 

•2617 

•2878 

3065 

•3361 

Quantity flowing 

(lbs. per min.) Q 

141-5 

249-8 

323*5 

411-4 

483-6 

60S 


The flow, in subsequent experiments, was to be gauged by the 
" head ” of water at the notch, so that a good calibration ** curve was 
desired. 

The figures were plotted as shown in Fig. 77, H along a horizontal 
axis and Q parallel to a vertical axis. 

In such plotting as this the following points of detail should 
be observed. 

Select two lines at right angles for the main axes and thicken 
them in : these lines should be as far over to the left and as low 
down, respectively, as will permit of the scales being written to 
the outside of each. 

Look to the values to be plotted, noting the '' range in either 
direction, the scales for the plotting being selected so that the whole of 
the available space is utilised : but care must be taken to select a 
sensible scale. Generally a decimal scale is to be preferred, e, g., 
in the present case we take to represent *02 ft. of head, 
horizontally and to represent 100 lbs. per min. vertically. 

Write figures along the axes to indicate the scales adopted, and also 
indicate clearly which quantity is plotted along the horizontal axis and 
which afong the vertical axis ; for attention to such details greatly enhances 
the value of the graph. 

To plot : Wc wish to illublrale the fact that for each value of H 
there is a value of Q; which we can do by selecting some value of H, 
running up the vertical through the marking denoting that value until 
we meet the horizontal through the given corresponding value of Q, 
and then making a small mark, e. g., the point denoting lhat H = *2878 
when Q — 411-4, as shown on the diagram by the point F. 

The use of paper ruled in squares will ease matters, although 
m a good many instances a senes of horizontal and vertical lines 
through points specified m a table of given values will suffice. 

When all the points have been plotted, the best average or 




Values of Q (lbs. per m'in) 
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smooth cui-ve must be drawn through them : the points above the 
line should about balance those below it, and any obviously in- 
accurate values must be disregarded. For good results the curve 
should be drawn with the aid of either a spline or a French 
curve. 

The curve is now what is called a calihralion curve for the notch, 
i. e., for any head within the range for which experiments were 
carried out, the quantity flowing can be read off. 



This process of reading oft intermediate values is spoken of as 
“interpolation.” Without the graph, for any values not given 
m the table one would have either to estimate or to repeat the 
experiment if intermediate values wore required. Also one further 
point should be noticed : even the figures in the table may not be 
quite the best, and better approximations can be obtained from 
the curve. 


Ex . — To find the quantity when the head is -24 ft. : erect the 
perpendicular SQ through -24 on the scale of head, meeting the curve 
at Q. Draw QR horizontally to cut the axis of quantity at Q .= 2O0. 

Then for a head of -24 feet, 2C0 lbs. per min. arc flowing. 

Ex . — Find the head when Q = 480. From the diagram, H = ’305 ft. 
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Example 2. — ^The following figures were obtained in some trials 
on a gas engine. Draw the efficiency curve, i, e., the curve in which 
the efficiency is plotted against the output. 


I.H.P. (Input) 

1-54 

3*09 

4-58 

5-67 

6-50 

B.H.P. (Output) 

0 

1-62 

3-33 

4-71 

5-8i 


The efficiency (to be denoted throughout this book by rj, the Greek 
letter eta) = inpuF TH~P~ could be calculated by taking 

corresponding values of B and I from the table. 



It IS better, however, to first plot B.H P. against I.H.P. and average 
these points by a straight line, which can be drawn with more certainty 
than a curve (see Fig. 78). The efficiencies at various loads can now 

be calculated from this curve by taking the ratios of ^ for con- 
venient values of B ; e. g , when B == i, I == 2*43 and 7; == -412, 

Plotting the values of the efiiciciicy so obtained to a base of output, 
a wcU-defiiicd smooth curve is obtained, as m Fig. 78 

The efficiencies worked from the experimental figures are — 


Blip. . . 

0 

1*62 

3-33 

4 71 

5-81 

n ... 

0 

*525 

•726 

-831 

■895 


If now these values are plotted to a base of B H.P. the points lie 
fairly equally about the efficiency curve already drawn. 
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The efficicncy-oulput and the input-output curvee now agree, 
whereas they would not do so in all probability if plotted quite 
separately. 

This derivation of one curve from another is of wide application. 
To illustrate by another example ; — 

Example 3. — A test on a Morris-Bastert pulley block gave the 
following results : — 

67-3 1 87-5 107-5 127-5 M7-5 167-5 itSys 

3'i5 ^4'05 4’5^ 5'2 5’^5 6-4 7-1 



The velocity ratio (V.R.) of the machine was 4:} 8 . 
l)i*aw the elficicncy cxirvc to a base o£ loads. 

W 

Theoretical effort to raise a weight W = V.R. 

P 

Actual effort = Pj and cfTicicncy = 

i 1 



First plot the given values, W horizontally and Pi vertically, and 
draw the straight line which best fits the points (vSee Fig. 79). 

To calculate values of P corresponding to the values of W set 48 
on the C scale of the slide rule level with i on the D scale. Then the 
readings on the C scale will correspond to values of W and those on the 
X> scale level with these to values of P; e, g., place the cursor over 
27'5 on the C scale and *572 is read off on the D scale, so that the value 
of P when W = 27-5, is '572. All values of P can thus be read off with 
one, or, at the most, two settings of the rule. 


T-oad liftedi 
(lbs.) W. jj 

27-5 

47-5 

Klfort rc-j 

quire cl (lbs.). 
Pi ’ 

1 

2-07 

2*5 
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The values of P are -572, -99, 1*41, 1-82, 2-24, 2-66, 3-07, 3-49, 3-9. 
Plotting these to the same scale as chosen for Pj. the lower line in 
Fig. 79 is obtained. 

By division of corresponding ordinates of these lines the efficiency 
can be calculated for any load, e. g., when W = 80, P = i'63, Pi = 3*65 

I ’63 

and 17 ==5 = -447. A scale must now be chosen for efficiencies, 

and the curve can then be put in ; this will be a smooth curve, because 
it is obtained from two straight lines. 


Example 4. — In some experimental work, only gramme weights 
were available, whilst for calculation purposes the weights were re- 
quired in pounds. To save the constant division by 453-6 (the number 
of grms. equivalent to i lb,) a straight line could be drawn from which 
the required interpolations could be made. To construct such a chart : — 



Suppose that the readings in grms. were — 

200, 476, 985, 1050, 2072, 2600. 

Plotting grms. along the horizontal as in Fig. 80, a scale must be 
chosen to admit of 2600 being shown. Draw a vertical through 453*6 
to meet a horizontal through i on the lb. scale. The line joining 
this to the origin {i. <?., the zero point for both scales) is the conversion 
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line. The required values can now be quickly read of! as in the 
following table : — 


grms. 

200 

476 

985 

1050 2072 2600 

lbs. 

•44 


2*16 

2-yz 4-0 577 


One axis might take the place of the two in the above diagram* 
Along this on one side the graduation would be in lbs. and on the 
other side, in grms*; thus amounting to putting a scale of lbs* 
alongside one of grms* Tables of logarithms might be, and in fact 
are (in Farmer's Log Tables), replaced by a number of lines, 
graduated in numbers and also in logarithms. For great accuracy 
a great number of lines are re^iuired so that two pagers do not suHicc 
as in the case of the tables, this being rather a disadvantage : never- 
theless there is much to be said for this metJiod of table construc- 
tion. There are no differences to add, nor is it necessary to remem- 
ber when differences have to be subtracted, since for any delinitc 
value in the one set of units the corresponding value in tlie oilier 
is read off directly. 


Exercises 20.— On Simple Plotting. 

1 , In a test on Hobson's flooiing the following fignns were 
obtained. 


I'otalload (tons) 

35 

40 

5 <> 

()U 

70 

80 

()() 

I 00 

I I 0 

Do fled 1011 (ms ) 1 



\% I 


is 

* 

<.l 

I 

* O’* 



I^lol a graph to give the dciflcclioii for any lo.id bedwevn ^5 and i 10 
tons; and read otf the deflection lor a load of 55 tons and also the 
load canning a defleclion of 1^. 

2 . Plot a curve to show the docreasci in the tenacity of coppc‘r 
with increase of heat, from the following table : — 


Temperature 

. , . 

212 

350 

380 

400 

500 

S^o 580 

620 

720 

Tenacity (lbs 
per sq. in.) 

32000 

j 30000 

29500 

29000 

26500 

25500 23500 

21500 

20000 


Read off from your graph : the tenacity at 302® F, ; {b) the 

temperature at which the tenacity ib 21000 lbs. per'sq. in.; (6‘) the 
tenacity at 545"^ F. 
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8 . Draw the calibration curve for a rectangular notch, given — 


Head (foot) .... 

•0871 

'II15 

•1588 

•1838 

•2124 

Quantity (lbs. per min.) 

139-4 

X 99 

323-3 

406*2 

502-8 


Find the discharge when the head is *19 ft. 


4. The following figures are given for the working stress allowable 
on studs and bolts : — 


Diam. of stud (ins.) . 

4 

i 

I 


14 

If 

2 

Stress (Ibs.persq, in.) 

2000 

3000 

3900 

4700 

5500 

6300 1 

7000 


Find the stress allowable on a stud of I" diam. and also the stud 
to be used if the stress is 5100 lbs. per sq. in. 

5 . Cast-iron pulleys should never run at a greater circumferential 
speed than i mile per minute. In the table the maximum revolutions 
per minute (R P.M.) allowable are given for various diameters. Find 
the R.P.M. for a pulley of 14" • diam. Check this figure by the 
ordinary rule of mensuration. 


Diam. (ins.) 

5 

6 

8 

10 

12 

15 

18 

20 

25 

30 

R.P.M. . . 

4034 

3361 

2524 

2017 

1681 

1345 

1120 

ioo8| 807 

673 


6. Plot a curve to give the diameter of a shaft for any twisting 
moment from *7 ton per sq. in. to 360 tons per sq. in. 


Equivalent twisting? 

inoiiieiit (tons per j- 
sq in j 

701 

2 zC-ij 

5 611 

1095 

18 94 

30 07 

44 9 

63 9 

87 7 

152 

359 

Diain of shaft (ms ) 

1 

1*5 

2 

2 5 

3 

3 5 1 

4 

4 5 1 

5 

6 1 

8 


7 . The table gives the "time constant of the coils of an electro- 
magnet for gaps of various lengths. Represent this variation by a 
graph. 


Distance apart (cms.) . 

*125 

*5 

•75 

I 

1-5 

2 

2-5 

3 

Time constant (sees ) . 

2*5 

1*7 

1-4 

1-4 

i-i 


*9 

1 *9 


8. The relation between pressure p and temperature t of steam shown 
in the table was found experimentally. Plot a curve to represent this, 
finding the value of t when p is 103, and the value of p when t is 300. 


p lbs per sq in. . . 

5 

10 

15 

30'5 

27 

31 

36 

44 

50 

60 

70 

80 1 90 

100 ^ no 

120 

t (F.") 

i^. 

243 

251 

260 

270 

276 

282 

290 

296 

306 

! 3 I 4 

322 329 

1 

336 1 342 

348 


9. and 10. Plot curves of Magnetic Induction for (i) Iron, and 
(2) Cobalt, from the figures given m the tables following. 
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( 9 . Iron.) 


force) 


B (inag. indue-, 
tion density) / 


0 

5 

I 

25 


1 

1 

1 

1 

1 

- 

0 

! 

2400 

1 

4500 6000 

7100 


( 10 . Cobali.) 


H. 

r 

0 

1*55 

3*10 ' 4*65 1 6.20 

7'75 

12-40 j 15-5 * 2.-?-25 

3 * 3 '' 7.1 


o' 

99 

268 , 642 ,1128 

I2t)H 

2405 ] 2(1111 4 <’ 7 ‘> 

4hfi{) svi" 


i<> I 3H 45 j 5^ j I 65 

( ! I ! 

ySoa HjtK> 8500 86uo Hfiuii H700 


¥^5 


11 . Plot a curve io sliow the variatuju in tlu' ratit> Q 
fwcigjit of annainent and prutertimi | 

\ load displacement f 

as givei\ for a speed of zi knots, from the following table > « 


Load dispL'uxsl 
inenl P(tuiis)/ 

1 1 1 i 

i8ooo 22000 24000 26000 

. J i 1 

1 i 

{(KKKI t lOltl) 

I 1 

iHooo 

4(>ooo 

Ratio Q . 

• 3 ‘^d j j -400 j \\i(} J 

-.,2 8 1 -4 (.s 1 

•4 \(f j 

s|V» 


Innd the weight of armament and protection wlien the di .platement 
is 28000 tons. 


12 . Plot a airve, as for Qiie.stion 1 1, hut the hg.uo's Ih long, mg to a 
speed of 27 knots. 


p . . 

J 8000 

20000 j 

2.|(«>0^ 26000 

2H000 

1 

^0000 » 

( 1 1 
ei<ino p)<k)<> 

Q ■ ■ 

•236 

•-25-i j 

•275 ; -286 

•- 9 ‘) 

'•1‘M ' i»<» 

1 ■ i ’ 1 j -Hf' 


Find the value of Q when P 3 |otK>. 

13 . 'rhe teiaperatme of the tic-ki coils of a niolnr was umm .uhmI at 
various limes during ilu^ passage of a strong < iiumi, with tlu* hdlouing 
results 


Time (luini.-) .... 

"jJ. 

5 

10 1 1 

1 1 1 1 1 

-'»> 4 " t-i 4 «' 1 44 'i'l 44 (HI 

renipcraturc (C.®) . . 

14 i 16 1 

-tl 

j ie4 Vi j 

11*4 Vij 11 •,r, H .,fw. 


Find the lime that elapscss before radiation losses, etc., balam e the 
healing clfcct of the ciunmi. viz. when thent is im liuther sen able n.sc 
of temperature; and find also the maximum rise of temjH'iat ure. 


14 . Repeat as for Question 13. taking Wir folkjwiug n sulls : 


Time (mins.) . . 

. « 

0 1 5 1 ' 15 

•ill 

-*» .i<» :s% 1 4 ^ 

41 

ie 51 

fti» 

fts 

renipcrature (C.") , 

. . 

1 a 6 3 -e 5 41 i 

.1 L 1 

14 ^* 14 * 5 ‘Mesj 

1 i t 1 ! 1 

1 

5 «i' 3 ^ ft* 

/■‘•C 

;67 


15 . J he; following figures were obtained by iTutling spring b*tkuice$ 
at the ends of a beam on winch a weight of 7 lbs. was hung. 14 ot 
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curves to give the values of the reactions for any position of the weight. 
Note their point of intersection. 


Distance (ms.) of weight) 
from R.H end / 

0 

2 1 

4 

6 

8 

10 12 

14 

16 

Id 

24 

28 

30 

32 

Left-hand reaction (lbs.) 

0 

‘4 

1 -8 

1*25 

1-7 1 2-1 2-55 

3 

3‘45 3*9 1 5*2 

6*05 

^li 

7 

R.H. reaction (lbs.) . . 

7 

6-5 

6*05 

IT 

5‘3 

4‘8| 4*3 

4*05 

3*45 

3 

|r8 

*8 

•4 

0 


In Questions i 5 to ig draw to a base of loads (W) curves whose 
ordinates gives — 

{a) Actual effort Pi; (6) theoretical effort P; {c) efficiency 77. 

16 , Test on a 6 to I pulley block, L e,, V.R. = 6. 



20 . The table gives the current absorbed by a carbon biush at 
various pressures. Plot, to a base of amperes of current, curves giving 


resistance and voltage. t Resistance == Y 

® 1. amperes j 

The resistance curve should be obtained from that for voltage. 


Volts .... 

•35 

•65 

•88 

I 

1*3 

1*45 

1*5 

1*65 

1*75 

I 77 

i'8 

I 825 

1*85 

Amps. ... 

4 

1 9 

13*5* 

18*75 

21*5 

24*5 

27*5 

32-5 

37*5 

40*5 

1 

42 

45*5 1 

47*5 


21 . To a base of frequency plot curves giving (a) voltage, (6) current 
taking the following figures : — 


Frequency 

40 

435 

47 

50 

52 

54 

5 fi 

60 

64 

75 

So 

88 

Current 

5 39 

IT) 

CO 

14 35 

18 67 

14 73 

11-66 

933 

6 83 

5 19 

3 05 

2 64 

2*14 

Voltage . 

52 

32 

19 5 

15 

19 

24 

30 

41 

54 1 

93 

106 j 

X 3 X 
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22. The following figures were obtained in a tensile test on a nauiple 
of 25% nickel steel. 


Stress (lbs. per sq. in.) . 

4000 

laoco 

30000 

1 38^00 

! $6fHtO 

48m>o 


5fKiOO 

^ 60000 

Extension (Inches per { 
inch length) ) | 

*00015 

*00047 

*0007 

•oox sx 

j ’00145^ 

1 ! 

"tmj 1 3 j 

' *W 235 

' *fwa64 


64000 

68000 

73000 

76000 

80000 

84000 

88(iOO j oJtKio 

tguKJO 

XdOiHio 

*04000 

*00365 

-0065 1 

•02 1 

•035 

•03 a 1 

j *068 

*0853 j *1035 1 

•CH 1 

1 * 17 * 

’ 30 * 


Plot the stress-strain diagram, the stresses being vertii'al and 
extensions along the horizontal; also determine tlie stress at th© 
"yield point," where the sudden change occurs. 

23. The voltage supplied to a 4-volt lamp was varied, and th© 
candle-power (C'.P.) then measured lor variaus values of tlie v<jllag©, 
the results being as follows : — 


CP, 

1 0 

1 1 

1 *3 

1 1*0 

1*5 

1 1 

^•5 

3 

Volts 

1 j 

.V <>.5 

ijl- 57 j 


1 ‘f -«5 1 

4 *.|.f ' 

475 

Amps. , 

1 0 1 

i-i(> 

! ^*-29 

1 1 


l-.|H 

I *(>4 

1*71 j 


If watts =1 volts X amps, plot to a base of C,l\ (luvcs whose 
ordinates represent — 

(a) volts; (6) amps, and by a c.onihination of concspontling 
ordinates of these — (^) watts per C.l\ 

24. The drop in potential due to a standard n\sist«in(<' of ohm 
was measured by a potentiometer, for vaiious cuinmts. d'lu* t uncut 
was also measured on an ammeter. 

If current Ccalculale the true tan umls flowing Also 

plot a curve of true current against n‘gist<‘red (uiicnt, and laun c 
find the percentage error of the aninu*t<*r. 


Ammeter rc‘ading( 
(Registered cm rent)/ 

I 

1*5 


2-5 


.3 •.‘5 

4 

’ 4 7‘) j 

Volts .... 

• 309.5 j -4 5 « 

•Ol.ioj 

■702V 

‘9-^j 


I *.i<> f 

'■57'^«-4 57|' 


25. From the following figures (taken from a t(‘st on a 10 H.P. 
Diesel engine) plot curves, to a base of B II.P., to show - 

(a) from which deduce (b) inec Ininic'al (dfndeni y : (0 oil 

per hour, and hence (cf) oil per B il.P. hour. 


B II.P. . . . 

0 

3-33 

6*71 

«-.5.5 

9-).t 

I. II.P. . . . 

4-5 

7-27 


1 1*()0 


Oil per hour (lbs.) j 

1-5 

2-37 

3-63 

4-35 1 

5-45 
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26 . From the given figures plot to a base of curves with 

ordinates to represent (a) steam per hour and thence (b) steam per 
LH.R hour. 


Steam per hour (lbs.) 

5^3 

452 

436 

403 

370 

327 

182 

i.n.p j 


10-54 

9-83 

10 

Op 

ob 

8-15 

6-57 

1*84 


27 . Results of an efficiency test on a small motor gave the follow- 
ing : — 


Output (watts) . . . 

6*46 

24*2 

33*8 

37*5 

40 

55*3 

61-5 

64*9 

77*1 

92 

117 

Input (watts) . . . 

57*6 

82*4 

! X02 

1 104*2 

107 *« 

138 ’ 

142*2^ 

141*1 

i 62'4 

187*5 1 

228 


To a base of output plot curves giving (a) input and thence (b) 
efficiency. ^Efficiency = 


28 . The voltage of an accumulator, when discharging, fell according 
to the following : — ^At 2 o'clock voltage = 2-15, at 2.30 o'clock and also 
at 3.30 voltage = 2*06, at 6.30 voltage = 1-87 and at 9 o'clock voltage 
= 1-72. Another cell was charged at a uniform rate from 2 o'clock to 
7 o’clock, the voltage rising from 1*75 to 2*38. Assuming that the 
discharge was uniform, find the time at which the cells had the same 
voltage. 


Co-ordinates. — So far, in these graph problems, we have been 
concerned with positive quantities only; the question now is, How 
to deal with negative quantities? If the plotting ‘‘movement'' 
has been in a certain direction for the positive, then clearly for a 
negative the motion must be reversed. The convention adopted 
IS that to the right and upwards are positive directions for the 
horizontal and vertical axes respectively; and therefore to the 
left and downwards will be the corresponding negative directions. 
These are indicated in the diagram (Fig. 81). To admit of all 
arrangements of signs the paper must be divided into four parts 
or quadrants as shown, the point of intersection of the axes being 
termed the origin, viz. the point O 

The points A2 A3 and A4 are all distant 4 units from the 
vertical axis and 3 units from the horizontal, so that to distinguish 
between them we must make some mention of the quadrant in which 
each IS placed by affixing the correct signs. 

The distances from the axes together are spoken of as co-ordinates, 
that along the horizontal being usually called the abscissa, while 
vertical distances are called ordinates. In representing a point by 
its co-ordinates the abscissa is always stated first. 






To fix the position of a point in space it would be iu'C('ssary 
to state the three co-ordinates, viz. the distances from three axes 
mutually at right angles. For example, a gas light in a room would 
be referred to two walls and the floor to give its position in the air. 

Representation of an Eqpiation by a Graph. If two 
quantities x and y depend in a perfectly definite way, the one upon 
the other, the relation between them may be illustrated by a graph 
which will take the form of a straight line or a smooth curve. From 
this curve much information can be gleaned to assist in the study 
of the function as it is called. {ExflanaLion. — If y — 2 X 5, 
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y is said to be a function of x, for y depends for its value on that 
given to a;; if y = — 8 log-sr, y is a function of z or^ as it 

would be expressed more shortly, y = f{z), meaning that y has a 
definite value for every value ascribed to ^ : e, g., in the case first 
considered, y = f{x) = 2%+5, then /(s) would indicate the value of 
y when 3 was written in place of i. e.,/(3) = (2 X 3)+5 = ii.] 
Dealing first with the simplest type of graph, viz. the straight 
line, whenever the equation giving the connection between the 
variables is of the first degree as regards the variables, i. e,, it 
contains the first power only of the variables, a straight line will 
result when the equation is plotted. 


Example 5. — Plot a graph to represent the equation y = 

In all cases of calculation for plotting purposes it is best to 
tabulate in the first instance; for any error can thus be readily 
detected, and in any case some system must be adopted to reduce 
the mental labour and the time involved. 

The general plan in these plotting questions is to select various 
values for one of the variables, which we can speak of as the “ in- 
dependent variable " (I.V.), and then to calculate the corresponding 


values of the other, which may 
be spoken of as the dependent 
variable In questions where x 
and y are involved it is customary 
to make x the I.V., and to plot its 
values along the horizontal axis. 

We may take whatever values 
for X we please, since nothing is said 
111 the question about the range. 
Let us suppose that x varies from 
— 4 to + 4. The table, showing 
values of y corresponding to values 
of X would be as follows : — 


X 

5''^' — 9 

y 

4 

— 20 — 9 

- 29 

•" 3 

- 15 -- 9 

- ^4 

— 2 

— 10 — 9 

— 19 

— I 

- 5 “ 9 

- 14 

0 

0-9 

— 9 

I 

5 “ 9 

— 4 

2 

10 — 9 

I 

3 

15 “ 9 

6 

4 

20—9 

II 


• i . e ., 5 X = 5X(— 4) = —20. 
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When we conic to the plotting we see that it is a<lvihal)k! tf) select 
different scales for x and y, since the range of x is 8 and that of y is 40. 
On plotting the above values a straight line passes through them all 
(Fig. 82). 

A straight line would be definitely fixed if one knew its sloj)e 
or inclination and soine point through which it passes. As re'gards 
tile slope, a line sloping upwards towards the rigid has a positive 
slope, because the increase in the value of x is accoinpanie<l by an 


increase in the value of y, and the slojic is measured by 


change of y 


J,JOt Vi AiA VCiiViV* V/fc jr f (AriAVJ. Aw# A A A^ AAw# V* A V# V* f f * 

OX X 

In measuring the slope of a line, the denominator is first decided 
upon, a round number of units, say 2 or 10, being chosen, and the 
numerator corresponding to this change is read off in terms o! the 
vertical units from the diagram. 

In the case of the line representing y ~ 5*-~9 the slope is 


seen to be 


5, i. e., the slope is the coellicient of x in the original 


equation 

The fixed point, a knowlcilgc of which is necessary before the 
line can be located, is taken on the y axis throngh x ^ o, i. e., the 
point of intersection of the line with the vertical axis through x o 
must be known. In the case .shown in Fig. 82 the line iiiti'rsects 
at the point for which x — o, y ~ —9: also —9 is noted to be 
the value of the constant term m the equation from which the graph 
is plotted. 

In general, If the equation to a straight line is written, y = ax \ h 
a is the slope of the line and b is the intercept on the vortical axis through 
the zero of the horizontal scale. 

All equations of the fiibt degree can be put into tins .slanduul 
form, and hence will all be represented by straight lines. 


Example 6 . — Consider the three equal ions- 

t-5y = 8 

4X+ ‘jy = o 
4x^3y = —r2 . 


A similarity is at once noticed between the, eipiatious ; a short 
investigation will .sliow the full interpretation of that .similarity when 
regarded from the graphical standpoint. 

Whenever an equation is to be plotted it is always the bc.st plan to 
find an expression for one variable in term.s of the other; and it is 
usual to find y in terms of x in these simpler forms. 
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From (i) sy = 8—4X y = ^ = i-6 — -S-v ... (4) 

5 5 

From {2) 5y = -4X, y = — 8x (5) 


From (3) 5y = —12—4.1;, /. y = — 2-4 — -8^ (6) 



Fig. 83.' — Straight Lines and their Equations. 


Evidently all three equations, viz. (4), (5) and (6), are of the form 
y =1 ax b, the value of a being constant throughout, viz. — ’8, whilst 
the value of b vanes. From our previous work, then, we conclude that 
the three lines representing these equations have the same slope and 
are therefore parallel, being separated a distance vertically represented 
by the different values of b. 

To plot, first calculate from the equations — 

(i) y = 1*6 — •Sx, {2) y == — Sx, (3) y = — 2-4— -Sat, 

and tabulate the numerical values : — 



These lines are parallel (see Fig. 83) and cross the y axis, (i) at i*6, 
(2) at o, and (3) at •— 2 -4, or the values of b in the three cases are i -6, 
o and — 2 ■'4 respectively. 
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Solution, o£ Simultaneous Eqpj,ations by a Graphic 
Method. — Knowing that a first-degree equation can be represented 
by a straight line, our attention must now be directed to some useful 
application of this property. One of the greatest advantages of 
graphs is that they can be utilised to solve equations of practically 
every description. As a first illustration we shall solve a pair of 
simultaneous equations by the graphic method. 

Example 7. — To solve, by the graphic method, the equations — 


5»^+3y “19 (i) 

y-v-ay =3 12 (2) 


Each of these equations can be represented by a straight line ; and 
these lines will cither bo parallel or meet at a point, and at that point 
only. Such a point represents by its co-ordinates a value of x and a 
value of y ; and since thi.s point is common to the two lines, these values 
must be the solutions of the given equations. 



[If the given equations were ^x+^y =19 and sx+^y =» 9 it would 
be found on plotting that the lines were parallel ; there could thus be 
no values of x and y satisfying the two equations at the same time, or, 
in other words, the equations are not consistent.] 

For the example given, the linos are not parallel. 

Two points are sufficient to determine a line, and therefore two 
values only of y need be calculated, but for certainty three are 
here taken, because if two only were taken, and an error made in 
one, the line would be entirely wrong. 
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Equation (i) 5;!? + 3y = 19 from which 33/ = 19 — 

or y — 6*33 — 1-67^. 

Table of values reads : — 


X 

6*33 — 

y 

coo 

1 

6-33 + 5 

6-33 — 0 

6*33 — 6*68 

6'33 

-35 


Equation (2) 9;r— 2y = 12 

whence — 23/ = 12 — qat or 2y = 9A?— -12 

y = 4-5Ar— 6. 

Table of values reads : — 


X 

4-5X - 6 

y 

1 

0 to 

- 9-6 
0-6 

18 — 6 

- 3:5 

- 6 

12 


These two lines must be plotted (see Fig. 84) to the same scales and 
on the same diagram and their point of intersection noted, viz. (2, 3). 
a; =s 2, y =» 3 are the solutions of the given equations. 

[The scales chosen must be such that the point of intersection 
will be shown ; to ensure that this shall be the case a rough mental 
picture of the diagram should be formed. This is not a difficult 
matter, as one soon becomes accustomed to reading a table from 
its graphical aspect. E. g , one can see at a glance in which direc- 
tion the line is sloping, and a little further consideration decides 
the rate of its rising or falling.] 

Exercises 21. — On plotting Co-ordinates, and plotting ol Straight Lines 
representing Linear Equations. 

1. On the same diagram plot the points (2, --5) ; (—3, 4) ; (— 9> —3) . 
(o, ii); and (i‘2, o). Indicate each point clearly. 

2. Join up the four points (—10, 10); (5, 10); (15, —2*5) ; and 
—2-5) in the order given, and find the area m sq. units of the 

figure so formed. 

3. On the same diagram plot the points (1*4, 2500): (—•75, 374<^). 
(—1-82, —1140); (-32, —4816). Indicate clearly the scales chosen. 

4. Plot the straight line 3Ar— 8y = 19 from Ar=— 4 to jv = 5- 

What is the slope of this line, and what is its intercept on the vertical 
axis through o on the horizontal ? 

5. Plot a straight line to show the change of x consequent on 
change of y between —10 and 4-15; the connection between y and jv 
being -i6y =» 4*28— 4-06^^. 
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6 . The illumination I (foot candles) of a single arc lamp placed 
22 ft. above the ground, at d feci from the foot of the lamp is given by 

I 1*4 — •Old, 

Plot a graph to show the illumination for distances o to X2 ft. from 
the foot of the lamp. 

7 . Unwin’s law .states that the velocity of water in ft. per sec. in 
town supply pipes is ~ i*45<i + 2, where d is the diam. of pipe in 
ft. Plot a graini to give the diam. of pipe for any velocity from o to 
13 ft. per see. 

8. The law connecting the ratio i, e,, of a journal with 

the si)ced (N, R.P.M.) is ^ •003N 4 - i* 

Plot a graph to show values of Ibis ratio for values of N from 20 
to 180. If the diam. is 4*5'' what should the length be at 95 R.P.M. ? 

9 . Plot a conversion chart to give the number of radians correspond- 
ing to angles between o and (x radian 57’3‘^.) 

10 . Tlie law connecting the latent heat L with the absolute tem- 
perature r, for steam is — 

L ==. 1437 - -yr. 

Plot a graph to give the latent hciit at any temperature between 
460 and 1000 F.® absolute. 

11 . l^lot a graph giving the resistance R of <an inc'andesceni lamp 
at any voltage V between 40 and no. Yon arc given that — 

R - 2-5V -i- 75. 

What is the slope of the resulting graph ? 

Solve graphically the equations in Exs. 12 to 16 : — 


12. 

5 m— s=: — 6*6 

18 . 48,^—277 -.48 


I'lM— 25 2m. 

y-5i.Y -= —51 

14 . 

y-l-i’37 == 4Ar 

15 . 7-v J-3y = 10 


g;v—i7y =-49-87. 

33 V -(>y = I. 

16 . 

y = -i-4X~-3 

2*6;^— y == 13. 



17 . The co-ordinates of two points A and B arc : — 

A. Latitude (vertically) N 400 links; Dcuxirturo W (hoiuontally) 

700 links 

B. Latitude S 160 links; Departure W J500 links. 

Plot the points A and B and find the acute angle which the line 
AB makes with the N and S line. 

Determination of Laws. — ^The straight line as the representa- 
tion of an equation finds its most direct and important application 
in the detei'mination of laws embodying the results of experiments. 
An experiment has been made with some machine and a number of 
readings of the variable quantities taken ; and it is desirable to 
express the connection between these quantities in a simple yet 
conclusive manner. If this is done the law of the machine is 
known for the range dealt with. 
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Example 8. — h. test is carried out on a steam engine, and trials are 
made with the engine running at various loads. The amount of steam 
used per hour (W) and the Indicated Horse Power (LH.P.) are calculated 
from the readings taken at each load, and the corresponding values 
are as follows : — 


I (I.H.P.) 

2 

4 

5 

7 

10 

12 

W (lbs. of steam per hour) 

71 

103 

121 

! 

^53 

197 i 

! 

234 


Find a simple relation connecting W and I. 


It is reasonable to assume that to just start the engine a certain 
amount of steam would be required, which would in a sense be wasted, 
and that after once starting, the steam used would be practically 



Fig 85 — Test on Steam Engine. 

proportional to the power developed : accordingly we should expect 
a formula of the type W = 6 + al where a and h are constants to 
be determined. This we see is of the standaid type y — ax b, or 
putting it in a more general form (Vertical) = a (Horizontal) + b, where 
(Vertical) stands for the quantity plotted along the vertical ; therefore, 
a straight line should result when W is plotted against I. 

On plotting (sec Fig. 85) we see that a straight line fits the points 
very nearly, being above some and below others, i. e,, av^eraging the 
results. 

The values of a and b may be found by either of two methods. 
The first is that used in the laboratory and is to be recommended 
when the slope of the line is more important than the intercept : 
It can be used on all occasions when the quantities given admit 
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of the vertical axis through the zero of the horizontal being drawn 
without diminishing the scale. This method is very quick, measure- 
ments on the paper being scaled off and a quotient easily found. 
The second method is the more general, but involves rather more 
calculation; both methods should, however, be studied. 


First Method— W »» a I + 6 


whore a « the slope of the line and h intercept on the vertical axis. 

To find the slope, select some convenient starting-point, say, where 
the line passes through the corner of a square, and measure a round 
number of units along the horizontal, in this case (Fig. 85) 5 being taken. 
{NoU , — Distances are measured in terms of units, and not in inches.) 
Tlxc vertical from the end of the 5 to meet the sloping lino measures 


79 units; 
hcncc — 


slope 


increase in_W 
increase in I 


5 


15 - 8 - 


A « Of X ^ *8* 


Intercept on axis of W throxigh I «« o is units, h ^ 40. 


Thus the equation is 


15*8 1 -1-4^* 


Second Method, or Simidiamous Equation Method — 

Select two convenient points on the line, not too close together- — 
s. g., W =a i67'5 \ and W ==* 87-5 \ 
when I 8 / when 1=3 J 
Substituting these corresponding values in the equation W *=» a 1 - h 
two equations arc formed, the solutions of which arc the requiiccl 


values of a and b. 

Thus — 167*5 — 8a -P 6 (i) 

87-5 = 3a + 6 (2) 

Subtracting — 80 = 5a 

whence a = 16. 

Substituting in equation (2) b = 87*5 — 48 30-5 


as by first melliod (very closely) W lOl 4- 

This particular line connecting the weight of steam per hour with 
the indicated horse-power is known as a Willans' line (named after 
Mr. Willans, who first put the results of steam-engine tests into this 
form). 

To take a further example — 


Example g . — In a test on a crane the following values were found 
for the effort Pi required to raise a weight W. lund the law of the 
crane . 


W (lbs.) . 

10 

20 

30 


50 1 60 

70 

80 

00 

100 

Pi (lbs.) , 

( 

I 

1 


2*13 

2-63 1 

3 --X 5 j 3-75j 

4'-25 

5 

* 5*5 

6 
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To find the equation in the form Pj = aW + b plot W along the 
horizontal (Fig. 86). 

First Method — Slope = = -0564, /. a = -0564 

Also the intercept on the axis through o of W = *41, h = *41 
/. Pi = •0564W + •41, 

Second Method — 

Pi = .7 1 and Pi = 3*8 \ 
when W = 5 / when W = 60 J 


A 3’8 = 60a 4-5 (i) 

•7 = 5^ + (2) 

Subtracting — 3*1 — 55a 

^=•0564 


Substituting in (2) & = *7 — *282 = *418 

Pi = ‘Q564W 4- *418. 



O yo 20 50 40 50 GO 70 so 30 100 


Fig. 86 — ^Test on a Crane. 


This result suggests that '41 lb. is required to just start the machine, 
i.e,, to overcome the initial friction, and that after that point for every 
pound lifted only '0564 lb of effort is required. 

If we are told, in addition, that the velocity ratio of the machine is 
39, we can calculate the efficiency of the machine for any load. 


Velocity ratio 


distance moved by effort 
distanc^moved by weight 


and work done by effort = work done by weight; hence, theoretically, 


I lb. of effort should just lift 39 lbs of weight; 


i, e., the connection between P and W (theoretically) is 
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^ , Theoretical effort F 

Then the efficiency at any load =- effort " 


e. g., if W ==» 50, efficiency » 17 


39 

•0564 W -{- *418 
1 

, I ^>*^5 

2*2 + - w 

I _ 

2-2 

50 

■396. 


•0256W 
-0564W + *418 


Eixiample 10. — The following are the results of a lest on a 6-lon 
Hydraulic Jack (V.R. =* xo6). 


Load (lbs.) 

600 

1020 

1445 

Effort (lbs.) 

II 

17 

22 


1885 


27-9 


2320 


32-7 


2740 32 ID 


37*5 43-4 


45*2 


1010 

49 


It is required to find an expression for the efficiency at any load, 
and also the maximum efficiency. 



•a 

7 

a 

.7 

4 

5 
2 

1 

O 


To a base of W (load) wc plot the values of (practical effort) 
and average the results by a straight line, as in lug. 87. 

Theoretically, each pound of effort applied should lift 106 lbs. 
of load, hence a straight line can be drawn giving the theoretical effort 
(P) for all loads within the range dealt with, 

P 

Now, efficiency 17 » -p- ; and therefore for any load find the quotient 
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■15-, which will be the ef&ciency at that load. A new scale must be 

chosen for efficiency, and the curve, a smooth one, because obtained 
from two straight lines, is plotted. 

{e. g.. If W = 2000, P = 18-9. Pi = 28, , = ^ = .675} 

To find the maximum efficiency, i, e., the efficiency at 6 tons load. 

-r-v I 


106 


W =5 •00944W 


Also- 




Pi 5-6+ 

^ 2000 


P 

Pi 


■00 944W 

5*6 + -oii2W 


5*6 + •0112W 

I 

5*6 ■OII2W 

"^94^ 00944 W 


. (See Fig. 87) 


or efficiency at any load = 


593 

W 


+ i‘i9 


Then for the efficiency at 6 tons load we must write 6 x 2240 for 
W, hence — 


maximum efficiency = 


593 

13440 


+ 1*19 


1-23 


== *814 


Exercises 22 . — On the Determination of Laws. 

P 

1 . Find the average value of ^ (coefficient of traction) from the 
following figures {i. e., find the slope of the resulting straight line). 


W (lbs.) . 

3 

5*5 

7*5 

9*5 

11*5 

13*5 

15*5 

17*5 

P (lbs.) . 

1-25 

2*25 

2*75 

3*75 

4-25 

5*25 

6-25 

7-^5 

This was for the case of wood on wood. 

2 . Recalculate but for cast iron on cast iron (dry). 




W (lbs.) 

33 

53*3 

63-2 

72*9 

93*2 

113 



P (lbs.) . 

II-3 

X9 

22 

25 

28 

37*5 



In Exs. 3 and 4 the slope of the line gives the value of the Young's 
Modulus E for the material. Find E m each case, stating the units. 
(Note that the stress is to be plotted vertically.) 

3. For 1" round, crucible cast steel. 


Stress (lbs. per sq. in.) 

2000 

4000 

6000 

8000 

10000 

12000 

14000 

16000 

Extension (inch per \ 
inch length) . . . / 

'00008 

•00015 

•00021 

•00028 

•00034 

•00041 

*00048 

'00053 
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4 , For round; hard-rolled phosphor-bronze* 


Stress (lbs. per sq. in.) 

2000 

-c|000 

600a 

8000 

10000 

12000 

Extension (inch per" 
inch length) 


-0001 

•00022 

•00034 

•00044 

•00033 

*00067 


6. Find the simple law connecting the Indicated Horse Power I 
with the Brake Plorso Power B, given the following values of I and 
B 


B 

0 

3-33 

6-71 

8-35 

9-94 

I 

4-5 

7-27 

10-66 

11-69 

12-95 


{I 4- • 


6 . The diameter under the thread for various diameters of bolts is 
given in the table for the Whitworth standard thi-cad. Find the law 
connecting the smaller diameter, with the larger, d. 


{dx =» aciJ b) 


d 

•0625 

*09375 

•125 

•15625 

•1875 

•25 

•375 

“5 

•625 

“75 

dt 

•0411 

•067 

■0929 

'II62 

•1641 

•1859 

“2949 

■3932 

•5085 

•6219 


7 . Recalculate as for Ex. 6, but taking the figures for the British 
standard fine thread. 


d 

i 

f 

i 


i 

i 

I 

I J 


•199 

-Sir 

•420 

“534 

•643 

*759 

•872 

i*io8 


Find the law connecting T and B in the following eases (Exs. 8 
and 9). T = 4 - (T = twisting moment and B =- angle of twist ) 


T 

0 

30 

60 

90 

120 

150 

180 

210 

2.|0 

270 

300 [ 330 

360 

d 

0 

•4 

•9 

1 

x -56 

2-1 

2-7 

3*4 

4 

4*5 

5 “X 

5-8 0-25 

6-82 


T 

0 

1200 

2400 

3O00 

4800 

6000 

7200 

a 

0 

*34 

•67 

1-02 

1-36 

1-71 

2-o6 


Express the results of the tests on incandescent lamps given in 
Exs. 10, II and 12 in the form R = aV 4- 6. (R « resistance and 
V = voltage,) 

10 . Test on a metallic filament lamp. 


V 

00 

in ! 

•"i 

80 

82 

84 

86 

88 

90 

92 

94 

96 

98 

100 

102 

R 

144 147 

H 

00 

149 

151 

153 

155 

157 

158 

:e 59 

i6o 

161 

162*5 

164-5 
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11 . Test on two metallic filament lamps in parallel. 


V 

54 

60 

65 

70 

75 1 

80 

! 85 

90 

95 

105 

A 

•5 

‘55 

•57 

•59 

-61 

•63 

•65 

•67 

•69 

•72 


(Values of resistance R must first be calculated from R = -v, where 
A = ampere.) 

12 . Test on a metallic filament lamp. 


V 

86 

80 

70 

60 

50 

40 

30 

R 

277 

267 

259 

231 

208 

174 

150 


The following two examples refer to tests on the variation of the 
resistance of a conductor with variation of temperature. Find the 
values of Ro (resistance at o®) and a (temperature coefficient) in each 
case. [Ro is intercept on the vertical axis through o of the temperature 

_ , Slope of line n 

scale, and a = .J 


13 . Equation is of form R« = Ro(i 4- at) where R* == resistance at 
temperature t. 


Temperature (t) . 

10 

25 

35 

50 

80 

90 

100 

Resistance (R/) . 

1-039 

i*i 

1*141 

1*198 

I ‘32 

1-357 

1-402 


14 . 



17 I 

25-4 

30'3 

36*2 

41 

49*4 

61*3 

67 

74*3 

1 80 1 

93*8 

Rf 

I 214 

1-259 

1-285 

1*317 

X-341 

1-369 

I 44 

1*473 

1-505 

1 1-532 

1*622 


15 . The following results were obtained from the testing plant of 
the Pennsylvama Railroad Co. : — 


;r(B.Th U. across heat- 1 
mg surface per inin.) / 

207200 

24 7500 

295900 

331000 

367500 

393500 

443000 

448500 

481300 

I (I.H.P.) 

365 7 

454 7 

587*6 

650 

779*3 

803*3 

951 4 

975-1 

1036 


Find the law connecting I and x in the form 1 ^ ax 

16 . From the following figures find the value of g, {g — 3*29 x slope 
of line : obtained by plotting horizontally and I vertically.) 



34‘5 

30 

28 

25 

21 

16 

12 

t 

1*87 

1*76 

1*67 

1*6 

1-49 

1-26 

I-II 


[t = periodic time in seconds of a pendulum swing, I = length of 
simple pendulum in inches, and g = acceleration due to gravity, in feet 
per sec. per sec.] 
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17 . Find the value of Young’s Modulus E for the material of a 
beam, from the following : — 


Load (W lbs.) . 

0 

36-5 

56-5 

•198 

96-5 

136-5 

176-5 

216-5 

256-5 

296-5 

316-3 

Deflection {d in.) 

0 

•12 

"'“1 

•34 

• 5 X 1 

•63” 1 

•79 

'925 

roy 

1*17 


Also d =n — gj£j, i = 40', and I = •0127. 
{Hint . — Slope of line = 


Graphs representing Expressions of the Second Degree. 

— Consideration must now be paid to the graphs of such equations 
as y — + 7» — 9, or x = ay^ + iy + c. As mentioned be- 

fore, the curves representing these equations will be smooth and of 
standard forms. The preliminary calculation must be performed 
in a manner similar to that already employed for the straight-line 
graphs. The only trouble likely to be experienced is with the 
signs : it must be remembered that — 3 or -f- 3 squared each gives 
9, so that if * — — 3 and — ** is required, the value is — (9), i. e., 
— 9 ; also — 6 x^ would be — 6 X (— 3)® = — 6x9 — — 54. 

Since we are no longer dealing with straight lines, two points 
are not sufficient to determine the curve, so a number of values 
must be taken. 

Example ii. — Plot, from ar = — 5 to x ~ the graph repre- 
senting the equation — 

y = 5 ^'* + 7 ^— 9 - 

Arranging the calculation in tabular form : — 


X 


5X^ + yx — g 

y 

- 5 

25 

125 -“ 33-9 

81 

- 4 

lO 

80 — 28 — 9 

^3 

~ 3 

9 

45 - 21-9 

15 

— 2 

4 

20 — 14 — 9 

3 

— X 

I 

5 - 7 - 9 

— 11 

0 

0 

0 -4-0 — 9 

- 9 

I 

1 

^ ^ ^ 

3 

2 

4 

20 4- 14 — 9 

25 

3 

9 

45 + 21-9 

80 + 28 — 9 

57 

4 

16 

99 


The scale for x must admit of a range of 9 units, whilst that for y 
requires a range of no units : and as the greater part of the curve is 
to be on the positive side of the x axis, this axis should be drawn fair ly 
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low down on the paper and not in the centre (see Fig. 88). After 
plotting the points from the table of values, a smooth curve should be 
sketched in, passing 
through all the points ; 
and if any one point is 
not well on the curve, 
the portion of the table 
in which the calculation 
for that point occurs 
must be referred to. 

The curve is a form of 
parabola, whose axis is 
vertical, and whose ver- 
tex is at the bottom of 
the curve : indeed, in 
all equations of the type 
y = -h hx 0 the 
curve will be of the 
form shown if a is posi- 
tive ; while if a is 
negative the axis will 
still be vertical, but the 
vertex will be at the 
top of the curve. 

As an illustration 
of the latter type — 

Example 12. — Plot the curve 47 ” 3 ^^ 8x -i- 2' 1.4, from x = 6 

io X — +3. 



Division by 4 gives, y = — *75^^:- 2X 
Table of values : — 




- - 75 a ;2 

— OLX 4- *61 

7 

- 6 


- 27 

4 - 12 4- 

I 4'39 


23 

— 18-75 4- IO 4- -61 

— 8-14 

— 4 

lO 

— 12 

+ 8 + -61 

“ 3'39 

— 3 

9 

- 6-75 

4-6 4 ' *bi 

- -14 

— 2 

4 

3 

+ 4 + -61 

4- i-6r 

— I 

I 

- '75 

4- 2 4 “ '61 

4- I '86 

0 

0 

0 

+ 0 + -61 

4” *6 1 

I 

I 

- '75 

— 2 4- ’bi 

— 2-14 

2 

4 

3 

— 44- "61 

- b -39 

3 

9 

- 6-75 

— 6 4 “ '61 

“ 12-14 


Here the greater part of the curve is negative; hence the axis of 
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X must be liigluT ihan llic cent re of the pajxir. The plotting is shown 
in Fig. 89. 


Solution of Quadratic 




/ 


K 

u 


«■ 

Equations. — The equations 

■ .1 

^ -4 


A 

1 

2 - 





5x^-+-7x—g = 0 



} 




\ 



and — j5x^--2x+’6x=so, 



/ 



—1 

\ 


— 

or, in fact, any quadratic equa- 

, - . 


/ 







tion, can be solved by the 



/ 





( 


aid of graphs. For the equa- 


5 






\ 


tions y == 9 and 


/ 






\ 1 


5;«:®-h7»— 9 = 0 to be alike, 


/ 




"“S 


\ 


y must equal 0. Now y is = 0 


■ 






\ 


anywhere along the x axis : if. 


/ 




“*7 




then, we wish to arrange that the 


/ 








y value or ordinate of the curve 

5 

1 







V 

is to be 0, we must select the 

j 

I 




! 



\- 

value or values of x that make it 

/ 





"“10 



\ 

so ; or, in other words, we must 

/ 

! 







\' 

find those values of x at the points 



- 





■ - 

■\ 

where the curve crosses the x axis. 




- 


-12 



)) 

These values of x are the solu- 










tions or roots of the equation 

/ 





-14 




Q From the dia- 









erram (Fier. 88) we see that the 

..1 

, 

j 



““IS 



- 

curve crosses the * axis when 


Fig, 89 

- Curve of 



X = -82 and also when x — — 2-22 : 

4 y 


3' 

a 




therefore x = *82 or “2*22 gives the two solutiu: 

ISO 

f 5--' 

1- 

7 x- 

-9- 

“= 0. 


In like manner the roots of. — — 2x-{-‘bi are — 2‘93 and -28. 
(See Fig. 89.) 


Solution, of Quadratic Equations on the Drawing Board. 
— Whilst on the question of the grai>hical solution of quadratic 
equations, mention may be made of a method that is simple and 
requires the use of set squares and compasses, but not sqiiaied paper 
The general quadratic equation is ax^ hx c = o. 

To solve this equation by the method of this paragraph : Set 
off a length OA (see a, Fig. go) along a horizontal hue, working 
from left to right, to represent a units to some scale. Through A 
draw AB perpendicular to OA; if b is positive a length to represent 
b must be measured, giving AB, so that the arrows continue in a 
right-hand direction. If c is positive draw BC perpendicular to 
AB, making BC to represent c units to the same scale as before, the 
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arrows still continuing to indicate right-hand movement about O. 
(If c were negative BC would be measured to the other side of AB.) 
Join OC. On OC as diameter describe a circle to meet AB in the 

DA EA 

points D and E. Then the roots of the equation are and q^- 

Proof of the constYuciion , — Let F be the centre of the circle ODC 
(a, Fig. 90). Draw FG parallel to OA to cut AB in G and join 
C to H, the point at which the circle cuts OA. 

Then, from the property of intersecting chords — 

OA X AH = EA X AD 




Fig, 90. — Solution of Quadratic Equations. 


Dividing both sides by (OA)® — 


OA 

AH 

EA 

AD 

OA 

X OA 

~ OA 

XOA 


AH 

EA 

AD 

or 

OA 

“ OA 

^OA 


Now the angle OHC is a right angle since it is the angle in a 
semicircle and since angle OAB is a right angle also, CH and AB 
a.re parallel and AH = BC = c. 

Also, since FG and OA are parallel and F bisects the line OC, 
then GA = GB. 

Then— 


EA-fDA = ED+DA-f DA = 2GD+2DA = 2GA = BA = 


or 

Let 


EA + 

OA ^ 


DA _ 
OA “ 


OA — OA “ a 

A EA _ 

“ OA ^ 


-b 

(2) 


N 
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nri j \ All or BC „ o C. 

Then from equation (i) --- — = np or afi ~ - 

and from equation ( 2 ) a ^ ^ 

Tlie original equation ax^ -f” + c: = 0 might be written - 

+-X + =0 

* a a 

or — (« + I3)x + a/3 = o 

whicli after factorisation becomes (x — a){x — ^0) = o 
whence x ^ a or f3. 

In other words, a and or and arc the roots of the 
original equation. 


Example 13. — Solve the equation 5^?* + 7^ — 9 « o by this method. 


Starting from the point O (6, Fig. 90) set out OA to represent 5 units to 
some scale. Draw AB dotvnwards from A, since 7, the coefricicnt of x, is 
positive, and make it 7 units long. From B draw BC 9 units long, to the 
left of the positive direction of AB (since the constant term is negative) 
Join OC and on it describe the circle cutting AB in D and also in E. 


Then DA =* 4- 4*04 units, EA « ii-i units and OA « 5 units 

i. DA . 4*04 ^ 

or the roots are — • t. -2-^ or 


or -St 


Example 14. — Solve by the 
same means the equation — 

— ~h 1*22 =a o. 

First, change the signs 
throughout to make the co- 
efficient oi x^ positive, i. e., the 
equation becomes — 

^ — 1-22 =a o. 

Set out, in Fig. 91, OA =» 1-5 
units, AB (upwards, for b is 
negative) == 4 units, and BC (to 
the right, to reverse the direction 
of movement about O, for c is 
negative) = 1-22 units. The circle 
on OC as diameter cuts AB in D 
and E, 

DA «= — *42 (for this would 
give left-hand rotation about O) ; 

EA » + 4-45, OA =1-5. 


Z 



D 

Fig. 91. — Solution ot Quadratic 
Equation. 
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Then the roots are — i— = ’^' 4 ^ 
OA 1.5 

and ^ = A !15 
OA 1-5 


=* *28 

*= "f~ 2*96. 


Graphs repres, anting Equations of Higher Degree than 
the Second. ^This work will best be understood by some 
examples. 


Example 15.— Plot a curve to show the cubes of all numbers between 
o and 6. Use this curve to find the cube roots of 30 and 200. 



If X represents the numbers and y the cubes then the equation of 
the curve will he y = x^. 
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A few values of x may be taken, and the corresponding values of y 
calculated, the ctirvc being plotted to pass Ihroxigh these points. All 
intermediate values can be interpolated from the curve. 

The table of values reads : — 



Tlic points all lie on a smooth curve (sec Fig. 92), which is known 
as a cubic parabola. 

To read cubes, wc must work from the horizontal scale to the 
curve and thcncc to the vertical scale; thus the cube of 4*8 » ixx 
while for the determination of cube roots the process is reversed; 
thus =• 3-1 and -^^200 «*« 5*85. 

Example 16. — Represent the equation ^ at* — 8;r* $x + 15, by 
a graidi to range from — 4 to +4). 
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The greater part of this curve is negative, hence the axis of x is 
taken well up to the top of the paper (Fig. 93). 

A warning is again given concerning the evaluation of — Sx ^ ; 
e. g., when == — 4. First find i. e., (•— 4)2 or -f 16, then find 
t. 6 ,, + 128, and finally — Sa;® == —128. 

Example 17. — Solve, graphically, the equation — 

2A?® ■— 9A?® — 2A? + 24 == O. 




im 
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HP 

5^ 
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■mi 

[Hi 

HU 


HI 




■ 

m 

ai 


y 


Si 






P 

■ 

■ 

■ 

a 

■ 

■ 



H 






H 



n 




) ' 

■ 









■ 

fM 



BHi 

■ 

■ 

■ 






■ 

1 

m 


■ 

■ 

■ 

■ 

■ 




■ 

■ 


■ 

wi 

■ 


■ 

mBsm 

■ 

■ 




■ 




mi 

a 

■ 



-60 






■ 

1 



j 

m 

m 



BBfl 










n 





- 70 ^ 










1 





-00 










/ 





-.90 










/ 





-too 










f 





-110 











Fig. 94. — Curve of y = — gx^ — clx -|- 24. 


We shall first plot the curve y = 'zx^ — gx^ — 2Ar -f 24 and then deter- 
mine the values for x at the intersections of the curve with the x axis. 
Let X range from —3 to +5 , and arrange the table as indicated ; — 


X 


x ^ 

— gx "^ — 2A; -f- 24 

y 

“ 3 

9 

- 27 

— 54 — 81 +6 + 24 

— 105 

— 2 

4 

- 8 

— 16 — 36 +4 + 24 

- 24 

— I 

I 

- I 

__ 2 — 9 2 24 

15 

0 

0 

0 

0 — 0 —0 + 24 

24 

I 

1 

I 

2 — 9 —2 + 24 

15 

2 

4 

8 

16 — 36 —4 + 24 

0 

3 

9 

27 

54 — 81 —-6 + 24 

” 9 

4 

16 

64 

128 — 144 —8-1-24 

0 

5 

^5 

125 

250 — 225 —10 + 24 

39 


On plotting the values of y against those of x the curve in Fig. 94 
IS obtained. 






i82 mathematics FOR ENGINEERS 

We observe that the curve is of a different character from 
the " square '' parabola, in that it bends twice whereas the latter 
bends but once ; there is thus one bend for a second-degree equation, 
two bends for a third-degree equation and so on. One can form 
some idea of the form of the curve from the equation by bearing 
in mind this fact. 

The curve crosses the * axis at three points and three points 
only; and the three values of x satisfying the given equation are 
found from these points of intersection. Tlius in Fig. 94 — 

* = — i'5, 2, and 4. 

A cubic equation has three roots, although in some cases only 
one may be evident, the others being imaginary : if the curve 
were drawn to represent an equation, two of the roots of which were 
imaginary, it would cross the x axis at one point only, the bends 
being either both above or both below it. 

Example 18. — cantilever, 30 ft. long, carries a uniformly-dis- 
tributed load of w tons per foot run. The deflection y at distance x 
from the fixed end is given by the formula — 

where I *==» moment of inertia of section of cantilever 
E = Young's Modulus of material. 

I » span. 

If w « 5, I = 200, and E « 12500, show by a graph the dcacctcd 
form of the cantilever. 



Substitiiting values — 

=• X 200 ^5400^* - i2o^» (- a-) 

« -833 X I0"’(5400;r^ -- I20;«r* + X*) 

*= -833 X IO-’ X Y 

(Y is substituted in place of the expression 5400A?® — 120A?* -f- a*.) 
Since the powers of x combined with their respective coefheients 
give large numbers, it is found to be better to express all these large 
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numbers as simple numbers multiplied by a power of ten. Thus the 
product 540o;r^ when = 5, which has the value 135000, is written 
I '35 X 10®, and similarly the other products are written in this abbrevi- 
ated form. One has thus to deal with the addition and subtraction 
of small numbers, performing the multiplication or division by 10“** 
at the end once instead of three times. To find values of y from those 
of Y we must divide by 10'^ and multiply by *833, and according to our 
scheme we find it convenient to note the values of Y x 10-® (shown in 
the sixth column) and then multiply these by -833, dividing by 10^. 
By arranging the work in columns one setting of the slide rule sufhces 
for the multiplication by each particular constant, 1. e,, in evaluating 
the values of 5400.;^®, 54 on the D scale would be set level with i on the 
C scale ; and the figures in the second column would be taken on the 
C scale, while the figures on the D scale level with these would be the 
products of 5400 and 


TabuLation : — 


X 




5400^^2 ^ 120 X ^ + X *^ 

Y4-IO' 

y 

0 

0 

0 

0 

0 — 0 -f 0 

0 

0 

5 

25 

125 

625 

135X10®— -15X10®+ *063X10® 

1*26 

0105 

10 

100 

1000 

10* 

5*4 X 10®— 1*2 Xlo®+ *1 X 10® 

4*3 

•0358 

X5 

225 

3375 

50600 

12*14x10®— 405x10®+ *506x10® 

8*6 

*0716 

20 

400 

8000 

160000 

21*6 XIO®— 9*6 xio®+i*6 X 10® 

13*6 

‘II33 

25 

625 

15630 

390000 

33*7 X 10®— 18 75X io®+3 9 x 10® 

18 85 

‘I57 

30 

900 

27000 

810000 

486 Xio®-x32*4 xio®+8i XIO® 

24*3 

•2025 


The deflected form is shown in Fig. 95, the scale for deflections 
being magnified in comparison with the linear scale. 


Turning-points of Curves : Maximum and Minimum 
Values- — A quadratic curve has one bend, and a cubic has two : 
there must therefore be some one point on each of these bends 
which is either higher or lower than all other points in its immediate 
neighbourhood, for the curves are perfectly smooth and continuous. 
Such points are known as Uirning-potnis of the curve, and it is 
with these that we must now deal. If the curve is an ordinary 
parabola, let us say that representing the equation y = ^ yx — g 

(see Fig. 88), there can only be one turning-point, and that is 
lower than all points on the curve round about it. Referring now 
to the ordinate at that particular point we note that it is less, 
algebraically {i. e., taking account of sign), than any other ordinate 
near to it; it is therefore spoken of as a minimum value of the 
function. What is usually required is the value of the ‘‘ inde- 
pendent variable " that makes the function a maximum or mini- 
mum : hence the highest or lowest point on the curve must be 
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found, by sliding a straight edge parallel to the x axis until it just 
touches the curve, the abscissa of this point being noted. Thus 
the function + yic — 9 has its minimum value when x = — -y. 

The curve y — — *753:® — 2* + *61 would have no minimum 
value (“ minimum ” being understood to imply “ less than any 
other value in the immediate vicinity ’’), but would have its ordinate 
a maximum when *= — 1*33 (see Fig. 89). It is possible for 
a minimum value of an ordinate to be greater than a maximum. 

Many instances occur in practice in which greatest or least 
values have to be found, or, more generally, values of some variables 
which cause some function to have maximum or minimum values. 
Questions of economy of material or time, bc.st dimensions for 
certain conditions, etc., all arise, and may be classed under the 
heading of " maximum and minimum ” problems. Before dealing 
with any of these, an ordinary theoretical example will be treated 
as a clear demonstration of the principles involved. 

Example 19. — Find the value or valuc.s of x that make the function 
x^ + 4- 7 a maximum or minimum. State clearly the nature 

of the turning-points. 

First plot the curve y — x^ + 2A'® — 4X + y. For this, the tabulation 
is as follows : — 




4- 2 X^ — -h 7 

y 

— 4 

16 

— 64 I- 32 -H 16 (-7 

— 9 

- 3 

9 

— 27 1 181-121-7 

10 

— 'Z 

4 

- « -1-8 -1- 8 -1- 7 


— I i 

1 

— 1 1- 2 -f- 4 1- 7 

12 

0 

0 i 

0 -1 0 —0-1-7 

7 

^ i 

I 1 

I - 1-2 — 4 - 1 - 7 

G 

2 

4 

8 4-8 —84-7 

15 

3 

9 ' 

27 1 18—12-1-7 

40 

4 

16 

G| -1 32—16 -1- 7 

^7 


A rough plotting is made (in Fig. g6) from the figures in this table ; 
and for greater accuracy the portion between x = — 3 and x = — i 
and that between o and 1-5 arc drawn to a larger scale and more values 
of X are taken. One should always adopt such rclincraents as this ; 
and especially docs this apply when solving equations, viz. disregard 
the portion of the curve that is of no immediate use and deal with the 
useful portion in greater detail. 

Apparently one turning-point is in the neighbourhood of — 2 and 
apother ip the neighbourhood of i, therefore take as additional 
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values for x, — 2*5, -- 1*5, *5 and i'5. Thus the subsidiary table 
reads : — 


X 

X^ 

x^ 4 - nx^ — 4Ar + 7 

y 

- 2-5 

- 1-5 

■5 

1-5 

6-25 

2-25 

•25 

2-25 

— I 5'63 + 12-5 -f- 10 + 7 

— S’S^ "t" 4‘5 +6+7 

•13 + -5 — 2 + 7 

3-38 +4-5 -6+7 

13-87 

14*12 

5-^3 

8*88 
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Fig 96. 


Drawing only these portions of the curve (see [a) and (6), Fig. 97) 
we find that the trend is horizontal when — 2 and also when x = - 6 y. 
Therefore, y 2 .x^ — 4^; + 7 is a maximum when x === — z, and a 

minimum when x = *67. 

Example 20. — We require to find for what external resistance R 
the power supplied from a battery of internal resistance r and electro- 
motive force E is a maximum. We are told that E = 8-4 and r = '57. 

The power = (Current)* x external resistance 

=s — E.M.R \ ^ external resistance 

V total resistance/ 

RE* „ R X (8-4)=“ 

“■ (R + 0 * ^ (R + - 57 )^ 

Since (8-4)* is a constant it can be disregarded throughout as 
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does not affect the resistance for which the power is a maximum, but 
only the magnitude of the power. 


Let W _ ; then we require a value of R that makes W 

a maximum, and R must be treated as the I.V., e., R is plotted along 

the horizontal. 




No negative values need be taken for R, but otherwise we have no 
idea as to its magnitude; a preliminary tabulation, and if necessary 
a preliminary graph, must consequently be first made 
The table reads : — 


R 

(R + -57) 

(R f - 57 )* 

i 

! 

0*0 

'57 

*325 

0*000 

‘5 

1*07 

I-J 4 

■43« 

1*0 

i 

2*46 

•406 

I -5 

2 -0 7 

4-27 

•352 

2-0 

2*57 1 

6-6 

*303 


\V 


Apparently the curve rises fairly rapidly from R «= o to R ^ 
and then falls again : hence wc conclude that the maximum value of 
W will be obtained when R » *5 or thereabouts. (If this reasoning 
cannot be followed from mere inspection of the table, a rough graph 
should be drawn to represent it.) 

Accordingly, let us take values between R = *2 and I'O. 


R 

R + -57 

(R + -57)* 

^ - =w 

(R 4 - - 57 )» = 

•2 

•77 

•502 

■338 

"4 

•97 

•941 

•425 

■5 

I *07 

3 C-I 45 

•4367 

*6 

I-I 7 

1*37 

•4383 

«8 

3^*37 

1-88 

•4263 

i-o 

1*57 

2-46 

•406 
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Plotting the portion between R = -4 and -8 (as in Fig, 98) we 
find that W has its maximum value when R = -57, i.e*, the external 
resistance is equal to 'the internal resistance. 



Fig. 98. — Curve of Power from an Electric Battery. 


Example 21. — The horse power transmitted by a belt passing round 
a pulley and running at v feet per sec. is given by— 


H.P. 


iiooV**” g / 


where T = maximum stress permissible in belt ■= 350 Ibs./n'' 
w =5 mass of i foot length of belt = *4 lb. 

g = 32'2. {The belt is wide and thick.} 

Find the speed at which the greatest horse-power is transmitted 
under these conditions : find also the maximum horse-power trans- 
mitted. 


Substituting the values of T, w and g, the equation becomes — 

- 5^(35°' - 

The factor may be disregarded in the curve plotting, as it 

is simply a constant, and does not affect the value of v without similarly 
affecting H.P. 
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Hence we plot the curve, Hi »» 350?; — -01241;®; and taking values 
of V from o to 160 wc obtain the following table : — 


V 

t;8 

3502; •or2^t;8 

II, 

0 

0 

O'— 0 

0 

20 

8000 

7000 — 00 

6 too 


fi.'lOOO 

1 4 000 — 794 

13206 

Oo 

216000 

2rooo — 2680 

18320 

80 

5 I 2000 

28000 — 6250 

2 1 750 

100 

10® 

35000 — 12400 

22()00 

120 

1-728 X 10® 

42000 — 2 1 too 

20900 

1^0 

2-.i52 X I0« 

49000 — 28700 

20300 

160 

X 10 ® 

i 

56000 — 50000 

6000 


Hi is evidently a maximum somewhere in the neighbourhood of 
V « 100 ; accordingly, taking some intermediate values, the subsidiary 
table reads : — 


90 

729000 

31500 — 90 (O 

22460 

95 

855000 

33200 — 10()O0 

22600 

105 

i*i6 X 10® 

36800 — 14.] 00 

22400 

97 

913000 

33930 — II3I0 

22620 



Fig. 99. — Curve of H.P. transmiiicd by Belt. 


Plotting the portion of the graph from = 90 to v = 105 (Fig. 99), 
we find that Hi is a maximum when v = 97-6. Maximum value of 

Hi is 22615, i.e., the maximum H.P. = 20*6. Hence we con- 

clude that the greatest II.P, is transmitted at a speed of 97-6 ft. per 
sec. and that the greatest H.P. transmitted is 20-6, 
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Exercises 23. — On the plotting of Graphs of Quadratic and Cubic 
Expressions : and on Maximum and Minimum Values. 

1 . Plot from X = — 5 to X — +3 the curve y = ^x^ — ^x + 13, 

2 . Plot from x = — 3 to ^ = -|-6 the curve y = 4*15^ — -iz^x^ -4- 1*94. 

3. The centrifugal force on a pulley rim running at v ft. per sec. is 

Z£JV^ 

found from T = If le; = 3-36 and g == 32*2, plot a curve to give 

values of T for values of v ranging from 70 to 200. 

4 . Plot a curve giving the H.P. transmitted by a belt running at 

velocity v from H.P. = ^ when t = 400 and v is to range 
from o to 165, 

5 . Indicate by a graph the changes in jB consequent on the variation 
of T from 10 to 50 when — 

B = *124 — 

6. If ze> == lbs. of water evaporated per lb. of fuel, and /= lbs. of 
fuel stoked per hour per sq, ft. of grate — 

a; = ^ -H 8-5. 

Plot a curve to give values of m as /ranges from 12 to 40. 

7 . The weight per foot W of certain railroad bridges for electrical 
traffic can be calculated from W =50-1- where I — span in feet. 
Plot a graph to give the total weight of bridges, the span varying from 
12 to 90 ft. 

8. Johnson's parabolic formula for the buckling stress (lbs. per sq. in ) 
of struts is (for W.I. columns having pin ends) — 

p = 34000 — -67 (^) 

Plot a curve to give values of p for values of from o to 1 50. 

9 - Plot as for Ex. 8, but for C.I. columns, for which the relation 
IS expressed by the formula p — 60000 — ^ ; the range of the ratio 

^ being from o to 55. 

10 . For Yorke's notched weir or orifice for the measurement of the 
flow of water, the quantity flowing being proportional to the head. 
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the half width w (see Fig. lOo) at head h is given hy w ^ Show 

the complete weir for a depth of a'*', taking the range of h from •095"' 
to 6*095^. 

11 . The length of hob /to cut a worm wheel with teeth of circular 
pitch, N being the number of teeth, is found from — 

P ^ •8742N -- -1373. 

Plot a curve to show values of /for N ranging from 10 to 120. 

12 - The resistance R, in lbs. per ton for the case of electric traction, 

i,(Y + X 2) 

at a speed V miles per liour is given by R =» y "^2"'" 300 

If V ranges from o to 40, show the variation of R by a graph. 

18 . The following equation occurs ia^conncction with the reinforce- 
ment of rectangular beams h *» Vzrm 4- — rm. 

Plot a curve to give values of k for values of r ranging from *005 to 
•02, taking the value of w as 15. 

Solve, graphically, the equations in Exs. 14 to 17. 

14 . — 5;r — 6 = o. 15 . 36 *■ 

16 . *i4X^ + -87;^ — 1*54 ==* o. 

17 . (3 X lo^x^) 4 " (2-8 X lo^x) 4- (31 X 10*) == o. 

18 . Find a value of x which makes M maximum or minimum, it 
being given that M = 3*4^^ 

19 . The following values were given for the B.II.P. and I II P. for 
different values of the valve cut-on. Find the cut-otf when the engine 
uses least steam, (a) per I.H.P. hour; (b) per J 3 .ll P. hour. 


Cut-off .... 

7 r 

6^ 

aV 

3' 

B.H.P 

III 

”5 

115 

no 

I.H.P 

118 


127 

114 

Steam per hour 

2160 

2 H 6 

2080 

2020 


20 . If 40 sq. ft. of metal arc to be used in the construction of an 
open tank with square base, the dimensions being chosen in such a 
way that the capacity of the tank is to be a niaxiinurn for the metal 
used : Let ft. be the length of the side of the base : then the volume 

x^ 

is io;r — cu. ft. By taking values of x from o to 7, find that value 
4 

which gives the greatest volume of water. Hence find also the height 
of the tank 

21 . The table gives figures dealing with gas-engine tests. 


Ratio of 

gas J 

ii'7 

10*43 

9-13 

7*74 

5‘38 

4*40 

3-60 

3-14 

Gas per I.H.P.) 
hour J 

31-9 

22 

j 

20*8 

19 

21*6 

op 

29*8 

34-5 
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What are the best proportions of the mixture for least consumption of 
gas per I.H.P. hour ? 

22 . In a non-condensing engine running at 400 revs, per min. the 
following results were obtained : — 



Ratio of expansion r 


lbs. of steam per ' 
I.H.P. hour 


Find the most economic ratio of expansion, 

23 . The work done by a series electric motor in time i is given by 

w - ~ 

w _ 

where e =» back E.M.F., E =» supply pressure, R != resistance of 
armature. 

The electrical efficiency is Find the efficiency when the motor so 

runs that the greatest rate of doing useful work is reached. {R = *035, 
E = no, / = 20.} 

24 . The total cost C, in pounds sterling, of a ship's voyage of 3000 
nautical miles is given by 

C=3°0-0(3.2 +-!^) 

V 2200 / 

where v is the speed in knots. Find the speed at which the cost has 
its minimum value and state the cpst at this speed. 

25 . To find the best angle of thread for a worm gear with steel 
worm and brass worm gear, calculations were made with the following 
results : — 


Angle (degrees) 

0 

10 

20 

30 

A 5 

60 

75 

Efficiency . 

0 

•466 

•61 

-671 

•08 

-605 

<28 


Find the best angle and the maximum efficiency. 

26 . If W = 4C* + find a value of C between o and 5 that 
makes W a maximum or minimum. 

27 . The efficiency j; of a Pclton wheel is given by 17 = 

I'ind the value of u in terms of v which makes 7 a maximum. Find 
also the maximum efficiency. 

28 . If 7 == and v = 25, find the value of n for the maximum 

value of rj : find also the maximum value of 7. 

29 . The ratio of horse-power to weight of a petrol motor is —^2™ 

where D = diam. of cylinder in inches. Find the value of D which 
makes this ratio a maximum. 







192 


MATHEMATICS FOR ENGINEERS 


80. Sixteen electric cells arc connected np, in • - rows of m cells 

X 


per row. The current from them is 


Find the arrangement 


for maximum current. 

81. Find a value of V between o and lo that makes R a maximum, 

when R ^ - * 

54 V -t- 12 

82. Plot from — 4to,jr=a + 4 the curve 

y na 2X^ — 4* 

83. Plot from x^^^tox^ + 6 the curve 

2y =» — i^oyx — + - 88 . 

Solve, graphically, the equations in Exs. 34 lo 37. 

84 . zx^ — 7;r + 6 « o. 85 . zox^ -f itx^ + 27 « 138;^. 

36. x^ + sx^ — *o8;ir — 8‘82 =* o. 87. 50/?^ -f 4 23^ — 5/)®. 

38. Find the turning-points of the function zx^ f- ^x^ •— 36;^ +15, 
stating their nature. 

89. If X is the distance of the point of conlraflcxure from the end 
of a built-in girder whose length is /, find x in terms of I by the solution 

(^x CfX^ 

of the equation — i — ^ = 0. 

40. To find d, the depth of flow through a channel under certain 
conditions of slope, etc., it was necessary to solve the equation 

d* — 1-305^ — 1*305 O. 

Find the value of d to satisfy thiss^equation. 

41. From tests with model planes Thurston calculated the following 
figures : — 


Inclinatiofl of plane to 
horiasontal (degrees). 

—2 

— t 

0 


Weight siyjgorted 

lO'S 

31 1 

51-5 

90 3 


Plot these values, lo a base of angles, and Imd for what inclination 
the greatest weight is lifted per IJ l\ developed. 

42. The tabic gives corresponding values 01 the zatio r 


and eincr 

diameter J 

value of r for maximum efliciency. 


and efficiency (r;). By plotting, determine the 


•3 -4 *5 *6 


1*5 1-6 I 7 






CHAPTER V 

FURTHER ALGEBRA 


Variation. — If speed is constant during a journey, the time 
taken is proportional to the distance, i. e., the bigger the distance 
the longer is the time taken, or, to extend this statement, twice the 
time would be required for twice the distance. 

This is expressed by saying that the time varies as the distance, 
or more shortly t oc d where the sign oc stands for varies as. We 
cannot say that t = d, but the statement of the variation is well 

expressed by the equation ^ where and d^ are 

the values of the time and distance in one instance, and and d^ 
are corresponding values in some other. 

If, in the second arrangement, k is the number to which each 
fraction is equal, it will be seen that — 



^ ^ ^ ^2 — Jid 2 ^ 

or, in general, t = kd. 

Hence the sign of variation may be replaced by the sign of 
equality together with a constant factor. 

e. g., suppose the time for a journey of 300 miles is 15 hours, 


then 

or 


15 == ^ X 300 



i. e., the constant factor is — so long as the units are miles and 

hours, and the speed is uniform. 

Variation such as this is known as direct variation, since t varies 
directly as d. Suppose now that the length of journey is fixed, 
then the bigger the speed the less will be the time taken ; halve 
o 
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the speed and the journey takes double the time. Here the time 
varies inversely as the speed when the distance is constant; 


i. e., % =1 Ix^ = ^ 

where I is some constant. 

If both speed and distance vary, the time will vary directly as 
the distance and inversely as the speed ; 

I 

or t cc d and also L cc - 


This variation is known as joint variation. 

A proof of statement (r) is here given, as the reason for it is 
not self-evident. 

Suppose the original values of time, distance, and speed are 
jfj, ij, and Wj respectively. 

Change the distance to keeping the speed constant : the time 
will now be t, the value of which is determined from the equation — 

I , , 

d, 

Now make another change; keep the ilistance constant at 
but let the speed become v^, then the tune will change to and 

^ (-3) 


Multiplying equations (2) and (3) logcther- 


i X 

2^1 i 


di ^ 


^2 ^ 

ti d ]V 2 

2 ^ 1 

^2 dx 


constant = hi, say, 


or L 


• 1 ^ mo- 
or, in general, ^ ~ ^ 

Questions on variation should be worked in the manner out- 
lined in the following examples. 
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Example x. — ^Thc loss of head of water flowing through a pipe is 
proportional to the length and inversely proportional to the diameter. 
If in a length of 10 ft. of diam. pipe the head lost is 4-6 ft., what 
will it be for 52 ft. of 3J" diam. pipe ? 


Taking the first letters to represent the words — 

h a: I when d is constant ; and A oe 4 when I is constant. 

CL 

Then, when both I and d vary^ — 

A oc ^ or ^ where A is a constant. 

We must first find the value of k. In the first case — ■ 

^ X jeo 

T” 


4 * 6 =. 

k 


lAiU _ so that h = 


10 d 

Substituting this value in the second case — 

I _ 

3--25 


A = -23 X ^ =, _3^8 ft. 


Example 2. — The weight of shafting varies directly as its length 
and also as its cross section. If i yard of wroiight-iron shafting of 
diam. weighs 8 lbs., what is the weight of 50 ft. of W.I. shafting 
of diam. ? 

If for weight, length and area, W, I and a respectively are written, 
then W oc / and also W oc a ; and when both I and a vary W oc la. 
Also wc know that the area of a circle depends on the diametei 
squared ; hence — 

a cc 

and W ex Id^ or W = kld^ 

In the first case — 8 = k x s x 

A = - and W = ?ld^ 

3 3 

Substituting this value in the second case — 

w = = I X 50 X 

— 3 ^‘3 lbs 

Example 3. — The diam d oi a shaft necessary to transmit a certain 
horse-power H is proportional to the cube root of the horse-power. 
If a shaft of 1-5'' diam. transmits 5 H.P., what H.P, will a 4'" diam. 
shaft transmit ? 


Here— 


d oc or 
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Subsiiliiting the first set of valucs- 


Wlien d 


Transposing- 
Cubing — 


» ^ X 5^ 

. 1*5 
5^ 

5* 

X H* 
5* 

4 >15^ 
1-5 

4® X 5 _ 


64 X 5 
3-375 


An application of this branch of the subject occurs in con- 
nection with the whirling of shafts. It is known that the deflection 
a! of a shaft, as for a beam, is proportional to the cube of its length I, 
and also that the critical speed of rotation c is inversely propor- 
tional to the square root of the deflection. 

In mathematical language — 

d cc (i) 

and c oc (2) 

V d 

We desire to connect c with 1. 

From equation (i) — d = kP 


Substituting in the modified form of equation (2), viz. c = 

V d 

m p 

^ ~ "vP ~~ 7^ 

where p is some constant, i, e., the critical speed is inversely pro- 
portional to the % power of the length. 

Thus if the equivalent lengths of the shaft under different 

modes of vibration (e. e., for the higher critical speeds) are 

2 3 

etc., the critical speeds are in the ratio i, 2*82, 5*2, etc.; for 
comparing the first and third — 

= I ^2 = J. 

Cl = I C2 = ? 

but Cl = 

*. e.. /> = c, 

also P = 
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Thus— 


Hence — 


^2 ^2^ — 

= \/27 = 5-2 

?2 = 5 :? 

Cl I 


Emmple 4. — The energy E stored in a flywheel varies as the fifth 
power of the diameter d and also as the square of the speed w. 

Find the energy stored in a flywheel of 6 ft. diam., wliilst it changes 
its speed from 160 to 164 revs, per min., if the energy stored at 100 
R.P.M, is 25000 ft. lbs. 

E oc 

E = kd^n^. 

When n = 100, d — 6, E = 25000, 

so that 25000 = A X 6® X 100* 


or 

Thus — 

and 


, _ 25 000 

6® X 10* 

E at w .164 = ^ X 6® X 164* 

E at w = 160 = ^ X 6® X 160* 
Difference = ^ x 6®(i64^ — 160^) 
= 250Q0 X 6® ( 4) (324) 
“ 6® X 10* 

= 3240 ft. lbs. 


Example 5. — A direct-acting pump having a ram of 10^ diam. is 
supplied from an accumulator working under a pressure p of 750 lbs. 
per sq. in. When no load is on, the ram moves through a distance 
of 80 ft. in I min. at a uniform speed v. Estimate the value of the 
coefficient of hydraulic resistance or the coefficient of friction, viz. the 
friction force when the ram moves at a velocity of i ft. per sec. ; the 
total friction force varying as the square of the speed. 

Find also the time the ram would take to move through 80 ft. 
when under a load of 15 tons. 


If the whole system is running light, the full pressure is used to 
overcome the friction, i. e., p oc since total friction force vanes as 
(velocity)*. 

Thus — p = kv^ where k is the coefiicient of hydraulic resistance; 

also v = ^ = 1*33 ft. per sec., and p == 750 

then 750 = A X (1-33)* 

i. e., the coefficient of hydraulic resistance is 422 if the units of pres, .re 
and velocity are lbs. per sq. in. and ft. per sec^ respectively. 
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The intensity of pressure due to a load of 15 tons — 

os M ■,.^..■ 3 ^ 4 . 9 as 428 lbs. per sq. in. 

~ X 10^ 

4 

Then, to find the velocity in the second case — 

Total pressure =« pressure to overcome the friction 4- pressure 
to move the load, 

i, e,, p = + px 

where t/j is the new velocity, and = 428. 

Then — 750 = + 42S = 422^1® -h 428 


or 

and 


750 — 428 ^ ^ 
422 


7632 


Vx ^ *8736. 

Hence the time required for 80 ft. of the motion- 


Example 6. — The linear dimensions of a ship are X times those of 
a model. If the velocity of the ship = V, find the speed of the model 

at which the resistance is ^ times that of the ship, given that the fluid 

resistance varies as the area of surface S and also as the square of the 
velocity. 

Let R == resistance of ship ; then from hypothesis R oc S, and also 
R oc V 2 . 

Then— R = KSV2 

and Y = resistance of model = 

^ /for surfaces of similar solids are proportional to the\ 

w s ^2 / squares of corresponding linear dimensions J 


and we are told that — 

T X 

R ““ P 

Hence — 

R KSV* 
r Ksv^ 

i, e., 

V* 

or 

V I 

v"" Vx 

i. e., 

V 

V = —pz 

Vx 

and V (which is v Vx) are spoken of as 
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Exercises 24. — On Variation. 


1 . The weight of a sphere is proportional to the 

A sphere of radius 3*4'^ weighs 47-8 lbs. ; what will be the * 

sphere of the same material, of which the radms is 4-1 7"'' ? 

2 . The candle-power (C.P.) of a lamp is proportional to the square 
of its distance from a photometer. A lamp of 16 C.P. placed at 58 
cms. from a screen produced the same effect as a second lamp placed 
94 cms. from this screen. If this second lamp was absorbing 100 
watts, find its efficiency, where 17 == watts per C.P. 

3 . The velocity of sound in air is proportional to the square root 

of the temperature r (centigrade absolute, e., -I- 273). If the 

velocity is 1132 ft. per sec. at temperature 18° C., find the law con- 
necting V and r ; find also the velocity at 52* C. 

4. The force of the earth's attraction varies inversely as the square 
of the distance of the body from the earth's centre. Assuming that 
the diameter of the earth is 8000 miles, find the weight a mass of 12 tons 
would have if it could be placed 200 miles above the earth’s surface. 


5. The total pressure on the horizontal end of a cylindrical drum 
immersed in a liquid is proportional to the depth of the end below the 
surface and to the square of the radius of the end. 

If the pressure is 1200 lbs. when the depth is 14 ft. and the radius 
is I yard, find the pressure at a depth of 6 yards when the radius is 
? ft. 

6. The loss of head due to pipe friction is directly proportional to 

the length, to the square of the velocity and inversely proportional to 
the diameter. If 2*235 head are lost in 50 ft, of 2," pipe, the 

velocity of flow being 4 ft. per sec., find the diameter of pipe along 
which 447 ft. of head are lost, the length of the pipe being i nulc and 
the velocity of flow 8*7 ft. /sec. 

7 . The electrical resistance of a piece of wire depends directly on 
its length and inversely on its diam. squared. The resistance of 85 
cms. of wire of diam. -045 cm. was found to be 2*14 ohms. Find the 
diam. of the wire of which 128 cms. had a resistance of 8*33 ohms. 

8. The power in an electric circuit depends on the square of the 
current and also on the resistance. The power is 15*34 kilowatts 
when 23 amps, are flowing through a resistance of 29 ohms. If a 
current of 9 amps, flows through a resistance of 17 ohms for 50 mms , 
what would be the charge at 2d, per unit ? 


(i unit = I kilowatt-hour.) 


9. The electrical resistance of a conductor vanes directly as the 
length and inversely as the area of cross section. The resistance of 
70 cms. of platinoid wire of diam. *046 cm. was found to be 1-845 ohms. 
Find the resistance of 1*94 metres of platinoid wire of diam. -028 cm. 

10. The number of teeth T necessary for strength in a cast-iron 
wheel varies directly as the H.P. transmitted, inversely as the speed 
and inversely as the cube of the pitch p of the teeth. 

If T = 10 when p = 2'* and ratio of H P. to speed (in R.P M.) = -loi, 
find the H.P. transmitted when there are 30 teeth, the pitch of the 
teeth being 6", and the speed being 30 revs, per min. 

11. The coefficient of friction between the bearing and shaft varies 
directly as the square root of the speed of the shaft and inversely as 
the pressure. The coefficient was -0205 when the speed was 10 and 
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the pressure was 30 ; find the pressure when the coefficient is *0163 
and the speed is ^15. 

12 . The IJLP. of a ship varies as the <lisplacemeut D, as the cube 
of the speed v, and inversely as the length 1 ^. If I.ILR »■ 2880 when 
D «» 8000 tons, t; a» 12 knots, and T. 400 ft., find the speed for which 
« 30600, the displacement being 20000 tons and the length 
being 580'ft. 

18 . The pressure of a gas varies inversely as the volume and directly 
as the absolute Iciupcraturo r (see proof in Question 18), The pressure 
is I kgrm. per sq. m. when the volume is 6*90 and the absohitc tem- 
perature is 468; find the absolute temperature when the pressure is 
§•92 kgnns. per sq, in. and the vohuno is 1*39. 

14 . In some experiments on anti-rolling tank models, the number 
of oscillations per min. of a model of length 10-75 ft. was 27. If the 
number of oscillations per min. is inversely proportional to llio square 
root of the ratio of the linear dimensions, fmcl the number of oscillations 
of a similar ship 430 ft. long. 

15 . Assuming the same relations between volume, pressure and 
absolute temperature as in Qxiestion 13; if the pressure is 108 lbs. per 
sq. in. when the vohnne is 130-4 cu, ins. and the absolute temperature 
is 641, find the absolute temperature when the pressure is 41-3 lbs. per 
sq. in. and the volume is 283 cu. ins. 

16 . The time of vibration of a loaded beam is inversely propor- 
tional to the square root of the deficction caxiscd by the loading. When 
the defiextion was •0424'^ the time was *228 sec.; find the dcllection 
when the time was -45 sec. 

17 - If the cost per foot of a beam of rectangxilar section of breadth 
h and depth k varies as the area of section, and the moment of resist- 
ance of the beam is proportional to the breadth and also to the square 
of the depth, find the connection between the cost per foot ancl the 
moment of resistance. 

18 . Boyle's law states that the pressure of a gas varies inversely 
us its volume, the temperature being constant; Charles's law states 
that the prc.ssurc is proportional to the absolute temperature, the 

volume being kept constant. Prove rigidly that » constant. 


Series. — A succession of numbers or letters the terms of which 
are formed according to some definite law is called a series. 

Thus 6, 9, 12 is a series for which the law is that 

each term is greater by 3 than that immediately preceding it. 

Again, 4a, 16^6, 64^6^ is a series in which any term 

is obtained by multiplying the next before it by 46. In these 
particular series, taken as illustrations, the terms are said to be in 
'progression, the former in Arithmetical Progression, written A.P., 
the latter in Geometrical Progression, written G.P, 

Other series with which the engineer has to deal are those 
known as the Exponential and the Logarithmic ; and in the expan- 
sion or working out of certain binomial or multinomial functions 
or expressions a series'" results. 
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Arithmetical Progression.— Consider the series of numbers 
2, 9, 16, 23 . . . etc. 

The 2nd term is obtained from the ist by adding 7. 

>> 3 ^^ n tt t> ft tf 2nd ft ft 7. 

ft 4^h ,, f, ,f ft ff 3rd f, ft 7- 

i. e.f each term differs by the same amount from that imme- 

diately preceding it. The numbers in such a series are said to be 
in Arithmetical Progression ; and since the terms increase, this is 
an increasing series. 

Again, i, — 4, — 9, — 14 is an A.P., the common 

difference in this case being — 5. This is a decreasing series. 

In general, an A.P. can be denoted by — 

a, (a + i), (a -1- 2d) 

where a is the ist term and d is the common difference. 

Now — the 2nd term = a+d = «-|-(2— i)i 

and the 3rd term = a-i-zd = a-b(3 — i)d 

So that the 20th term = a-f-igd 

i. e.f the general term, or the ri“‘ term == a + (n - l)d. 

Thus the 15th term is obtained by adding 14 differences to the 
1st term, or 15th term = a-i-i4d. 

If three numbers are in A.P., the second is said to be the 
arithmetic mean between the other two; e. g , 95, 83, 75 are three 
numbers in A.P., where 85 is the A.M. between 95 and 75 and 

85 = ^^dil .75 . Qj- arithmetic mean of two numbers is one-half- 

their sum. 

To find the sum of n terms of an A.P., which is denoted by — 

S„ = £? -f- (iZ d) * 4 “ (<z -f" 2^) “h d” 

Also, by writing the terms in the reverse order — 

S„ = {a + (n — i)d} -f- {a + (n — 2 )d} + {^ + (^ — 3 )^} + ^ 

Adding the two lines — 

2 S„ === {2a + (^ — i)d} + {2a + {n — i)^} + 

{2a -j- (w — i)d} to w terms 

or 2S„ = {2a + {n i)d} 

Sfl = |{2a + (n— l)d} 

If we call the last term L then I = a -{■ {n — 'L)d, and the” 
formula for the sum can be written — 


n 


'a-f /' 
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i. 6., the sum can most easily be found by multiplying the average 
term, i. e., — \ by the number of terms n. 

Many problems on A.P. can be worked by means of a graph. 
If ordinates represent terms, 

and absciss® the numbers ^ '''' l 

of the terms, an A.P. will ^ — *' j 

be represented by a sloping ^ j 

straight line for which the i>| ^ 

" slope ” is the common [ 

difference d and the ordinate ^ I 

on the axis through i of the I } 

horizontal scale is the first j j 

term. j | 

The sum will be the area -.7 ” n 

under the line, with one-half ‘ 

the sum of the first and last ^ 

terms added. 1 °^- A«thmct,cal Progression. 


lerJH JV^ 

Fig. loi. — Arithmetical Progression. 


For the area under the line, viz. ABCD (Fig. loi)— 

is J{.\D + BC) X AB = (“+') X (n-i) 

but s..»(?±')_(„-<2tO + (^0 


, first and ' 

: area under line terms 


Example 7. — Find the sum of 12 term.s of the series, 4, 2, o . . .; 
find also its loth term. 




203 


FURTHER ALGEBRA 


In this case, n — 12, ^ = 4, d ^ ^ subtracted from c = — 2. 

/. S12 = ~ -{(2 X 4) + (12 ~ i) X — 2} 

= 6 {8 — 22} =: •— 84. 

Also the lotlitcrm = a + gd = 4 — 9x2 


or graphically, area under the line — 

= i {4 X 2} — J {9 X — 18}. (Fig. 102.) 
«: 4 - 81 = — 77 
4—18 


and 


"h /) 


= ~ 7 


Sia = — 77 — 7 = 84 

and ordinate AB represents the loth term and = — 14. 


Example 8. — Insert 4 arithmetic means between i*6 and 9-4, 
i. e., insert 4 terms between i*6 and 9*4 equally spaced so that together 
with the terms given they form an A.P. 



Fig. 103. — Arithmetic Means. 


The total number of terms must be 6 (two end terms together with 
the 4 intermediate), so that — 

ist term — i-6 
and 6th term = 9*4 

but the 6th term = a + 5 (^ and a = i-6 

1-6 + 5^ == 9*4 

and — 7*8 or d 

Hence the means are 3-16, 4*72, 6-28, and 7-84. 

The graphical construction would be quicker in this instance. 
Referring to Fig. 103, draw a vertical through i on the horizontal 
scale to represent i*6, and a vertical through 6 to represent 9-4; join 
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the tops of the, ordinates by a straight line and read off the ordinates 
through 2, 3, 4 and 5. 

Example 9. — In calculating the deflection of a Warren girder due 
to the strain in the members of the lower flange, if U »» the force in a 
member caused by a unit load at the centre of the girder, F wthe 
force in the bar due to the external loads, a =» area of section of member, 
d =* length of one bay, h « height of the girder, and n » number of 

bays, then deflection ^ x suxn of all the separate values of the 
product U X length of member. 

If i » 20 ft., h a* w » 8, ^ » 4 tons per sq. in., and E » 12500 

tons per sq. in,, find the deflection. 



Dealing with the first bay (sec Fig. 104) and taking moments round 
the point A — 

JxCD=.UiXAD or 4x^=UiX^ 


3d 

For the second bay, by taking moments round E, 


for the third bay U, = and so on. 

Hence the sum of the separate values ^ ‘ 

n terms, i. e., it is the sum of an A.P. of which the first term is and 

d ^ 

the common difference is ^ 


Hence- 




The sum of the products of U x length of member is this total x d, 
C-ince all the members have the same length, viz. d. 
iuen the deflection— 

F 

“ aE ^ 4A 

and for this particitilar case, by substituting the numerical values. 

d.eflection« -JL>iA4 400 _ 

12500 X 4 X 12-5 

» 1*971^, 
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Geometrical Progression. — ^The numbers 5, 7 q*8 
are part of a series in which each term is obtained from the preceing 
one by the use of a common multiplier 1-4. Such a series is known 
as a Oreometncal Progression, or a G.P. 

4, — 2, I, — i ... is a G.P., with ist term 4, and the 
common multiplier or ratio is — 

Generally a G.P. may be expressed by 

a, ar.ar^ Toeing the common ratio). 

I'he 2nd term = ar^ = aj-s-i 


the 3rd term = ar^ = 
the term = ar"-i 


e- g- 


the 51st term = 

If three terms are in G.P., the middle one is said to be the 
geometric mean of the other 
two : it is equal to the square 
root of their product, for 

if a. m and h be in G.P. 

M h j » 7. 

— !=S5 _ and = ao 
a m 

or m = 

[If the true weight of a body 
is required, but the weighing 
balance has unequal arms, 
weigh in each pan, and call -Z 

and 
the 


the balancing weights 



Geometrical Progression 


Fig. 105 

Wj respectively : then the 
true weight W is the geometrical mean between Wj and Wj, or 
W= VWiWa'.] 

To find the sum to n terms, written S„ — 

S„ — a ar ar^ 4 - ar"~^ 

and r S,. = ar -\- ar^ + ar’'~^ + + ar" 

then S„(i— r) = a ~ ar” (Subtracting) 

a(l-r») a(r°-l) 

l~r r— 1 


and 


Si, 


the first form being used when the ratio is less than i. 

Referring once again to the series 4, — 2, i the 

numerical value of the terms, plus or minus, soon becomes so small 
that the sum, say, of 60 terms is practically the same as that of 
50, and the series is said to be rapidly converging. This fact is 
well illustrated by the graph of term values plotted to a ba,e of 
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term numbers as in Fig. 105 ; tlic area Ijclween the curve and the 
horizontal axis being extremely small after even the fifth term of 
the series has been reached. 

Hence the sum of the entire series, called the sum to infinity 
(of terms) and written S„, can be expivssed definitely. 

From the rule — S„ = ^ ^ 

if r is very small and n is very great, r’' will be very small indeed 
compared with i, and may be neglected. 



Example lo. — Find the snm of 5 terms of the series 2, *002, 
•000002 and compare with the sum to infuuty. 

In this case <2=2 and r -= -ooi. 

Then- S, = 

^ I — r I — -OOI 

=* ^ { I — (i X 10 ^^^)} 

'999 ‘ ^ 

a 22 

whereas Soo «=» — ” x — ^-oo i *999' therefore the 

two are essentially the same. 


Example ii. — The 5th term of a G.P. is 2*'|3 and the 2nd tcimi is 9; 
find the law of the scries, viz find the values of r luul a. 


5th term == ar^ =^2^3 (r) 

2nd term = ar’^ = 9 (2) 

Dividing equation (i) by equation (2) — 


/. = 27 

and ^=3- 

Substituting in equation (2), a x 3 = 9 and a == 3. 

Hence the series is — 3, 9, 27, etc. 

“t is of interest to note that the logarithms of numbers in G.P. 
wiL themselves be in A.P. 

Thus, if the numbers are — 28*4, 284, 2840 

(i. e., in a G.P. having the common ratio == 10), 

them their logs are— 1-4533. 2-4533. 3-4533 

(». e.. are in A.P. with common difference i). 
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Use may be made of this property when a number of geometric 
means are required to be inserted between two numbers. 

Suppose that five geometric means are required between 2 and 
89. Mark off on a strip of paper a length to represent the distance 
between 3 and 8g on the A or B scale of the slide rule. Divide 
this distance into 5 + 1. *• six equal divisions : place the paper 
alongside the scale with its ends level with 2 and 89 respectively : 
then the readings opposite the intermediate markings will be the 
required means to as great a degree of accuracy as is required in 
practice. 

The means are 376, y-i, i3-3, 25-1, and 47-3. 

To check this by calculation — 

a = 2, and ar® = 89. 

Hence, by division — r® = ^ = 44-5. 

Taking logs — 6 log »' = i '6484 

log r — •2747. 

Now — log ar = log 2 + log r — ^oio + *2747 = -5757 

.•. ar = 3-763. 

Also log — ar^ = log ar + log r = -5757 + -2747 = -8504 

.’. ar^ ^ 7-084. 

Similarly, the other means are found to be 13-34, 25-11, and 47-26. 

It has already been demonstrated that the plotting of the 
values of the terms in an A.P. to a base of “ term numbers ” gives a 
straight line. Consequently it will be seen that if the logs of the 
values of the terms m a G.P. are plotted to a base of “ term 
numbers,” a straight line will pass through the points so obtained, 
since the logs of numbers in G.P. are themselves in A.P. Conse- 
quently many problems on G P. can be solved by means of a straight- 
hne plotting. 

Example 12. — ^The values of the resistances of an electric motor 
starter should be in G.P. Thus if r^ = resistance of armature and 
rheostat on the first step, and r^, r,, r^, etc., are the corresponding 

values on the subsequent steps, then *^ = “ = etc,, and the value 

^2 ^3 M 

n 

of this ratio is where C, — starting current and C == full load working 
current. 

Find the separate resistances of the 9 steps in a motor starting 
switch for a 220 volt motor, if the maximum starting) current 
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must not exceed the full load working current of 8o amps, by more 
tlian40%, and the armature resistance is ■133 ohm. 

c 

Here we are told that p* = 3^*4 "tlic common ratio of the G.P. 


is 

f'l 


L • 
i-4' 


while the value of ri can be calculated by Ohm's law, viz. 


vol tage 

starting current 


220 

1-4 X 8 o 


1*964 ohms. 


The problem now is to insert 7 geometric means between 1*964 
and *133 ; and this can be done in the following simple manner. Along 
a horizontal line indicate term numbers as in Fig, 106, and erect verticals 
through the points 1,2 9. 

Set the index of the A scale of the slide rule level with the point 1, 
and mark the point P at 1*964 (at the right-hand end of the rule) : 
similarly the point Q should be indicated, the distance gQ representing 
•133 (at the left-hand end of the rule). Join PQ. 



Then the ordinates to this line through the points 2, 3 .... 8, 
read off according to the log scale (£. e,, by the use of the A scale of the 
slide rule, the index being placed at the horizontal in each case), give the 
required means, which arc 1*423,' *7*^> *261, and *186. 


Compound Interest furnishes an example of geometrical 
progression. 

If the original principle be P and the rate of interest be r — 
Then the interest at the end of ist year — 

= Pr and the amount = = P+Pr 

interest at the end of 2nd year — 

= rAi 

= ?'(P-1-Py) and amount = Ax+Ijt 
= (P+Py)(i+y) 
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i. e., I2 = P>'(i+>') and Aa = P(i+y)® 
I3 = Pf (i +ry and A3 = P(i+y)» 
I„ = P»'(H->')«-i and A„ = P(i+r)». 
The consecutive interests are thus — 


Py, P>'(i+»'), P#'(i+>')® 

e., they are in a G.P. of ist term Pr and common ratio (! + >')• 
Hence total interest for n years — 


or the amount at the end of n years == P+ Interest 

= P+P{(i+ 0 ”- 

= P(i+^)” 


-1} 


Further Applications of G.P. — If an electric condenser be 
discharged through a ballistic galvanometer, and th,e lengths of 
the consecutive swings of the needle are measured, it will be found 
that they form a G.P. ; the ratio, of course, being less than i, because 
the amplitude of the swing decreases. 

If a-i — 1st swing and ag = 2nd swing, 

then ^2 = ka^ 

= ka^ = 

and On = 


The logarithm of the ratio 

i, e,, log according to our notation, 

is called the logarithmic decrement of the 
galvanometer. 

Thus if the respective swings were, 1 
in divisions on a scale, 36, 31-4, 21*75, 

etc., the ratio A = and the logar- 
ithmic decrement of the galvanometer 

- log 3%^ - •1594- 

To find the practical mechanical 

/W' 

advantage 



for the pulley-block 

shown in Fig. 107. The pull P on one 
side of the pulley becomes cP after 
passing round the pulley (due to friction, and bending of the rope) : 
after passing round the second pulley, the pull is now and so on. 


ra w 

Fig. 107. — Pulley Block. 
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Hence— W 
if there are 6 strings 


cP (l -f- c -(- c®-{- c®-f- c®) 
cP(i~c®) 


~-(i— c”) 
I— ^ 


• HI _ fT_c8\ 

for the case of 6 strings from the lower block. 

This result may be put into a more general form by writing « 
in place of 6 ; « being the velocity-ratio of the blocks. 

W c 

Thus- 

In an actual experiment with a i : i block, the value of c was 
found to be •837. Taking this value, the result given above may 
then be written — 

'p = fir^?s37Ci-(*S37)’*] = 5-I3 Ci-(-837)”] 

By the use of this formula the maximum efficiency of any pulley- 
block can be determined. Thus for a 4 : i block n — 4 
W 

and ^ = 5-I3 [i-(- 837)*3 = 5-i3(i— 49^7) = 2-613. 


Theoretically, p- = 4, and hence the maximum efficiency — 

= -P = ■'553 

4 

Series may occur which, whilst not actually in arithmetical or 
geometrical progression, may be so arranged that the rules of the 
raspecil -c reiicr may ''-e -ippiied. 


Exaynple 13. — Find the sum of « terms of the scries, the rth term 
of which is — 

(r) + I ; (2) 3 X S"- 


(i) rth term = 3^ -f- i 

Hence — the ist term = (3x1) + ! 

the 2nd term == (3 x 2) -f i 
and Sn= (3X ^)+ (3 X 2) + (3 X 3)+ .... +(i 4 *i + t 
= 3 (sum of natural numbers to n terms) + n 

= 3 X -h (w - 1)1} -f- « 

*== + 1} + « 


to n terms) 


+ n 

2 ^ a ^ 
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(2) rth term =5x3^ 

Hence — the ist term == 5 x 3^ 

2nd term = 5x3^ 
and the nth. term = 5x3" 

also S„ = (5 X 3) + (5 X 3*) + (5 X 33) -t- 

Methods of allocating Allowance for Depreciation. — ^The 
principles of the previous paragraph may be applied to deal with 
the various systems of allowance for the depreciation of machinery, 
etc., which may be calculated by one of three methods. 

First Method, involving arithmetical progression, and sometimes 
spoken of as the '' straight-line method.'' 

According to this scheme, the annual contribution to the 
depreciation fund is constant, and no interest is reckoned. 

Let P = the original price of the machine, R = its residual 
value at the end of its life, n years, and let D == the annual con- 
tribution to the depreciation fund. 

E, g., if a macliine costs -£$00, has a scrap value of £80, and its 

life is 21 years, the annual contribution = — = £20. 

Then- 

Value at end of ist year = P~R— *D 
(«. e,, neglecting its value as scrap). 

Value at end of 2nd year = P—R 
and Value at end of nth jear = P — R — nD 

whilst the contributions to the depreciation fund would total nD, 
Its value as a working machine would be o at the end of the 
period, i. e., P— R—nD = o, or nD = P—R; hence its value as 

P—R 

scrap would be taken into account in fixing D, for D = , 

P 

which is not so great as — 

Taking the figures suggested above— 

Value of the machine at end of ist year = £500—80—20 
£400, i. e., its value as a working machine, and the depreciation 
fund would then stand at £20. 

At end of 2nd year, value = £500—80—40 = £380 and 
depreciation fund == £40. 

Thus the value + depreciation fund always = £420 == work- 
ing ” value of machine, which is as it should be. 
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Second Method . — According to this method of reckoning, the 
same amount is added to the depreciation fund yearly, but interest 
is reckoned thereon. 

Let the rate of interest = per annum per 
At end of ist year, depreciation fund = D 

„ „ 2nd „ „ „ = D-f-J'D+D (since rD is 

the interest on the 
first contribution). 

= 2D+rD 

» Srd » M = (2D+fD)+r(2D+rD)+D 

= 3D+3yD+r®D, 


We wish to find a general expression giving the magnitude of 
the depreciation fund at the end of any year; to do this, the ex- 
pression last obtained must be slightly transposed. 

- 5 ( 3 .+ 3 ^+^) 


This is the value of the fund at the end of the 3rd year. 

In like fashion, the value of the fund at the end of the 4th year — 


rv 




so that at the end of the »th year, the depreciation fund stands at — 


This must be equal to the working value or P — R, 


t. e., 


= P-R 


D = 


r(P-R) 
(i-fV)"— i 


E. g , if the original value = {,$00 
the scrap value = £80 

no. of years =21 

and rate of interest == 3%, »'■ ^ ==* *03 
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Then — 




03(500 — 80) 


21 _ 


_ r -03 X 420 
^ -857 


Explanation. 

Let X = (1-03)®^ 
log Jt = 21 log i’03 
= 21 X -0128 
= *2688 
X = 1-857 


There is one disadvantage in connection with the second method : 
the depreciation fund does not grow rapidly enough in the early years. 
Keeping to the same figures as before, 

depreciation fund at end of ist year = £i4-7 

.. .. » 2nd „ = {It. X 14*7) + {£'03 X 14-7) 

= £29-84 

.. M .. 3rd „ = (£3 X 14-7) + (£'09 X 147) 

+ (£-0009 X 14-7) 

= £ 45 - 44 - 


If the value of the machine decreases each year by £20, the 
dtpreciation fund would not be sufficiently large to ensure no loss 
in the event of the loss of machine in the first few years of its life ; 
on the other hand, provided nothing untoward happens, only about 
three-quarters of the depreciation has to be allowed for yearly, 
i. e., £14-7 as against £20. 

Third Method . — ^The disadvantage of the second method may be 
eliminated by setting aside^each year a constant percentage 
value of the preceding year. 

Let this constant percentage be K : then at the end of the 
first year KP will be assigned to the depreciation fund. 

At the end of the 2nd year the fund will stand at KP -4- per 
centage of value at end of ist year — 

= KP+(P— KP) X K 
= P(2K-K®) 

= P{i— (i— 2K-f K®)} 

= P{i-(i-K)®} 


At the end of the 3rd year — 

depreciation fund = KP-i-K(P-KP)-l-K(P-KP)(i-K) 

= P{K-[-K— K®+K— 2K®-f K®} 

= P{3K-3K2+K®} 

= P|i_(i_3K+3K®-K8)} 

= P{i-(i-K)»} 
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Hence at the end of nth year — 

depreciation fund = P{i — (i — K)’*} 

This must = P— R 


so that P--I^ = P^P(i--K)~ 

or P(i-K)^ = R 


Taking the «th root of each side — 


or 



R 

P 


To compare with the results by the other method, take the 
figures as before, viz. P = 500, K = 80, and n = 21. 


Then — K = i — 

V 500 
= I— -9164 
= -0836 

Then — 

depreciation fund at end of ist year — 

- £41-8 

Pitto end of 2nd year == £^‘>0 

IJitto tnd *' 3id^uti — 

■5. e., the yearly allowance is greater at 
conimen cemen t . 


Explanation. 

Let— 



l<'l^^ = 2V^'^s8-Iog5o} 

= ^^-9031- r-fi 99 ! 

_ _ 7959 
21 

= - *^>379 
= i*o()2r 
X == -giO.] 


Exercises 25 — On Arithmetic and Geometric Progressions. 

1 . Find the 7tli term and also the 29th term of the senes 16, 18, 
20 ... . 

2 . Which term of the scries — 8r, —75, —69 ... is equal to 33? 

3 . The 3rd lerin of an A.P. is 34 and the I7ih term is — 8; find 
the sum of \hc first 30 terms. 

4 . Insert 8 arithmetic means between 2*8 and lo-Q, 

5 . Three nximbcrs arc in A.P. ; the product of the first and last is 
216, and 4 times the second togctlicr with twice the first is 84. Find 
the numbers. 

6. How many terms of the scries i-8, 1*4, i . . . must be taken 
so that the sum of them is — 67*2 ? 

7. In boring a well 400 ft. deep the cost is 25 . for the first foot 
and an additional penny for each subsequent foot: : what is the cost 
of boring the last foot and also of boring the entire well ? 
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8 . A manufacturer finds that his expenses, which in a certain year 
are ;^4000, are increasing at the rate of £'zBt per annum. He, however, 
sells 4 more machines each year than during the preceding, and after 
1 6 years his total profit amounts to ;^i4240. Find the selling price of 
each machine and the total number sold over this period if tug profit 
the first year was £Soo. 

9 . A tank is being filled at the rate of 2 tons the first hour, 3 tons 
the second hour, 4 tons the third hour, and so on. It is completely 
filled with water in 10 hours. If the base measures 10 ft. by 13 ft. 
find the depth of the tank. 

10 . A body falls 16 ft. in the ist second of its motion, 48 ft. in the 
2nd, 80 ft. m the 3rd, and so on. How far does it fall during the 19th 
second and how long will it take to fall 4096 ft. ? 

11 . A slow train starts at 12 o'clock and travels for the first hour 
at an average speed of 15 m.p.h., increasing its speed during the second 
hour to one of 17 m.p.h. for the hour, and during the third hour to 
19 m.p.h., and so on. A fast train, starting at 1.30 from the same place 
travels in the same direction at a constant speed of 32 m.p.h. At what 
time does this train overtake the first ? 

12 . Find the 5th term of the series i, 1-2, 1*44 .. . 

13 . Find the sum to infinity of the series, 40, 10, 2-5 . . . 

14 . Insert 3 geometric means between ij and 6f. 

15 . Calculate the sum of 15 terms of the series 5, 6-5, 8-45 . . . 

16 . In levelling with the barometer it is found that as the heights 
increase in A.P,, the readings decrease in G.P. At a height of 100 ft. 
the reading was 100; at a height of 300 ft. tho reading was So; at 
500 ft. the reading was 64. What was the reading at a height of 
2700 ft. ? 

17 . Find the sum of the senes 15, —12, 9 6 ... to 7 terms and the 
sum to infinity of the senes *8, *02, *0005 . . . 

18 . When a belt passes round a pulley it i? known that the tensions 
at equal angular intervals form a G.P. If the tension for a lap of 15® 
IS 21 *08 lbs. and that for 90° is 27-38 lbs., find the least tension in the 
belt, t. e., at 0° (the angular intervals are each 15°)- 

19 . The sum of the first 6 terms of a G.P. is 1020 and the common 
ratio IS 2-4, find the series. 

20 . Find the 20th term of the series 3, 12, 33, 72, 135 . . . [the 
wth term is of the form n(a + hn cn^) 2 , 

21 . A contractor agrees to do a piece of work in a certain time 
and puts 150 men on to the work. After the first day four men drop 
off daily and the work in consequence takes 8 days longer than was 
anticipated. Find the total number of days which the work actually 
takes. 

22 . Find the deficction of the Warren girder shown in Fig. 104 
due to the strain m the members of the upper flange. {Hint . — By 

taking moments about the point B, the value of Uab = etc.] 

23 . A lathe has a constant countershaft speed, four steps on the 
cone and one double back-gear. There are thus 12 possible speeds 
for the spindle; the greatest being 150 revs, per sec. and the least 
being 3 revs, per sec. If the spindle speeds are in G.P., find the respective 
speeds. 
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Napierian Logarithms.— Suppose that £x is lent out at 2% 
compound interest per annum. 

Then the amount at the end of ist year = £{1 + -02) ; and 
this is the principal for 2nd year. 

I 2 = (i H- *02) X *02 
and Aa = (i + ‘02)** 

If, however, the interest is to be reckoned and added on each 
month the amount at the end of the first year will be greater, for 


the interest = (*. per month), 

and, amount at end of ist month 

as ft 2nd ,, 


(i + 


- 02 \ 
12 / 


rst year 




12, 
•02V® 


12/ 


(I) 


Assume now that the interest is added day by day, «. e., practi- 
cally continuously, then at the end of ist year — 


( •02 
1 + ^) 


(2) 


If the interest is calculated and added on each second, that 
being as near continuity as we need approach — 

Amount at end of year — 


( 


x + 


■02 


31536000/ 


\ 31636000 


(3) 


By means of laborious calculation the actual values of these 
amounts could be found, and it would be observed that tlic amount 
in (2) was greater than that in (i), and the amount in (3) was gi eater 
than that in (2) ; the difference in the values being very slight, 
and not perceptible unless a great number of decimal places were 
taken. 

It would appear at first sight that by increasing the number 
of additions of interest to the earlier amounts, the final amount 
could be made indefinitely large ; this, however, is not the case, 
for the amount approaches a figure beyond which it does not rise, 
but to which it approximates more nearly the larger the value 
of the exponent {i. e., 12, 365, etc.). This final amount is £2718 
for a principal of £x-, in other words, when the interest, added 
continuously, is proportional to the previous amount, the final 
amount will reach a limiting value, being £2718. The symbol 
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is given to the figure 2-718 . . . from Euler, the discoverer 
of the series. 

Later work will show that e can be expressed as a sum of a 
series, viz. — 


I + I + 




+ 


1X2 1x2x3 IX2X3X4 


and from the foregoing reasoning it will be seen that it is a natural 
number : it occurs as a vital factor in the statement of many 
natural phenomena. 

E. g., a chain hanging freely due to its own weight lies in a 
curve whose equation may be written — 


c * * 

or more simply — Y = - 1 - e~^} 

i, e., it hangs in its natural curve (known as the " catenary ”), 
and this curve, depending for its form entirely on e, can only have 
this one form if e is a constant, and, further, a particular constant. 

Again, if an electric condenser discharges through a large resist- 
ance, the rate at which the voltage {i. e., the difference in potential 
between the coatings of the condenser) is diminishing is proportional 
to the voltage. The equation which gives the voltage at any time 

__ t 

t, is V = ae where K, R and a are constants settled from the 
given conditions. Then ^ is a constant, but one determined quite 
apart from any particular set of conditions. 

Actually the most natural way to calculate logarithms is to 
work from e as base, such logs being called natural, Napierian, or 
hyperbolic logs; the common logs, i. e,, those to base lo, which 
are far more convenient for ordinary use, being obtained from 
the Napierian logs. In higher branches of mathematics all the logs 
are those to base e, for if natural laws are being followed, then any 
logs that may be necessary must, of course, be natural logs. 

It is, therefore, desirable to understand how to change from 
logs of one base to logs of another. The rule can be expressed in 
this form — 

loge N == logioN X log.io (i) 

To remember this, omit the logs and write the law in the 
fractional form — 

N ^ N ^ I o 
e 10^ e 


which is equally correct, as proved by cancelling. 
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Again — 
or 


logioN =log*Nxlogio« 
10 e 10 


Proof of statement (i)— ^ 

Let — logeN = logioN = y and log,io = x 

then N == e*, N= lo'' and lo = e* 

and e^ = I 6 > = {e^Y = <?•'» 
or x = yXz 

i. e., log«N = logioN Xlog^io 

Taking e as 2*718 (its actual value, like that of ir, is not com- 
mensurate) logio<3 = logio 2*718 = *4343 and logjio is the reciprocal 
of this, viz. 2*3026 or 2*303 approximately. 

Hence, from the rules given above — 

log,N = 2*303 logioN 
logioN = *4343 log,N. 

To avoid confusion with these multipliers it should be borne 
in mind that e is a smaller base than 10, and therefore it must be 
raised to a higher power to equal the same number. 

Hence the log to base e of any number must be greater than 
its log to base 10. 

If tables of Napierian logs are to hand, the foregoing rules 
become unnecessary ; but a few hints as to the use of such tables 
will not be out of place, for reading from tables of Napierian logs 
is somewhat more involved than that from tables of common logs. 

Examples are here added to demonstrate the determination of 
natural logs by the two processes. 


Example 14. — Using the tables of natural logs (Tabic IV at the end 
of the book), find log, 48*72, log, and log, *00234. 

log, 48*72 = log, (4-872 X 10) = log, 4*872 + log, 10 

= ^'5^35 + Z-S0Z6 
= 3-8861 

4-6^ “ 5-07 - log, 4-61 

= 1*6233 — 1-5282 

= *0951 
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log* -00234 = log* = log* 2-34 - log* looo 

= log* 2*34—3 log* 10 
= *8502 — 3 X 2*3026 
— -8502 — 6-9078 

= 7-9424 

It will bo observed that for each power of ten in the number, 2-3026 
has to be added or subtracted as the case may be. 

Example 15. — Without tables of natural logs, find values of — 
log* 9-63, log*-^^, and log* -2357. 

log* 9-63 = logic 9-63 X 2-303 
= *9836 X 2-303 
= 2-266 


log. logic ^2-303 

= 2-303 {logici7i7 - logio 453 } 
= 2-303{3-2347 — 2-6561} 

= 2-303 X -5786 
= 

log*-2357 = log,c*2357 x 2-303 
= 1*3724 X 2*303 


Separating the two distinct parts — 

= (i X 2-303) -f- (-3724 X 2-303) 

= “ 2-303 -H -8576 

{the subtraction being performed so that the mantissa is kept positive). 


Application of Logarithms to harder Computations. — 

In the first chapter the method of applying logs for purposes of 
evaluation of simple expressions was shown. Such values were 
found as (2I*25)^ ^-03, etc., i. e,, numbers raised to positive 
powers only. The rules there used are applicable to all cases, 
whatever the powers may be. A negative power may be made 
into a positive power by changing the whole expression from top 

to bottom of the fraction or vice versa (ior a~^ = so that the 

evaluation is obtained on the lines already detailed ; or it may be 
obtained directly as here indicated. 

N,B, — Great care must be observed in connection with the signs : when- 
ever distinct parts {e,g,, a positive and a negative) occur in a logarithm, 
these should be treated separately. 
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Example i6. — Evaluate (‘005134)'^** 

Let the expression = x 

then AT = (*005134)*^** and by taking logs, 

log X = -134 X log *005134 
= -134 X 3*7^04 
= (-134 X 3) + (-134 X -7104) 

— _ .402 + *0952 = 1-6932 = log -4934 
X = -4934 

Notice that *402 is subtracted from *0952 although the former is 
the greater; this being done so that the mantissa of the log shall be 
positive. 

Example 17. — Find the value of (-1473) 

Let— (•1473)-**" 

Then — log = — 2-i x log *1473 =* — 2*1 x 1*1682 

= (— 2*1 X i) + (— 2*1 X -1682) 

« 4. 2-1 — -3532 = 1^7468 
= log 55-82 
/. X = 55-82 

Example 18.- —Evaluate {log« 3-187} 

Let— ;v r= {loge 3*187} -“024 

-- y-*024 where y ■= loge 3-187. 

The value of y must first be found. 

From the tables log*. 3-187 = 1-1591 
Hence — 7=1*1591 and x— (i ■1591)^*®** 

Now — log = — *024 X log I -159 

= — •024.x -0641 

= — -001538 = 1-998462 or 1*9985 
== log *9965 
/. AT = *9965 


Example 19. — Evaluate 

^ (8-91)^ X (58-27)— 

Let X = this fraction. 

Then — 

log A^={ilog-42-i7- 2 log -0145} ->-{2 log 8-91 - -116 log 58-27} 
={i log 42-17 + -116 log 58-27} — {2 log 8-91 4- 2 log -0145} 
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= (‘5417 + -2046) — (1-8998 + 4-3228) 
«= *7463 — 2-2226 
= 2-5237 =. log 333-9 
-■- ^ = 333-9 


Explanation, 
log 42*17 = 1*6250 
t X log 42*17 :==» *541 7 
log 58*27= 1*7654 
*116 X log 58*27 = *2046 

log 8*91 = *9499 
2 X log 8*91 = 1*8998 

log ‘0145 —2*1614 
2 X log '0145 — 4-3228 


When substituting figures for the letters in formulae and thence 
evaluating the formulae, the importance of the preceding rules 
will be recognised. Empirical formulae and also the direct results 
of rigid proofs are of no value at all if one cannot use them efficiently. 

It is necessary for this purpose that one or two rules, in addition 
to, or in extension of, those already given should be rigidly observed, 
viz. — 

Work one step at a time : keep all terms quite distinct until their separate 
values have been found : and remember that statements Including + 
and — cannot be directly changed into log forms. 

e. g., a; = 45 + (29)1*2 

would not read, when logs were taken throughout, 

log X = log 45 + 1-2 log 29 which is wrong. 

To evaluate this equation, (29)1*2 would be found separately 
and its value afterwards added to 45. 

In cases in which a number of separate terms have to be evaluated 
it is advisable to keep the separate workings for these to one side 
of the paper and quite distinct from the body of the sum. 


Example 20 . — K gas is expanding according to the law pv"^ = C. 
Find the value of the constant C when p = 85, v == 2*93 and m = 1*3, 

Substituting values — C = 85 x (2*93)^*® 

In the log form — log C == log 85 + 1*3 log 2*93 

= 1*9294 + (1*3 X -4669) 

= 1*9294 + *607 = 2*5364 
C = 343*9 

Example 21. — The insulation resistance of a length I inches of 
fibre-covered wire, of outside radius fj, and inside radius ; the specific 
resistancq^ of the insulator being S, is given by the formula — 

R = • 366 x|xlog. ^ 

Find the resistance of the insulation of 50 ft. of wire, of outside 
diam, -25 cm. and inside diam. *12 cm., when S = 3000 megohms. 
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R = *366 X 


„3ooo_ j 255 
50 X 12 ^ ° -06 


«= -366 X 5 X -734 


“ i '343 megohms. 


Explanation. 

1 ^* is a ratio, and r, and 

fi may be in any units so 
long as both are in the 

same \ 


loge 

log« 


•125 

•06 

1:25 

■6 


= log* I -25 — log * -6 
«= -2231 — 1-4892 
■= *7339 


Example 22. — For the flow of water over a rectangular notch, the 
quantity — 

Q = -f &H**® 

Find Q when a = -27, L = 11-5, b = 28, and H = •517- 

Making substitutions for the separate parts — 

Let— Q = x + y. 

Then the values of x and y must be first found quite separately and 
then added. It is preferable in this example to treat the determination 
of the values of x and y as the main portion, t. to work these m the 
centre of the page. 

= aLHi'O 

= -27 X II -5 X 

Then — log a; = log -27 + log 11-5 -f 1-5 log -517 
= 1-4314 + i’o6o7 + (1-5 X 1-7135) 

= 1-4314 + 1-0607 — 1-5 H- 1-0703 
= -0624 

= I-I 54 

Also — y — fcH®-® = 38 X (•517)®'“ 

Then — log y = log 28 4 - 2'5 log '517 

= 1-4472 -f ( 2-5 X 1-7135) 

= 1-4472 — 2-5 + 1-7838 
= -7310 

y = 5-383 

Q = ^ + y 

= 1-154 + 5-383 = 6-537 


Alieriiatix'e Method 
of Setting Out 


No 

fee 

0 

a 

‘517 

17135 

I 5 


-35675 

-7135 


1-0703 + 

1 5 - 

1 1 '5 
•27 

5-5703 

1 0607 
•i 4314 

I‘I 54 

•0624 
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Example 23. — The dryness fraction j of a sample of steam, ex- 
panding adiabatically, viz. without loss or gain of heat, can be found 
from — 


it = giLt 

T r. 


+ log. 


Il 

r 


where r-i, qx and Li are the original conditions of absolute temperature, 
dryness and latent heat respectively; and r, q and L are the final 
conditions of absolute temperature, dryness and latent heat. 

One lb. of dry steam at 115-1 lbs. per sq. in. absolute pressure, 
expands adiabatically to a pressure of 20-8 lbs. per sq. in. absolute : 
find its final dryness. 


From the steam tables, (corresponding to pressure 115*1 lbs. per 
sq. in ) = 799^ F. absolute temperature, and r (for pressure = 20*8 
lbs. per sq in.) — 691° F. absolute temperature. 

Also the respective latent heats are L^ — 879 and L — 954. 

Then if = i, since the steam is originally dry — 


= •725{i*i + *145} 
= *725 X 1-245 

= *903- 


Explanation. 

= logical? X 2-303 
= 2-303(2-9025 - 2-8395) 
= 2-303 X -0630 
= -145 


Example 24. — For an air-lift pump for slimes (a mixture of water 
and very fine portions of crushed ore, of specific gravity = 1-1013) 
the formula for the horse-power per cu. ft. of free air can be reduced to — 

H.P. = .015042 ”-P,} 

Find H.P. when == 12*5, Pa = 15. 


Substituting values — 

H.P. = -oi^042|i5(^-^^^) 12-5I 

= -015042 {15 X -8786 — 12-5} 
= -015042 (13-18 — 12-5) 

»= -01023 


Explanation. 

LetA; = (i|^5)"‘ 


log ;r = -71 (log 12-5 - log 15) 
= -71(1*0969 — 1*1761) 
= -71 X “ -0792 
= — *0562 
= 1-9438 

X = -8786. 
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Logarithmic Equations. — Whenever it is required to solve 
equations containing awkward powers it is nearly always the best 
plan, and in many cases the only one, to use logarithms. Little 
explanation should he necessary after the previous work, and a few 
examples will suffice. 

Example 25. — ^Find v from the equation, pv‘^ = C, when C = 146, 
n = r*37, and p = 22. 

Substituting values — 22 X 

Then — log 22 + r‘37 log v 

1-37 log V 

log V 


V 


— 146 

= log 146 
= log 146 — log 22 
log 146 — log 22 

2*1644 — 1*3424 ^ 
“ 1-37 


■822 

1-37' 


*0004. 87 ^ 

Example 26. — If h = — — , giving the head h lost in length I 

of pipe of diam. the velocity of flow of the water being v, find d 
when h « *87, v — 4*7 and I = 12. 

Transposing for d — 

^1.4 _ •00041;^**’/ 

Taking logs of both sides — 

1*4 log d == log *0004 4 - 1-87 log V + log I — log h 

= log -0004 H- 1-87 log 4*7 -f log 12 — log -87 
4*6021 

1*2568 - 1*9395 

1- 0792 

2- 9381 
= 2*9986 

Then- logd=?^®^®- = Z..g. + -9985 _ 

1-4 1-4 1-4 

= - -7153 = 1-2847 
^ = -1926 

Example ■z'j. — It is required to express the clearance in the cylinder 
of a gas engine as a fraction of the stroke. We are told that the tem- 
perature at the end of compression is io6i° F. abs. and at the end of 
expansion is 66i° F. abs.; and that expansion is according to the law 

pvP--* = c. Also ^ = K. (This example is important and should be 
carefully studied.) 


Explanation, 
log 4*7 = *6721 

1*87 X log 4*7 =• i*2s68 
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Let pc> rc and Vc be the pressure, absolute temperature and volume 
respectively at the end of compression; and let and be the 

corresponding quantities at the end of expansion. 

Then we can say — peVe^'^ = C = peV^^'^ 

(&)=s=(ir (0 


f. e,, 

and also — 

or 


Pc^c ^ 


peVe 

re 


(!) = ©’<© W 


Hence from equations (i) and (2)- 


(vA^ 3 f\ 

i/Ai /- \ 






or, dividing through by 


Vc 


(i)-= 


(3) 


What is required is 


Ve 


Vc 


— ; and this can be found if ~ is known. 

— Vc Vc 


For simplicity let x 
Then from (3) — 

In the log form -3 log x = log 1061 —log 66i 
or 


re . 
re 


£0^ 

66 F 


log 1061— log 661 3-0257 — 2*8202 

log ^ 


Hence- 

and 


= = .685 

X = 4*842 which is thus the Vcilue of 

Ve = 4*842 z ;<; 

— = ^‘S^zve — iVc 

= yS^zve 

Vc Vc I 


Vc 


3*8421/0 3-842 


== *2604 


Exercises 26. — On Evaluation of Difficult Formulae and on Logarithmic 

Equations. 

1, Find the natural logs of 21*42; 3*18, *164. 

2 . Find the values of loge *007254; log^ 72-54; log^ 

401 

. 2 . Tabulate the values of log^ when r = 461, 500, 560, 613, 

800, and 1000 respectively. 

4. Evaluate [log# 4-71 8]* * 


g 
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5 . Find the value of pv log* r when p 
Evaluate Exs. 6 to 14. 

6. (24*91)- 7 . (-iiSs)"-® 


120, V = 4*71 and r = 5-13. 


8 . 


(•oo 54 )-« 


9 . (3-418)® X (-4006)'”®’^ 

11. (-0^103)“®'® 


10 . 


98) X (3-051) 
(•0046) 

12 . (' 3724 )"“®'"“ 




i Q (Iog£i’ 62 ) ®x (logio 32 5 ‘ 6 )“-^® *^ 

(8o93)‘-oa542 

14 . 1-163 X (*0005)^'’® ~ V (logio2i-67)~^ 

15 . The heat (B.Th.U) generated per hour in a bearing « dlv^'^^ 
where d = diameter of bearing in inches, / = length of bearing in 
inches, v — surface velocity of shaft in feet per see. Find the number 
of B.Th.U. generated per hour by a shaft of diam., rotating in a 
bearing 2 ft long with surface velocity of 50 ft. per sec. 

16 . Find the value of a velocity v from — 



\/^+(e- 0“ 


when c = -97, K = -63, g = 32*2 and h = 49-5. 

17 . The collapsing pressure P lbs. per sq. in. for furnace tubes with 
longitudinal lap-joints may be calculated from Fairbairn's formula — 

P = 7-363 X 


where / — thickness in inches, I = length in inches and d = diameter 
m inches. Find P when i = •043'^, I = 38", and d = 4". 

18 . Similarly for tubes with longitudinal and cross joints. 

Calculate P if / = -12", I == 60", and d = from — 

^ 2-36 

P = I 5547000 ^rj 5 i 7 -J, 


19 . The theoretical mean effective pressure (m e.p.) m a cylinder is 
calculated from — 

t.. _ los.*) _ p. 


where P == boiler pressure, = back pressure, and r == ratio of 
expansion. The actual m.e.p. — pm, X diagram factor. 

Find the actual m.e.p. in the case when P =i 95, P5 = 15, cut off 


is at *3 of stroke e., r = — ^ and diagram factor = -8. 


20 . The H.P. required to compress adiabalically a given volume of 
free air, to a pressure of R atmospheres, is given by — 

H.P. = *oi 5P(R'®® — i) when the compression is accomplished 
in one stage and H P. == *03P(R^^®— • i) when the compression is 
accomplished in two stages. 

Find H.P. in each case if P = 14*7 and R = 4-6. 

21 . Find H, a hardness number, from — 


„ _ i6PD«-“® 

Given that D = 2*1, d! = 5, F = 58, r = 2 •35. 



FURTHER ALGEBRA 


227 


22 . Mallard and Le Chatelier give the following rule for the deter- 
mination of the specific heat at constant volume (K^?) of COa (carbon 
dioxide) — 

/ / \‘367 

44K. = 4-33 ) where t == C“. 

Find Kv when t = 326. 

23 . Find H.P. from H.P. = •or504|p,(^")'”-Pi| 

when Pi ~ i2’5, and Pa = 22; the letters having the same meanings 
as in worked Example 24. 

24 - Find the efficiency rj oi a gas engine from — 

rj 5= when n = 1*4 arid == 5 

25 . The H,P. lost in friction when a disc of diameter D ft. revolves 
at N revs, per min. in an atmosphere of steam of pressure p lbs- per sq. 
m. abs,, is given by — 

H.P. = ro“*i 3 />D 6 N« 

Find the H.P. lost when the diameter is 5 ft., N = 500, and ^ i. 

26 . If ^ = P and n = 1-41 find 

27 . Calculate the entropy of water and that of steam at 
absolute temperature r from — 

<pv, = log. ^ 

and <p, = log. ~ ^ - -7 

The value of r is 682. 


28 - In the case of curved beams, as for a crane hook — 


P = 


SRD ~ 
2 


fi( D Y , X( D y 5/ D yi 
t4VD+2R/ 8 Vd+2R/ 64VD-I-2R/ J 


where R = radius of inside of crane hook in ms. ==1*5, D = diam. of 
cross section m ms. = 2*1, P = safe load of hook m lbs., and S = maxi- 
mum allowable tensile stress — 17000 lbs. per sq. in. Find the value 
of P. 


29 . A sample of steam of dryness *83 at 380° F. expands adiabatic- 
ally to 58° F. ; calculate its dryness at the latter temperature from — 

r Tj T 

ft = F." ^ 

Ti is the initial temperature and L = 1115 — -7^ r == F.® absol. j- 


30 . Steam 20% wet at 90 lbs. per sq. in. absolute pressure expands 
adiabatically to 25 lbs, per sq. in. absolute. Find its wetness at the 
second pressure. Note that : — 

go, 320° F. ; p^2s, 240° F. ; L = 1115 - -yt 

[Note also the difference between examples 29 and 30 as to the 
given data.] 
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81 . The efficiency i; of a perfectly-jacketed engine is given by — 

a log* - - 1 - — T,) 

^ *^2 

aloge + a 4 - hrx 

Tj 

where a = 1437, & = — -7; and r, being the extreme temperatures 
(F.'^abs.). 

Find the efficiency of a jacketed engine working between 66® F. 
and 363® F. 

32 . Calculate the efficiency of an engine working on the Rankine 
cycle between 60® F. and 363® F., using the formula — 

’?=(’-!- -r*)(l + ^) - Tjj log*p^ 

• r, 

Li 4 - Ti — r, 

Ti and ra are absolute temperatures and L = 1437 — * 7 r. 

33 . Calculate the flow Q over a triangular notch from the formula— 

Q = ^ tan I Vug. 

B 

where g =* 32-2, H = -28, tan - = •577. 

34 . Find the number of heat units IJj supplied for the jacket to an 
engine working between 60® F. and 363® F. from the formula — 

Hj = 1437 log* - (ri - 7 -,) 

where T 2 and are absolute temperatures, initial and final respectively. 

35 . Francis' formula for the discharge of water over a rectangular 
notch is — 

Q (cu. ft. per sec.) ==: 3-33 (L — 

If the breadth L = 5*4, the head H = -4, and w == 2, find Q. 

36 . If i — , find i when m = 2-16, v == 1-65. 

37 . The volume of i lb. of steam may be calculated from Callcndar's 
equation — 

where u; = -017, c = 1-2, R == 154 

V = voL in cu. ft., p = pressure in lbs. per sq. foot, r = temperature 
in centigrade degrees absolute {i ^® C. 4- 273). 

Find V when p = 10 lbs. per sq. in, and t = 89*6® C. 

38 . Recalculate, when P = 7200 lbs. per sq. foot and t == 138*2® C. 

39 . Similarly, when p = 100 lbs. per sq. in. and temperature is 
437® C. absolute. 

40 . In calculating the tensions of ropes on grooved pulleys we have 

the formula — ^ 

i 

where 6 is the angle of lap in radians, ft is the coefficient of friction, 
r is coefficient depending on the angle of the groove, and T and i 
are the greatest and least tensions respectively. Calculate the value 
of T if the angle of lap is 66®, ^ = -22, / = 45 and r = 1*84. 
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41 . The efficiency of an ideal or perfect engine (working on the 
Diesel principle) is given by — 



where d = 


volume at cut-off 
volume of clearance* ^ 


maximum volume 
volume of clearance 


Find the efficiency when d = 1-56, y 14-3 and m = 1-4. 


42 . Find the tensions T and ^ in a belt transmitting 20 H.P. ; the 
belt lapping 120® round the pulley, which is of 3 ft. diam. and runs at 
180 R.P.M. The coefELciont of friction between the belt and pulley is -3. 

T 

Given that y = and 6 = angle of lap in radians ; and 

H.P. =« ^ ~ revs, per min. and D ft. = diam. of pulley, 

43 . The pressure of a gas is 165 lbs. per sq. in. when its volume is 
2-257 cu. ft. and the pressure is -98 lb. per sq. in. when the volume 
is 286 cu. ft. If the law connecting pressure and volume has the form 
pyn =5 constant, find the values of n and this constant. 

44 . Find y from 4*^^ == 58*7. 

45 . Solve for x in the equation == i4;tr*®* 

46 . When = 41 -28^'®, find the value of c. 

47 . If 5 — gx : solve this equation for x. 

48 . Given that fi^pii == /2*P2^^» and also that = -283, == 28, 

and /a = 19*5 : find p^. 

49 . In the law connecting pressures and temperatures of a perfect 
gas, find pi from the equation — 



having given that n ^ i*37, pi == 2160, r, = 1460 and =2190. 

50 . For a gas engine, p 33 _ p{v s)^ 

where P = compression pressure, p = suction pressure, v == clearance 
volume and s = total volume swept out by the piston. 

If P = 8*91 p and 5 = *138, find v, 

51 . If t' = aH”, and H = 3 when v = 387 * and H = 80 when v = 
2000 , find the values of a and n. 

52 . If the pressure be removed from an inductive electric circuit, 
the current dies away according to the law — 



where C is the current at any time t secs, after removal of the voltage, 
R and L are the resistance and self-inductance of the circuit respec- 
tively, and V is the voltage. If R = 350, L = 5*5 and V = 40000, find 
the time that elapses before the current has the value 80 amperes. 


53. £120 was lent out at r% per annum compound interest, the 
interest being added yearly; and m 5 years the amount became £j^o. 

Find the rate per cent. j^Amount = Principal 

54. If = PdVtfi-®*; = -206; and Pd= 44000; find P,. 
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55 . The insulation resistance R of a piece of submarine cable is 
being measured ; it has been charged, and the voltage is tliminishing 
according to the law — ^ 

V sea 

where b is some constant, and if «=» time in secs, and K » *8 x 
If y = 30, and at 15 secs, after it is noted to be 26-43, fmd the value of R. 

66, Calculate the efficiency of a Diesel Engine from the formula— 



where n 1-41, te = compression ratio ==* 13-8 and r, -■ expansion 
ratio 7-4. 

57 . Determine the ratio of the maxiniuni tension to the ininiinum 
tension in a belt lapping an angle $ radians round a pulley, the co- 
efficient of friction being /x, from 

T m„^ ^ I 

^ min. 3 

The coefficient of friction is -18 and the angle of lap is 154'*. 

58 . The work done in the expansion of a gas from volume u* to 
volume Viis given by — 

W == ”) 

I— n 

Find this work when Vi « 10, = i, ami n =» 1*13. 

69 . If T ~ (the letters having the same meanings as m Ex.unplc 
40) : 6 = 2-88 radians, /x = •15 and t =3 40, find the value of T. 

T 

60 . -Similarly if ^ 165^ and ^ = 1-78, find 

61 . In the expansion of a gas it is given that c, and that 

p = 107-3 when z; = 3 : and p = 40-5 when u = 6 : fiiul tlu^ law t'onnet'tiiig 
p and V in this case. 


62 . In a "'repeated load" test on a rotating bcsim of rolleil 
Bessemer steel, the connection between the stress V 111 lbs. per sq. in. 
and the number of revolutions N to fracture was found to be — 


F 


2 1 300 


Find the value of N when F = 40700. 

63 . In a similar test on a specimen of J"" bright drawn mild steel — 


•p _ 73300 

Determine the value of F which makes N 


4^300. 


64 f, The total magnetic force at a point in a magncdic field — 

__ ctTrnCr^ 

4 - 

Find this force when C = -4, « = 10, r « 4 and ;r =.* 5-9. 

65 . From the results on a test on the measurement of the flow 
of water over a rectangular notch, complete the following table; it 



FURTHER ALGEBRA 


231 


being given that coefif. of discharge = theo- 

retical discharge == 40-15 hh^ (lbs. per min.). 


b 

h 

Actual Discharge 
(lbs. per minute). 

Theoretical 

Discharge. 

C,i 

1-75 

■829 

35 



1*75 

1-41 

79 



1*75 

i- 8 i 

112*6 




66- Also calculate as in the preceding Example, but for a submerged 
rectangular orifice, for which the theoretical discharge 

= 40-156(^2^ “ -^1^)- 



hi 

b 

Actual 

Discharge. 

Theoretical 

Discharge. 

Ca 

2-325 

1-075 

1-25 

88-8 



3-34 

2-09 

1-25 

109-6 



4-415 

3-165 

1-25 

133 



6-II 

4-86 

1-25 

156-6 




67 . The skin resistance per sq. ft. of a ship model is proportional 
to some power of the speed. If the resistance is -0821 at velocity 5, 
and -612 at velocity 14, find the law connecting resistance and velocity. 

68. The loss of head due to pipe friction is proportional to some 
power of the velocity. If loss of head was 14* 13 when velocity was 10-23, 
and loss was 6-31 when velocity was 6-76, find the law connecting loss 
of head h, and velocity v. 


69 . Relating to the flow of water through pipes it is required to find 
value of d (the diameter of the pipe) to satisfy the two equations — 

, __ •ooo45z;^'®® 




and 


d^v == 14 


If i (hydraulic gradient) = find this value. 

70 . When a disc revolves in air the H.P. lost in air friction varies 
as the 5*5 power of the diameter of the disc and the 3*5 power of the 
revolutions. If H P. lost is -i when diameter is 4 and disc makes 
500 R P M. find diameter when 10 H.P. is lost, the disc revolving at 
580 R.P.M. 


71 . When a disc revolves in a fluid it is found that the friction F 
per sq. foot of surface is proportional to some power of the velocity V. 
For a brass surface — 


F per sq ft. 

•22 

1-26 

V ft./bcc, . 

10 

1 25 


Find a formula connecting F and V, 
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Trigonometric Ratios. — If the ordinary 30^ : 60° set-square 
be examined it will be found that for all sizes the ratios of corre- 
sponding sides are equal. If one of the angles is selected and the 
sides named according to their position with regard to that angle, 
the ratios of pairs of sides may be termed the irigonomcirical raiios 
of the angle considered. The word irigonomeiry implies measure- 
ment of angles ; the measurement of the angles being made in terms 
of lengths of lines. 

For example, let the sides of the set-square be as shown in 
Fig. 108 : then the angle 30® can be 
defined as that angle in a right- 
angled triangle for which the side 
opposite to it is 2", whilst the 
hypotenuse is 4", i. e., the ratio of 

the opposite side ^ 2 ^ 
hypotenuse 4 

Again, the side 3'-il6" long is that 
lying next " or adjacent to the 
angle 30°, so that the angle 30° could 
thus be alternatively defined by the ratio of its adjacent side to 
the hypotenuse, or by the ratio of the adjactnit side to the opposite 
side. 

To these ratios special names are given. 



The ratio 


The ratio 


The ratio 


op posite side 
hypotenuse 
adja cent side 
hypotenuse 
opposite^ide 
adjacent side 


is called the sine ” of the angle considered, 
is called the cosine** of the angle considered, 
is called the ^‘tangent** of the angle considered. 


These three are the most important : if they are inverted 
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three other ratios are obtained, viz. the cosecant or { — \ secant 
1 Xsine/’ 

” (sSiHs) ” (sHiSi) 

As a general rule these ratios, 
which, as defined, only apply to 
right-angled triangles, are written 
in the abbreviated form : sin, cos, 
tan, cosec, sec and cot. 

In the triangle ABC, Fig. 109 
opposite to A a 
hypotenuse c 


sin A = 
whilst 
sin B == 


opposite to B 
hypotenuse 


tan A 


6 

c 



cosec A 
sec A 


cot A = 


adjacent to A 

hypotenuse 

II 

cos B = — 
c 

opposite to A 

a 

tan B = - 
a 

“ adjacent to A 

■“ 6' 

hypotenuse 

~~ opposite 

c 

a* 

cosec B == £ 
0 

hypotenuse 

c 

sec B = - 
a 

^ adjacent 

~ b* 

adjacent 


cot B = T 

opposite 

a' 

0 


The angles A and B together add up to 90"^ ; each being called 
the complement of the other, and it may be noticed that any ratio 
of one of the angles is equal to the co-ratio of its complement. 

Hence the syllable “ co " in cosine, cosec and cotan, indicates 
the complement of the sine, sec and tan respectively. 


Thus sine A == co-sine of its complement B. 
tan B = co-tan of its complement A. 


For any angle the ratios could be found by careful dramng 
to scale and measurement of sides; this is not very accurate, 
however, and is certainly very tedious, and therefore tables are 
provided, in which the ratios of all angles from 0° to 90® are ex- 
pressed. The changes in the values of the sine and cosine as the 
angle increases from o^ to 90"^ are illustrated by Fig. no, m which 
the quadrant is that of a circle of unit radius — 

i. e., OA = OC = OD= 
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Now sin L BOA 


BA, and in like manner sin 


BA _BA 

Oa~T^ 

L. EOC = EC and sin l FOD = FD. Also cos l. BOA = OB, 
cos L. EOC = OE and cos l. FOD = OF. Thus the sine of the 
angle depends on the horizontal distance from the line ON of the 
end of the revolving line, while the cosine depends on the vertical 
distance from OP. 

When the angle is very small, A is very near to ON and conse- 
quently the sine is small ; and as OA approaches ON more closely, 
the value of the sine decreases until, when the angle is o° the sine 
is o, because the revolving line lies along ON. When the angle is 
go®, the revolving line 
lies along OP and the 
horizontal distance of its 
end from ON has its 
greatest value, viz. r. 

Thus the value of the sine 
increases from o to i as 
the angle increases from 
o® to go®. 

Along OA, produced, 
set off ABi = AB = 
sin L BOA; and in like 
manner obtain the points 
El, Fj and Oi- Draw a 
smooth curve through the 
points M, Bi, El, Fi and 
Oi : then this is a curve 
of sine values, since the 
intercepts between the quadrant perimeter and this curve give the 
values of the sine, thus sin l. MOR = RRi. . 

Similarly the curve of cosine values can be drawn, and it is seen 
that it is of the same form as the curve of sine values, but it is 
reversed in direction. 

To read Table I at the end of the book. In this table one 
page suffices for the various ratios, these being stated for each 
degree only from o° to go®. This table is compact and has educa- 
tional advantages, for it demonstrates clearly that as the angle 
increases the sine increases whilst the cosine decreases ; and that 
a ratio of an angle is .equal to the co-ratio of its complement, and 
so on. 

Down the first column and up the last are the angles expressed 
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in degrees, wliilst in the adjacent columns the corresponding values 
in circular measure (radians) are given. Thus 31° = >5411 radian, 
and 73“ = I-274I radians. 

The values of the sines appear in the 4th column from the 
beginning and the 4th from the end, as do also the cosine values; 
but for cosines the tables must be read in the reverse direction. 

No difficulty should be experienced in this connection if it be 
remembered that one must always work away from the title of the 
column. Thus for cosines read dovra the 7th colunrn and up the 
4th column. 

Values of tangents and cotangents appear in the 5th and 6th 
columns; again working away from the title — 

E. g., sine 17° = *2924, sine 61° = *8746 

cos 23° = ‘'9205, cos 49° = •6561 

tan 42° = ‘9004, tan 88° = 28-6363 

cot 5°= 11-4301, cot 59° = -6009. 

To read Table V at the end of the book, which should be used 
when greater subdivision of angles is required. Suppose that sin 
43° 22' IS required : if Table I is followed, sin 43° must be found, 

22 

viz. -6820, and sin 44°, viz. -6947, and ^ of their difference must 
be added to -6820. 

22 

Thus — sm 43° 22' = •6820+g^(*6947— -6820) 

= ‘6867 

This process is rather tedious : accordingly, referring to Table V, 
look down the ist column until 43° is reached, then along the line 
until under 18', the figure is -6858 ; 4' have now to be accounted 
for; for this, use the difference columns, in which under 4', 8 is 
found — 

sine 43° 22' = -6858 +*ooo8 = -6866. 

The tangent tables, Table VII, would be applied in the same 
manner, but here the value of the ratio gets very large when in the 
neighbourhood of 90° so that the difference columns cannot be 
given with accuracy. When the angle — 45°, the tangent == i 
and the tangent continues to increase as the angle increases, there- 
fore it happens occasionally that the integral part of the value has 
to be altered m the middle of a line. To signify this a bar (“) 
is written over the Jirst figure : e, g., tan 63® = 1*9626, whilst 
tan 63° 30' is written 0057, and tliis means 2*0057, ^^e bar indicating 
that the integer at the commencement of the line must be increased 
by I. 
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When using the cosine table, viz. Table VI, it must be remem- 
bered that an increase of the angle coincides with a decrease of the 
cosine, so that differences must be subtracted: e. g., if the value 
of cos 52° 55' is required. 

cos 52® 54' = *6032 ; diff. for i' = 2 
cos 52'' 55' = -6032 — 0002 — -6030. 

Values of cosecants and secants can be found by inverting the 
values of sines and cosines respectively. 


Example i.— The angle of advance 6 of an eccentric in a steam 
engine mechanism can be found from sin 0 = Find 6 when 

the lap is -72^, the lead is *12" and the travel is 


Substituting the numerical values, sin 6 ^ x^8 

« -4667. 

We have now to find the angle whose siixc is *4667. 

Turning to the table of natural sines we find -4664 (the sine of 
27^48') to be the nearest figure under -4667; this leaves -0003 to be 
accounted for. In the difference columns in the same line we see that 
a difference of 3 in the sine corresponds to a difference of r min. in the 
angle; hence i' must bo added to 27^48' to give the angle whoso sme 
is *4667. Hence 0 = 27^ 49^ 


Example 2 . — If cos A = 




'zhe 


- * a =» 4*2, b = 7*8 and c = 6 ; find A. 


cos A 


Substituting the numerical values — 

__ 7*8^4 6®--4*2^ __ 60*84-} 35— 17*6^ 

2 X 7*8 X 6 93*6 

= 

y3-() 

From the table of natural cosines we find that the angle having 
the ratio the nearest above -8461 is 32® 12^; for this the cosine is *8402, 
and therefore the difference of *0001 has to be allowed for. In the 
difference columns we sec that a difference of *0002 corresponds to i'; 
and thus -oooi corresponds to 30^" Hence A = 32° 12" 30^. 


Exercises 27 , — On the Use of the Tables of Trigonometric Ratios. 

1 . Read from the tables the values of: sin 61°; tan 19*^; cos 87®; 
tan *2269 radian 

2. Find the values of sin 77^*^; cos 15® 24'; tan 58® 13'; cos i'283 
radians. 

o ■c' 1 2 cos 53® 

8« Evaluate ^,0 

tan I7i® 
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4 . la a magnetic field, if H = horizontal component and T = the 
total force due to the earth, then H = T cos d. Find T when H = -18 
and d = 63“. 


5 . The tangent of the angle of lag of an electric current = — r 

ITOSIS'C 

and reactance = stt x frequency x inductance. If frequency is 40, 
inductance *0021 and resistance 1-7, find the angle of lag. 

6- The mean rate of working in watts = amperes x volts x 
cos (angle of lag). Find the mean rate when A ==: 2-43, V = no and 
lag — i9i°. What is the mean rate of working if the current lags 90® 
behind the voltage ? 

7 . The pitch of a roof == — J tan A, where A is the angle of the 

span 

roof. Find the angle of the roof for which the span is 36 ft. and the 
rise is 12 ft. 


8. If an axle of radius r runs on a pair of antifriction wheels of radius 
R, and 6 is the angle between the lines joining the respective centres, 
then — 

Fi r 


where F = force required to overcome the friction on a plane axle 
and Fi = force required to overcome the friction when using the 
antifriction wheels. Find F if ^ = 47^®, r = 3", R = 10" and Fi = 47. 

9 , If D == pitch diameter of spiral toothed gear, N = number of 
teeth in gear, P — normal diametral pitch, and a = tooth angle of gear, 
then — 


P cos a 


If D = 5 'Io 8, N =» 24 and P = 5, find a. 

2S 

10 . In calculating principal or maximum stresses, if tan 2^ = 

5 — 2852 and /= 3819, find 6 . 

11 . The number of teeth in the cutter for spiral gears — 

__ no. of teeth in the gear 
” cos® (angle of spiral) 

Find the number of teeth in the cutter when the angle of the spiral 
is 50° and there are 48 teeth in the gear. [N,B, — cos® A means the cube 
of the cosine of A ; but cos A® is the cos of A®.) 

12 . In connection with the design of water turbines the equation 


= tan 6 occurs, where w = tangential velocity of the water at 

w — Y 

inlet, u = radial velocity of water at inlet, V = velocity of the blade 
at inlet, and B is the inclination of the blade at inlet. If w = 8*95 ft. 
per sec., V = 47*7 ft. per sec. and 6 == 6oJ°, find w, 

13 . In the formula giving the value of the horizontal pressure p 
on a retaining wall of height h, the earth surface being level, w is the 
weight of I cu. ft. of earth and <f> is the angle of repose of the earth, 
i. e., the greatest angle at which the loose earth would remain at rest. 


Then 


p^ 


1 — sin <p 
1 4- sm <p 


X wh 


Find the value of p when w ^ 130, ^ = 23 J® and = 24 ft. 
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14 . Calculate the value of M, the moment of friction of a collar 
bearing, from — 

^ 3sino(Rx*- R,*) 

when Rj = 4-5, R» — 3'75. W = 2000, /j. ■= -17 and a 12®. 

15 . The total pressure P on the rudder of a ship is given by — 

P = 4-6ICA.V*-— - - 
*39 -oi sm a 

where V = speed of ship in knots, A «= area of ru<lder, K w *7, and 
a angle of rudder with fore and aft plane. Calculate P, given that 
V =■ 16, A =: 8 and a = i5i°. 

16 . The force Pj. applied horizontally to move a weight W up a 
rough plane inclined at an angle a to the horizontal, is given by — 

P W(m d- tan g) 

1 I— ^ tan a 

Find Px if W = 3000, a » SJ®, and fx, the coefiicient of friction, « -12. 

17 . The total extension d of ti helical spring is given by — 

d s=a —Jq Sin® a) 

If a « radius of coil — 4", G « 12 x 10® lbs. per J = *15, 

/ *= length = 2g'^, W «= 12 lbs. and a = 14®, find the total extension. 


18 . The range of a projectile is given by 


sinzA 


, where V 


velocity of projection, A = elevation of gun and g « 32*2. Find the 
range, if the projectile is fired at an elevation of 29^15' with a velocity 
of 1520 ft. per sec. 

19 . pn == intensity of the normal pressure of wind on a surface 
inclined at 6 to the direction of wind, and p =» intensity of pressure on 
the surface perpendicular to its direction — 

2 sin 3 

= p • J ^ sin® 0 

If ^ =s 35 and 6 = 22j°, find pn> 

20 . The maximum power-factor of a motor = cos p’ J] ^ 

If H.P. is 4*78 find (p, the angle of lag of the current. 

21 . If P = effort on crosshcad of a steam engine, T == crank-pin 

efiort, e == crank angle, n == ; and if P =r. 450 lbs., n==^ij 


and ^ = 1-5 radians; find T, from T = p/sin 0 H ^ 

Vm® — sin® $ J 

{Hint. — Sin 171*9® = sin 8-i®} 

22 . Calculate the value of y = gin {wi + 6 ) when R = 3-5, 

K = *4, f == “02, «; = 5, 6 = *16; the angle being cxjDressed in radians. 

23 . The electrical induction B in an air gap is given by — 

Csinlfi +-)rxio» 

g _ 2 ^ ' 2.1 

Aw X 10’ 

Find B when A = 3-515, « = ao. X = -0867, C ■=■ 42-05, R — 10382 
and tan 2 $ *== -1052. 
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24 . Find a value of 6 to satisfy the equation- 

4ci{l — 2x) 

/» 


tan 6 


where d—p, l~^o and x = 4’^. This equation refers to stiffened 
suspension bridges, where 6 is the angle of inclination of the cable to the 
horizontal at a horizontal distance x from one end of the bridge. I is 
the span of the bridge and d is the sag. 


Application of Trigonometric Ratios.— We will first deal 
with a very simple case. 


Example 3. — The angle of elevation of the top of a chimney at a 
point on the ground 120 ft. from the foot of the chimney is 25°. Find 
the height of the chimney. 


Befope proceeding to the actual working of the example, the 
term angle ol elevation must be explained. The zero of the 
theodolite (an angle measuring instrument) would be observed 
when the telescope was directed along the horizontal ; the telescope 
would then be moved in a vertical plane until the top of the chimney 
was seen and the angle then noted. This angle is called the angle 
of elevation and is the angle between the horizontal and the line joining 
the eye to the object. 

If the instrument be placed on the chimney top, the same angle 
would be read, but it would now be called the angle of depression 
because the object (the earth) is below the level of the eye. 


(for 25°) 


In the example before us, let h ft. 
A opp 

Then — 

1 20 aaj. 

and therefore = tan 25°. 

Now, from the tables — 
tan 25*^ “ 
h 


120 


= -4663 


and h = 120 x -4663 = 55-96, say 56 ft. 


— height of chimney (Fig. iii) 



Example 4. — Two coils are connected m series over a 220 volt 
alternating-current main, and the drop across each coil is 126 volts. 
If the diagram illustrating the relation between the voltage drops is 
as in Fig. 112, find the difference in phase between the voltages in the 
two coils, i. e,, find the angle u. 

Since the sides AB and BC are equal, the perpendicular from B on 
to AC bisects AC, or DC = no; and also /.DBC 
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. O no o 

Then— sm - = - ^ = -8730 
» sin 60^ 49' 

and -5= 60° 49' 

whence a =* 121*^ 38^ 

Example 5. — In a test on the Halpin thermal 
storage system, as fitted to a Babcock and 
Wilcox boiler, the volume of water taken from 
the storage tank to the boiler is to be deter- 



Fig. 1 1 2. 


mined by the difference in water level between 

start and finish. The tank being a cylinder of 57-81'" diani. and 251^ 
length, with its axis horizontal, sec Fig. 113, the water level is 52-96'" 
from the tank bottom at the start and 14*86'^ at the finish. Find the 


volume of water abstracted in cu, ft. 


We have to find the area of ABCD, viz. the difference between the 
area AEBCD (at the start) and the area AEB (at the finish), and then 
multiply by the length of the tank. 

To find the area of the segment AEB — 


OF — OE — EF == 28*91 ““ 14*86 = 14*05 



Fig. 1 13. — Halpin Thermal Storage System. 


We can now use the rule previously given for the area of a segment, 
^8 

viz. area = ~ — sin 0) where B is the central angle in radians, for 

f =5 28-91, 6 = ii. AOB = 2a = 2*126, and sin 6 =s: sin 121° 52' 

= sin(i8o® “ 121^52') “ sin 58° 8' = *8493, 
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[Note . — The proof of the rule sin A = sin (180 — A) is given later 
in the book.] 

Thus— area of AEB = — *8493) 

= 533‘8 sq ins. 

To find the area of the segment DHC — 

OG = EG-— OE = 52*96 — 28*91 = 24*05 
cos /3 = gjj = == *8318 = cos 33® 43' 

0 = 33° 43' or *588 radian 
and sin 2/3 = sin 67° 26' == *9234. 


Hence— area of DHC = - -923) 

= 105*9 sq. ins. 

Area of the whole circle ^ x 8 i^ = 2625 sq. ins. 

A area of ABCD = 2625— 533*8— 105*9 = 1985 sq. ins. 

and volume = _ 288*4 cu. ft. 

1728 -E 


Example 6. — ^A seam dips at an 
angle of 62® to the horizontal for 
a distance of 900 ft. measured 
along the seam and then continues 
dipping at an angle of 40° to the 
horizontal. A shaft is started to 
cut the scam at a distance of 1200 
ft. horizontally from the outcrop ; 
at what depth will it cut the 
seam ? 

This example introduces the 
solution of two right-angled tri- 
angles : the lengths AD and AC 
(Fig. 1x4) are given and we require 
to find DF. 



[n the triangle ABC, = sin 28° = *4695 

Also — 

Hence — 

In the triangle CEF, = tan 40® = •8391 

EF= 777*4 X *8391 = 652*4 

A DF == DE+EF = BC4-EF = 794-4+652-4 = 1446*8 ft. 


AB == 900 X *4695 = 422*6' 

== sin 62° “ *8829 
900 ^ 

BC = 900X *8829 == 794*4' 

CE = BD = 1200— AB = 777*4^ 
■RTT 


R 



242 


MATHEMATICS FOR ENGINEERS 


Trigonometric Ratios from the Slide Rule. — The sine 
and tangent scales of the slide rule may be usefully employed in 
trigonometry questions; the multiplication of the side of the 
triangle by the trigonometric ratio being performed without the 
actual value of the ratio being read off. 

To read values of trigonometric ratios : Reverse the slide so 
that the S scale is adjacent to the A scale and the T scale to the 
D scale. The sines of angles on the S scale will then be read off 
directly on the A scale. If the number is on the left-hand end of 
the rule, then -o must be prefixed to the reading, but if on the right- 
hand end of the rule, then a decimal point only. 

e. g., to find sin 4° : place the cursor over 4° on S scale, and on 
A scale read off 698; this being on the left-hand end of the rule 
sin 4° = -0698. 

Again, sin 67° = *921 for 921 is read off on the A scale above 67 
on the S scale and is on the right-hand end of the rule. 

As the angle approaches 90® the sine does not increase very 
rapidly and therefore the markings for the angles on the S scale 
in this neighbourhood are very close together. From 70® the 
usual markings are for 72°, 74°, 76°, 78°, 80®, 85® and 90°, the 
longer mark being at 80®. 

To use the S scale for a scale of cosines, first subtract the angle 
from 90°, i. e., find its complement, and then find the sine of this. 

e. g., cos 37° = sin 53° = -799. 

To combine multiplication with the reading of ratios, use the 
S scale just as the ordinary slide or B scale, multiplying, as it were, 
by the angles instead of by mere numbers. 

e.g., suppose the value of the product 18-5 x sin 72° is required. 
The right hand of the S scale is set level with 185 on the A scale, the 
cursor is placed over 72 on the S scale, and the product 17-6 is read off 
on the A scale. 

The tangents of angles from 0° to 45° will be read in a similar 
fashion, the T and D scales being used. Tan 45° = i, and after 
this the tangent increases rapidly, being infinitely large at 90°. 
For an angle greater than 45° : subtract the angle from go® and 
divide unity by the tangent of the resulting angle. 

e. g., suppose tan 58° is required. 

Actually- tan 58" = 

Hence ; set 32° on the T scale level with i on the D scale ; then 
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the reading on the D scale opposite 45®, i. e., the end of the T scale, 
is the required value and is i-6. 

A further example . — Find the value of 1 — s 

tan 64° 

= 87Xtan 26“ = 42-4. 

[The setting being : 45° on the T scale against 87 on the D scale; 
the cursor over 26 on the T scale; then 42-4 on the D scale.] 

Example 7 , — A boat towed along a canal is 12 ft. from the near 
bank and the length of rope is 64 ft. The horse pulls with a force of 
500 lbs. : find the effective pull on the boat, and that tending to pull 
the boat to the side of the canal. 



rig 1 1 5. — Forces on Boat towed along a Canal. 


The " space diagram is first set out and from this x is calculated, 
VIZ. X— V64^“I2^ == 62-8 [a, Fig. 115). 

If a triangle be drawn (see 6, Fig. 115) with sides parallel to those 
of the triangle ABC so that EF represents 500 lbs. to some scale, then 
EG and GF represent the pulls required to the same scales. 

Or by calculation — 


GE 
500 ‘ 

GE : 


12 


cos E = cos A = i, e,, GE == 500 cos E 

12 X 500 o 

—64 = 93-8 

i. e,, the pull towards the bank = 93-8 lbs. 


Also 


GF 
500 

gf — 5 QQ ^ _ 


6^*8 

sin E = sin A — GF = 500 sin E 


64 


491 


i.e., the effective pull in the direction of the boat’s motion = 491 lbs. 


In general the components of a force R m two directions at 
right angles to one another (see Fig. 116) are R cos a, and R sin a 
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where a is the angle between R and the first of the components. 
As a further example of resolution into components, if T (Fig. 117) 
is the total magnetic force on a unit pole at some place and d 
is the angle of dip, H the horizontal component of the force 
is '= T cos d, and V the vertical component = T sin d. 



Calculation of Co-ordinates in Land Surveying. — When 
plotting the notes of a traverse survey, in which the sides of a 
polygon and the “ included " or internal angles are measured in 
the field, it is necessary to first transform the dimensions of the 
lines and angles so as to give the co-ordinates of the comers as 
measured from the north and south line (or meridian) on the one 
hand, and from some chosen east and west line on the other hand. 
The survey is then plotted from the co-ordinates, with the object 
of introducing an accuracy of drawing which is impossible if the 
field-book dimensions are directly set out. In the latter case the 
angular error is cumulative, and, further, the plotting of angles 
at all times is more productive of error than the plotting of lines 
{e. g., co-ordinates). 

Quadrant bearings . — ^The co-ordinate axes being chosen as just 
stated, viz. North-South and East-West, every line of the traverse 
is referred to the meridian in terms of the smallest angle between 
it and the meridian, with the further statement of the “ quadrant ” 
(N.E., S.E., S.W., or N.W.) in which it is placed. Such angles are 
termed quadrant or reduced bearings. 

Thus in Fig. 1x8 — 

The reduced bearing of the line A is 27° N.E., that of the line 
B is 36° S.E., that of the line C is 66° S.W., and that of the line D 
is ix° N.W. 
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Whole-circle hearings , — There is a second method of denoting 
the bearing of a line from the meridian and that is to simply take 
the angle that the line makes with the north but always in a right- 
handed direction. This is better than the quadrant method as 
requiring but one simple numerical statement. 



For example, in Fig. 119, the whole-circle bearings of the lines 
A, B, C and D are respectively 27°, 144°, 246® and 349"", all measured 
from the north line ON. 


Example 8. — Measurements on a triangular plot of land ABC, 
Fig. 120, resulted in the following : AB = 7073 links, BC = 7736 links, 
CA ~ 5462 links, A = 75®, B = 43° and C = 62°. The reduced bearing 
(R.B.) of AB is 9° N.E. and the point A is taken as the origin for the 
co-ordinates. Find the reduced bearings of BC and CA, the co-ordinates 
of the points B and C, and also the area of ABC. 

Right-hand order should be adhered to throughout, as indicated 
by the letters ABC. 

To hnd the R.B. of BC. [It should be grasped that the bearing 
of C to B is not the same as the bearing B to C.] Mark on the diagram 
all the known angles, and then by combination with 90 or 180° all the 
required bearings can be found. Thus R.B. of BC = 43°-~9° = 34^ S.E., 
since 34® is the acute angle made by BC with the N. and S. line : the 
quadrant must also be stated, to definitely fix the direction of movement. 

Similarly, the R.B. of CA = 180 ‘=^-62 ‘=^-34® = 84^ S.W. 

To calculate the co-ordinates of B — 

= sin 9° and therefore BD = AB sin 9® 

AJB 

also AD a* AB cos 9°. 


246 MATHEMATICS FOR ENGINEERS 

Thus the departure of B (t. e., its distance E. or W. from A) 

= AB X sin (R.B, of AB) 

and the latitude of B {L e., its distance N, or S. from A) 

=3 AB X cos (R.B. of AB) 

Then— BD = 7073 x sin 9® 

In the log form— log BD = log 7073 + log sin 9° 

« 3*8496 + I *1943 “ 3*^^439 
BD 1106 links, which is the departure of 
B east of A 



Again — AD = AB cos 9® = 7073 x cos 

In the log form — log AD = log 7073 + log cos 9® 

= 3*8496 + I *994<5 == 3*S44^ 

AD = 6985 links, which is the latitude 
B north of A 

Hence the co-ordinates of the point B are 1106, 6085. 

For the point C — BE = 7736 sin 34® 

In the log form — log BE =5 log 7736 + log sm 34® 

— 3 ‘S 885 + 1-7476 = 3*6361 
BE = 4326 links, which is the departure of 
C east of B. 
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Again — CE = 7736 cos 34® 

In the log form— log CE = log 7736 + log cos 34° = 3*8885 + i ’9i86 

= 3*8071 

A €£ = 6413 links, which is the difference of 
latitude between B and C. 

Thus the co-ordinates of C are (1106 + 4326) and (6985 — 6413) 

or (5432, 572). 

The figure may now be accurately plotted by means of the co- 
ordinates. 

To calculate the area — 

aABC = ADEF-ABD-BEC-ACF 

= (5432x6985)— (Jx 6985 X 1106) 

-(ix64i3x 4326)- (1x572x5432) 
= (37’95 X io«)— (3-863 X loO)— (13 88x 10^)— (i*553x lo®) 
= 1865^000 sq. links 
Dividing by ioo^= 1865 4 sq. elms. 

Dividing by xo, = 1 86 54 acres. 

For greater precision tables of log sines and log cosines (viz. 
Tables VIII and IX at the end of the book) have been utilised in 
the working of this example. For general work the accuracy of 
the slide rule is sufficient, but in all cases these tables, which are 
used m the same way as the tables of natural sines and natural 
cosines, are convenient. 

As shown earlier in the chapter the value of the sine or cosine 
of an angle vanes between o and i, and accordingly the values of 
the logs of these ratios vary between — 00 [i. e,, the smallest quantity 
possible) and o, since log o == — 00 (refer Chapter I) and log i == o. 
Except for small angles, therefore, the log sine will be of the nature 


of !• or 2* whilst the value of the log cosine will 

be 1 “ or 2- unless the angle is large. 

e, g., sin 27® = -4540 and log sin 27® = log *45 == i *6571 

sin o® 33' = *0096 and log sin o®33' == log *0096 == 3*9823 

cos 87® == -0523 and log cos 87® = log *0523 — 2*7185 


Example 9. — From the following co-ordinates compute the true 
length, the bearing, and the angle with the horizontal of the line AB. 


station. 

Feet. 

Feet 

Feet above Sea Level 

A 

B 

Northing 4501-2 
Southing 20*1 

Westing 56*1 
Easting 4788*1 

Reduced level 249-2 
Reduced level 329-2 
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By plotting the points A and B from the co-ordinates given, their 
actual positions are represented. Complete the triangle ABC by 
drawing AC vertically and BC horizontally (see Fig. 12 1). 


Then — AC = 4501-2 + 20*1 

and BC = 4788-1 + 56-1 

To express the results with the 
same accuracy as that with which 
the figures have been measured we 
must use five figure log tables. 

To find the angle CAB — 

tan CAB = 4844-2 

4521-3 

i.e., log tan CAB = log 4844-2 " 

- log 4521-3 
— 3-68523 — 3-65527 
= *01996 

= log tan 46® 19'. 2i 

CAB = 46° 19' 

The whole circle bearing of AB 
is thus 180® — 46® 19' =133^41^- 


45-21-3 

4844-2 


^ Bewaring ancfh 
mcjUircd 

I 


Jndmed length 




I length 

on plan 




Fig. 121. 


To find the length (on the plan) of AB- 

CB .0.. 


In the log form- 


= sin 46" 19' 

AB = 

sm 46 19 
___ 4844*2 

sin 46° 19' 

log AB == log 4844-2 — log sin 46° 19' 

= 3*68523 — 1*85924 =. 3*82599 
= log 6698*7 
AB = 6698*7 


This length found is that of AB on the plan ; the true length will be 
slightly greater than this, since it is the hypotenuse of the triangle 
of which the base is 6698*7; and the height is 80. 

In the triangle ABB^ : tan B'^^AB = 

and log tan B^AB =« log 80— log 6698*7 = 1*90309—3-82599 

= 2*07710 
= log tan 41' 4"^ 

the inclination of AB to the horizontal is 41 '4^^ 
and the true length of AB (or AB^) == V(6698-7)2 4- 80^ 

6699-3^ 
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Exercises 28 . — On the Solution of Right-Angled Triangles, and the 
Calculation of Co-ordinates. 

In the following Examples i to 7, ABC is a triangle right-angled 
at C. (In each case the figure should be drawn to scale,) 

1 . c == 4^", A = 15°, find a and 5 , 

2 . a = i2'\ B ~ 36°, find b and 

3 . c = 65"', A == 48°, find a and 

4 . fc — 34'^ B == 27°, find a and c. 

6. c = 27-37'^, A = 54°, find a and 6. 

6. b = 72*5", A = 38 find a and c. 

7 . c — 23*4", B — 27^°, find a and b, 

8. A bomb dropped from ^n aeroplane strikes a building which is 
known to be one mile away from an observing station, at which the 
elevation of the aeroplane is seen to be 29*^. Find the “ range,” i. e., 
the distance of the aeroplane from the observer, and also its height. 

9 . A mountain railway at its steepest rise has a gradient of i in 7. 
What is the inclination to the horizontal of this gradient ? [Note that 

j, , . , perpendicular q 

the gradient is always the ^ — 7 . 

^ hypotenuse J 

10 . From the top of a house, 37 ft. high, a bench mark (Government 
height above sea-level) is sighted, and the angle of depression is 48°. 
Find the horizontal distance from the house of the B.M., which is 
placed at a point 3 ft. above the ground. 

11 . The crank and connecting rod of a reciprocating engine are at 
right angles to one another. If the value of the ratio 

con necting rod length 
length of crank 

is 4*7, find the angle which the crank makes with the line of stroke. 

12 . The rise of a roof is ii ft. and the span is 84 ft. : find the angle 
of the roof. 

13 . The tangent of the angle of a screw is given by the pitch divided 
by the circumference of the screw. If the diameter is and the 
pitch angle is 7® 15', find the pitch. 

14 . If the screw in Ex. 13 becomes (a) double- or (b) treble- 
threaded, what are now the angles of the thread ? 



Fig. X22. — Set-over of Lathe Fig. 123. — Brown and Sharpe 
Tailstock, Worm-thread. 

15 . Calculate the " set-over ” of the tailstock of a lathe for turning 
a taper (the angle being 9^ and the length of job 15-2). See Fig. 122. 

16 . Find the angle of thread ^ for the Brown and Sharpe worm- 
thread shown in Fig. 123. 




250 


MATHEMATICS FOR ENGINEERS 


17 . When using the Weldon Range Finder, one determines a length 
AB by comparison with a base AD. Find ratio of for the case 
illustrated (Fig. 124). 



18 . Determine the co-ordinates of the points A, B, C and D (Fig. 125) 
with references to the axes marked. Find the area of ABCD; and 
state also the " reduced bearings of BC, CD and DA. The bearing 
of AB is 50*5° N.E. 

19 . In Fig. 126 calculate the co-ordinates of the points B and C, 
the reduced bearings of BC and CA, and the area of ABC, if the bearing 
of AB is 60^ S.E. 



20 . In finding the length of a line CB, a line CA was set out by means 
of the optical sqxiare at right angles to CB and the distance CA was 
chained and found to be 1-14 chains. The angle CAB w^is then ob- 
served by a box sextant and found to be 71° 54'. Calculate the length 
of CB, 

21 . The co-ordinates of two stations A and B are — 

A. Latitude N 400 links; Departure W 700 links 

B. Latitude S 160 links; Departure W 1500 links 
Find the whole circle-bearing of AB. 
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22 . You are 220 ft. horizontally away from the headgear of a 
mine. From a point on the same level as its base you find that the 
headgear subtends a vertical angle of 18° 30'. Find the height. 

23 . A ball fitting down to the taper sides was used to test the 
correctness of the cup-shaped check shown in Fig. 126a. The test was 
made by measurement of the distance AB. Calculate this length 
correct to 

Toper of Sides 5 a 
A nneosured 00 diom. 



Hole to be 
drilled - 


Fig. t26a , — Test for Gauge. 


illed 

Fig, 126&. — Block for Jig. 


24. Determine the diameter of the largest drill that could be used 
for the hole in the jig block shown in Fig, 126&, when you are told that 
the drilled hole, which is made first to clear away part of the metal, 
must cut the taper hole at the level AA. 

Angles of any magnitude. — Up to this point our work has 
been confined to angles of 90"" and under, whose trigonometrical 
ratios can easily be found from tables or by the use of the slide rule. 
Angles greater than 90° must be reduced to those less than 90° by com- 
bination with 180° or 360°, i. e., they must he reduced to the equivalent 
acute angle made with some standard line, which in all this work will be 
taken as the N and S line. 



If the N. and S. line and the E. and W, line be drawn, they 
divide the space into four quadrants,'" and the position of an angle 
can always be stated by reference to the quadrant in which it lies. 
Angles are measured in a right-hand direction from the N. and S. 
line, and the quadrants are numbered as shown in Fig. 127. A 
minus sign before an angle indicates a movement from the north 
in a left-hand direction. 
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e. g., referring to Figs. 128 and 129 — 

154® is in the 2nd quadrant ; and its equivalent acute angle 
= i8o°— 154° = 26° 

258° is in the 3rd quadrant ; and its equivalent acute angle 
= 258°— 180® = 78® 

—76® is in the 4th quadrant ; and its equivalent acute angle 
= 76® 

—472® is in the 3rd quadrant ; and its equivalent acute angle 
= 68 ® 


To sum up, it will be seen that the equivalent acute angle 
(written e.a. angle) is always the angle made with the N. and S. line ; 
i. e., it is obtained by compounding with 180® or 360°. 

It is now necessary to find the algebraic signs to be prefixed to 
the trigonometric ratios of any angle. Thus although the sine 
of —472® is numerically equal to the sine of +68°, since 68® is the 
e.a. angle for —472° (see Fig. 129), it would not necessarily be 
correct to state that sin — 472° = sin 68°, because we have not 
yet examined for the algebraic sign. As a matter of fact, 
sin — 472® = — sin 68°. 

Suppose that a line of unit length rotates in a right-hand direc- 
tion, starting from the north, thus sweeping out the various angles. 

Its " sense ” will always be considered positive, wlulst the usual 
convention will fix the signs for horizontal and vertical distances. 


\Note. — In all that follows, be sure to measure every angle from 
the north point : thus in Fig. 130, the 
angle (180 — A) is the angle aod, and the N 

angle (360 — A) is the angle aoh measured ^ 

in a right-hand direction.] \ +' / 

Let i- aoc (Fig. 130) represent the 4. / 

magnitude of the e.a. angle in all the four 
quadrants : i. e., z. aoc = l eod = l eof— 

L aoh = A, say. T) 


In the 1st quadrant- 
sin A = -T = 


+ ac 

+ QC 

+ oa 
+ oc 
— ac 
"+ oa 


= -r = 


tan A == = + 


+ ac 

i”’ 

+ 0^ 

I 

, ac 


+ ac 
oa 


In the 2nd quadrant sin (180 — A) 


— i 

N 

\CL 

\4^- 

fy/ 

\ 


V 


_ \ 

/ 4- 




2 '\ 


^ + 

Fig. 

130. 

— -f- cd !! 

but ed = 
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so that iin {180 — A) = sin A. Hence the reason for compounding 
with iSg® to find the e.a, angle is seen. 

Again— cos (180— A) = = — oe — — oa 

— oe indicating that oe is a negative length, because measured 
downwards — 


tan (180— A) — 

“j— 


ed 

ac 

— oe 


oe 

oa 

In the 3rd quadrant — 

I 




sin (180+A) = 

— 

ef = 

— ac 

cos (180+A) = 

^ oe __ 
I "" 

— 

oe — 

oa 

tan (180+A) == 

I 1 

II 

+ 

li 

ac 

In the 4th quadrant — 

— ah 

I “ 




sin (360— A) = 

— 

ah — 

ac 

cos (360— A) = 

+ oa _ 

I 

+ 

oa 


tan (360— A) == 

— ah _ 
oa 

— 

ah 

oa 

ac 

oa 


i. e., summarising for the equivalent acute angles in all four 
quadrants, the algebraic signs vary as follows — 


Quadrant. 

ist 

and 

3rd 

4th. 

sine and cosec . 

+ 

-f 

— 



cos and sec . 

+ 

— 



+ 

tan and cot . 


— 


— 


■1 

xxU 

Zeux 



(a) 



SINE AND COSINE AND TANGENTano 
COSECANT. SECANT. COTANGENT. 


Fig. 131. — Variation in Sign of Ratios. 


This variation in sign may be better or more plainly denoted 
by the diagrams {a), {b), {c) and {d), Fig. 131. Fig. (a) 131 may 
need an additional word of explanation. In each quadrant is written 
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the word to indicate which ratio or ratios is or are positive in that 
quadrant. Thus in the 3rd quadrant, the tangent alone is positive, 
and in the 4th qhadrant the cosine alone. Fig. (i), {c) and (d) 131 
are nfxerely a representation of the table just given. 

Hence, to find the trigonometric ratio of an angle of any magni- 
tude : find first its e.a. angle and the quadrant in which the angle 
occurs, and then apply the sign of the quadrant for the ratio re- 
quired. {Numerically, the ratio of any angle is that of its e.a. 
angle.) In all cases it will be found that a diagram simplifies mailers. 

Example 10. — Find the value of sin 172®. 

sin 172° = sin (180— -172) = sin 8®, for 8® is the e.a. angle 

since 172° is in the 2nd quadrant, and the sine there is +. 


Example ii, — Find cos 994®. 

994® = [(2 X 360^) + 274®] 

2 X 360® brings us back to the starting line, and so we deal only with 
the 274®. Now 274® is in the 4th quadrant, and thus its cos is + ; 
also the e.a. angle — 360 — 274 = 86®. 

cos 994° == + cos 86® = -f ’0698. 

Example 12. — Find tan —327®. 

The angle —327® is in the ist quadrant, and hence its tan is + ; 
also the e.a. angle == 33®. 

tan -327® = + tan 33® = +-6.104. 


Example 13. — Find the sin, cos and tan of 115°. Wliat connection 
is there between them ? 

The angle is in the 2nd quadrant, hence — sine is 

cos is — 
tan IS — J 

also the e.a. angle := 180®— 115° ==65® 
sin 1 15® = +sin 65® = +-9063 
cos 115° = — cos 65® —-4226 

tan 1 15® = — tan 65® = —2-1445 

sin 115° +*9 o6s 

cos 115° ^-4226 ^’^445 

= tan 1 15®. 


Now — 
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This most important relation always holds, viz. that — 


tan A == 


sin ^ 
cos A 


The “ reduced bearing,' ' in surveying, may be regarded as 
identical with the equivalent acute angle " here used. 

In the general solution of triangles only angles up to 180° occur, 
hence we are concerned mainly with the ist and 2nd quadrants. 


Exercises 29, — On the Trigonometric Ratios of Angles of any Magnitude. 


Find from the tables, the values of the sin, cos and tan of the 
following angles (Exs. i to 5). 


1 . 116®; 322®; 218®. 2.-82®; —398®; 1562®. 

3 . 199*2"^; 341® 5'; 984® 23'. 4 . 4; 11*62; *85; i*i6 radians. 

5 . — 1194®; — 2*45 radians; 787® ii'. 

6. Find values of cot 126®; cosec tt; sec (—52°). [Note . — The 
angle tt radians is that subtended at the centre by the half-circumference 
and is thus 180®.] 


7 . Find a value of A between o and 180® if- 


cos A = 




and 


2bc 


b = 9*8^ 
c = 6 * 4 ^ 

a = 14^45'" 


JL 2P'F[ 

8. The equation cot 6 = oYh relates to the design of 

water turbines. If V = 53 ’ 4 > ^ == H,= 100, g — 32*2, find 9 (between 

o and 180®), ^ 

9 . As for the preceding question, but taking V = m — VSo, 

g — 32-2 and H = 80. 

10 . If a® — angle of the crank of a steam engine from the dead 
centre, m == ratio of connecting rod length to length of crank and 
f^ — -833 ; find values of a to satisfy the equation — 


cos a = m— V when m = 4. 


Solution of Triangles. — The '' solution " of a triangle consists 
in the determination of the magnitudes of the six parts, viz. the 
three sides and the three angles. In many cases sufficiently accurate 
results can be obtained by careful drawing to scale, but for great 
precision the values of the parts of the triangle must be calculated. 
In such calculation extremely exact tables, giving the relations 
between the sides and angles, are employed, and the results obtained 
are superior to those given by even skilled draughtsmanship. 
Again, it sometimes happens that the triangle is difficult to construct: 
thus if in Fig. 136 the base AC was very small compared with 
the sides AB and BC, the intersection of AB and CB would not easily 
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be deteimined, and, therefore, the lengths of the sides as measured 
would only be approximate. The angle at B would under these 
circumstances be termed “ badly conditioned.” 

There are a number of rules developed for the general solution 
of triangles, but of these the following will be found to be of the 
greatest service, while even this list may be reduced to the first 
two rules. 

Adopting the usual notation for the triangle, viz. A, B and C 
for the angles, and a, b and c for the sides opposite these angles 
respectively, the rules for the solution of all triangles are — 

(1) usually referred to as the sine rule. 

^ ^ smA smB sinC’ 

( 2 ) a* = 5* 4- c® — 2 Ac cos A, usually referred to as the cosine rule. 

( 3 ) W sin ^ (2S - <i + 4 + cj 

(») 

(4) tan ^ ~ cot ~ 

These may be employed undei' the following conditions — 

I. Gtven iwo sides and included angle: use either rule (2) to 
find the third side and then either rule (i) or rule (3) to find 
another angle; or use rule (4) tO'find the remaining angles together 
with rule (2) for the third side. 

e. g., suppose b, c and A are given. 

Then from rule (2) the value of a can be found, 

, sm B sin A 
also — g— = — - — [from rule (i)] 


/. B is found 

and C = 180 — (A+B), since A-f-B-f C == 180°; 
or alternatively — 


tan 






the angle 


B--C 


cot 


is found, and hence also (B—C). 


But (B+C), i. e., 180— “A is known. 


and therefore B and C are found by solving the simultaneous 
equations. Also a can be found from rule (2). 
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II, Given two angles and a side, say a, A and B — - 

Then— C = i8o-(A+B) 

From rule (i) — 

c a j & a 

sin C sin A sin B sm A 

and therefore all the sides are found. 

III. Given two sides and an angle not included by them, say 
5 , c and B — 


From rule (i) 


sin C sin B 


and since 


c b 

C is found, and also A. {For A = i8o— (B-hC)} 
a b 


sin A sm B’ 


a is found. 


IV. Given the three sides : it is more convenient in this case to 
use rule (3) to find one of the angles ; because logarithms can be 
applied. 

From Rule (3) c — 



Then use Rule (i) to find B. 

Otherwise — ^2 _ 2 hc cos A 

COS A = A is found 

and thence by the sine rule B may be found. 

Thus if rules (i) and (2) are remembered, any triangle may be 
solved. 

Proof of the Sine ” Ruie. 

Consider Figs. 132 and 133. 

^ _ 

In both figures — ^ = sm B 

p z=i c sin B 
also in Fig. 132 — ^ & sm C 

and in Fig. 133 — ^ = ft sm (180— C) == b sin C 

Hence — c sm B = 6 sin C 

c b 
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Hence, by substitution from (5) into (4) — 

c® = aa+ja-i- 26 » (6) 

Now in Fig. 135 ^ = cos C or « = « cos C 

so that, writing a cos C in place of n in (3) — 
c® = — 2«6 cosC. 

Also in Fig. 136 — 

-= COS L BCD = cos (180— C) = — cos C or w ^ cos C. 


Substituting this value for n in (6) — 

c2 = cos C. 

We have thus proved that the rule holds for the case in which 
C is an acute angle, and also for the case in which C is obtuse. 
When C is a right angle, as in Fig. 134, its cosine is zero and accord- 
ingly it is correct to write — 

c:2 = cosC. 

Hence the rule is perfectly general. 

The two other forms of the cosine rule can be written down by 
writing the letters one on in the sequence a, b, c, a. 


i. <?., cos a 

and b^ = 2c<z cosB. 


By transposition — 

cos C = 
cos B — 
cos A = 


2 ab 

2 ca 

2 bc 


the forms in which the rule must be used if the three sides are 
given and the angles are required. 

In every case of a solution of a triangle the figure should be drawn 
to scale, for this serves as the best check on the results obtained by 
calculation. 

The following examples should be carefully studied — 


Examples on the use of the Sine Rule. 

Example 14. — Solve the A ABC completely when c = 1916 ft., 
h = 1748 ft., and C == 59°. [This triangle is drawn to scale in Fig. 137*] 
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To find B — 
and hence* 


sin B 
sin B 


sinC 

c 

b sin C 
c 


1748 X sin 59® 
1916 


Taking logs throughout— 

log sin B = log 1748 + log sin 59® ■— log 1916 
s= 3*2425 + i*933i — 3*2823 
1-8933 = log sin 51® 28' 

B = 5I°28^ 


Then— A == 180^ - (59® + 51*^ 28') 

-69^32^ 



b 

sin B 
^sm A 
sin B 

In the log form — 

log a = log 1748 4- log sin 69° 32' — log sin 5i°28' 

= 3*2425 + 1*9717 “• 1*8933 


To find 


a 

sin A 


== 3-3209 
^ = 2093 "" 


Example 15. — Solve the A ABC completely wlicn a == 12-6'*’, 
b ^ lyS", A == 40®. (This is similar to the last Example up to a certain 
point.) 


To draw this to scale (see Fig. 138).— Make the angle ^0° with a 
horizontal line and along AC mark off a length to represent I7'8^; 
this is the side 6. With centre C and radius = 12*6''' (to scale) strike 
an arc to cut the horizontal \ and two points of section being found, 
call them B and B'. Both the A ABC and the A AB'C satisfy the 
given conditions, because AC = & =« 17-8, CB = CB' = a = 12-6 and 
A =: 40®, so that in this case there are too solutions. This case is known 
as the ‘‘ ambiguous case in the solution of triangles. 

Since— CB = CB', z, CBB' = l. CB'B 

L CB'A = 180-- L CBA 
or B' 180-B 
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and the two values of the angle B, which are indicated on the figure, 
are supplementary, L e,, together they add to 180°. AB and AB' 
are the two different lengths for c for the different cases, while ACB 
and ACB' give the two values for the angle at C. 

To solve by calculation, — ^Two sides and one opposite angle are 
given, and therefore the sine rule is to be used. Taking the same 
diagram — 

To find B — 

sin B = ^ 17‘8 sin 40*^ 

a 12*6 

In the log form — 

log sin B = log 17*8 -f log sin 40® — log sin 12*6 
= 1-2504 + i-8o8i — 1-1004 
= 1-95^1 = log sin 65 13' 

B = 65" 13' 

The value of B', which is alternative to B must be 180 — B 
== 114° 47'. The mode of calculation would be unchanged, for — 

sin 114° 47' = sin 65° 13'- 

To find C— 

In the first case C = i8o°— (40®+ 65^13') 

= 74'' 47' 

In the second case C == 180®— (40®+ 114^47') 

= 25® 13' 

To find c. — This is the base, which is AB' or AB. Either the sine 
or the cosine rule can be here used, but the sine rule is more adapted 
for logarithmic computation. 

a sin C 

C — : 

Sin A 

In the first case — 

log c = log 12-6 -f log sin 74® 47' — log sin 40® 

= 1-1004 + 1*9845 — i-8o8i 
= 1-2768 
c == 18-91" 

In the second case — - 

log c = log 12*6 4” log sin 25® 13' — log sin 40® 

= 1-1004 4- 1-6295 “ I '8081 
= -9218 
/. c = 8-352 

Grouping the results — 

B=65®i3' or ii4®47', 0 = 74® 47' or 25® 13', g=i8-Qi" or 8-352" 

all respectively. 

The sine scale on the slide rule could be used with advantage in 
this example. To multiply or divide by sines of angles, multiply 
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or divide by the angles, as marked on the scale, in the ordinary 
way. E. g . — 

— 12-6 X sin 74° 47' 

^ ~ sin 40° 

Set the cursor over 12*6 on the A scale, move the sine scale until 
40° is level with the cursor; then place the cursor over 74“ 47' on the 
S scale. The value of c is read off on the A scale, and = 18-9. 

A little confusion may arise regarding the graduations on the 
S and T scales. The markings usually shown are not for de cimole; 
of a degree, but for minutes. As regards the S scale : up to 10°, 
a line is shown at every 5', i. e., there are 12 divisions for each 
degree. From 10° to 20° every 10' is shown, from 20° to 40° every 
30', from 40° to 70° each degree, and thence 70°, 72°, 74°, 76°, 78°, 



Fig- 139- — Solutions of Triangles. 


80®, 85° and 90°. On the T scale, up to 20°, markings are at each 
5' and then at every 10'. 

Whenever two sides and an opposite angle are given, we must 
consider the possibihty of the two solutions. 

The drawing to scale is an excellent test, for the arc B'B in 
Fig. 138 must either cut or touch the base if the triangle is to be 
possible. 

The various cases that arise are illustrated in Fig. 139 ; in 
which the sides a and 6, and the angle A are given. Drawing a 
horizontal line of unlimited length to serve as a base, the angle A 
can be set out and the point C fixed, since the length of AC is given. 
Then an arc of radius equal to b is described from the centre C. 
If b IS very small, the arc does not cut the base and case (i) arises ■ 
there_ being no triangle to satisfy the conditions. If the radius of 
the circle, i. c., the length of the side b, is increased, we arrive at 
case (2), in which the arc just touches the base and so gives one 
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triangle only, viz. the right-angled triangle ACBj. By further 
increasing the length of b cases (3), (4) and (5) are found, in which 
there are two, one, and one, solutions respectively. 

It will thus be seen that there may be two solutions if two 
sides of a triangle and an angle opposite the shorter of these is 
given. In all cases, however, the triangle should be drawn to scale 
before any trigonometrical rules are applied. 


Example 16. — h. mill chimney stands on the even slope of a hill, 
which has a gradient of 4® (Fig. 140). Two points are chosen on the 
same side of the hill and in 
the same vertical plane as that 
including the chimney. These 
points are 75 ft. apart measured 
up the slope, and, viewed from 
the points, the chimney subtends 
angles of 48® and 59® from the 
horizontal. Find the height of 
the chimney above the ground 
on which it stands. 

It should be noted that the 
angles of elevation are measured 
from the horizontal, since the 
scale of the theodolite vertical 
circle reads zero when the tele- ^^8- 

scope is horizontal. 

Hence— L ABC = = 44*' 

and ^ACD = 55® 

Thus— /.ACB = i8o°- 55° = 125^ z. BAG = n® 

Z-ADC= 94*^, Z-CAD ~ 31® 

Here we have two triangles, viz. ACB and ACD, one containing 
the known length and one containing the unknown length ; and these 
must be connected up through a side common to both, viz. AC. 

Let the required height AD = h 

Then, in the A ACB — 

AC ^ 75 

sin 44® sin II® 



AC = 


75 4 4^ 

sin II® 
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Substituting for AC its value — 

, _ 75 J< sin 44'' X sin 5^ 
sin II® X sin 86° 

= 225 ft. (from the slide rule). 


Example 17. — ^The elevation of the top P of a mountain (see Fig. 141) 
at a point A on the ground is 32°. The surveying instrument is directed 
to another station B, also on the ground, and 4600 ft. distant from A, 
the angle PAB being found to be 48° : also PBA is 77®. Find the 
height of the mountain. 


The sloping triangle PAB is shown laid flat on the ground in Fig. 142. 
From this ground plan — 

PA _ 4 600 
sin 77® ““ sin 55® 

PA ==4600 ^^,7/ 



EQ 

AP 


sin 32 


and 

Substituting for AP — 


PQ = AP X sin 32® 

4600 X sin 77® X sin 32° 
sin.55° 


Height of mountain = 2900 ft. 


Example 18. — It is required to lay out a circular arc to connect the 
two straight roads AB and CD (Fig. 143) : the radius r of the arc is 
known, but the meeting point E of AB and CD is inaccessible. 

Select two convenient stations F and G, and by directing a theodolite 
first along Fe and then along FG the angle EFG is measured. Similarly 
measure ^lEGF. 
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Let the sum of z. EFG and z. EFG — 2a 
Then — 


Z-AED = 180— 2<^ 

and z. AEO = Jz. AED = go—a 

jL EOS = a 
ES 

= tan a, since z. ESO is a right angle 

/. ES = OS tan a = r tan a (i) 

and also ET = r tan«, since ET == ES .••.(!) 

To find FS and GT, EF and EG must first be found. 


Now- 



In the A EFG — 


Fig. 143. 


E F ^ F G 
sin EGF sin FEG 


or 


EF = FG 


sin EGF 
sin. FEG 


EF is known 


Also, in the same way — 

EG = FG 

sm FEG 


EG is known 


(2) 


(3) 


Finally, FS is found from (i) and (2) since FS = ES — EF, and 
GT is also found from (i) and (3) since GT = EG — ET* Thus the 
points F and G having been taken at random, S and T can now be 
plotted therefrom, which show the starting-points of the curved road 


Examples on the use of Cosine Rule. 

Example 19. — In the triangle ABC (Fig. 144) find z. C when a == 4*45', 
b = 7-85', and c ==» 11-94'. 



The longest side is always opposite the largest angle ; and therefore 
C is the largest angle. 
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Now- 


cos C 


- 

izab 


(4-45)^ +(7-85)^ -( xi-94)^ 
2 X 4*45 X 7*85 
19*8 + 6 i >5 — 142*5 


61 *2 


69*8 


69-8 

= — cos 28*^ 
= cos (180 - 
C = 151° 17^ 


•877 


43 

- 28' 


430 = cos 151® 17' 


It will be seen that a negative value for the cosine implies that 
the angle is obtuse. 

To avoid remembering too many rules the reader is advised 
to work entirely with the sine or cosine rules : this example, how- 
ever, is worked out, in addition to the above, by another rule, to 
demonstrate its usefulness and ease of application. 


a = 4-45, b = 7-85, <; = 11-94 
2s = a-f“& + c== 24-24 
5 = 12-12 


tan- 


9 ^ (^- b ){ s ~ a ) ^ / 4-27 X 7 -67 

2 V s(s — C) V 12-12 X -18 


log tan j = |{(log 4-27 -f log 7-67) — (log 12-12 + log -18)} 


- ^{(-6304 + -8848) - (r-0835 -1- 1-2553)} 
= -5882 

= log tan 75° 32' 
j = 75 ° 32' and C = 151-4' 


i, e., an error of 13' was made when using the slide rule. 

{Note that if this rule is used and the angle is required correct to 
the nearest minute, we must work throughout correct to a half-minute 
since the rule gives as the direct result the value of a half-angle.] 


Example 20. — If in the triangle ABC : a = 5-93"', c = 2-94'", B — 65®, 
find the side h (Fig. 145). 


Using the cosine rule — 

= a'^-\-c^‘^2ac cos B 

= ( 5 ' 93 )*+( 2 - 94 )* 

— (2 X 5*93 X 2-94 X cos 65®) 
= 35*1 + 8-62 

— (2 X 5 ’93 X 2 *94 X - 4226 ) 
= 43-7^- ^4-72 
^ 29 

b = 5 - 39 *’ 
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Example 21. — ^Two forces, of 47-2 lbs. and 98-4 lbs. respectively, 
making an angle of 63° with one another, act on a small" body at A. 
Find the magnitude of their resultant, or single equivalent force. 

If AB and AD in Fig. 146 represent the given forces, AC represents 
their resultant, as shown in Mechanics. 



CD = 47-2, AD = 98-4, 4. ADC = i8o°-63° =117° 
(AC)^ = (AD)*4-(DC)®— (2 xADxDCxcos 117°) 

= (98-4)®+ (47-2)®— (2 X 98-4 X 47-2 X — 4540) 

= 9670+2230+4220 
= 16120 

AC = 127 lbs, and this is the resultant. 


Area of a Triangle. — ^The following rule gives the area when 
two sides and the included angle are given ; it is simply an extension 
of the J base x height rule, for — 

AD = AB sin B or AC sin C (Fig- ^47) 

= c sin B or h sin C 
.*. Area = ^ X base X height 

= i X a X c sin B or § X a x 6 sin C 
= i ac sin B or \ ab sin C 

or, generally, area of triangle = | product of two sides x sine of 
included angle. 



D C 



This gives a rule for the area of a parallelogram — 

Area of ABCD — 

= 2{area AOB -f area AOD} (Fig. 148) 

= 2{i AO.OB sin +AOB + J AO.OD sin ^ AOD} 
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= sin L AOB {AO.OB AO.OD} since sin l. AOB 

— sin (i8o‘’— AOB) 
= sin £A0D 

= sin L AOB X AO {OB -1- OD} 

= AO.BDsin ^AOB 
= I AC.BD sin L AOB 

= I product of diagonals X sine of angle included between 
them. 


Example 22. — Find the area of AABC in which a — 5-93', c = 2-94" 
and B = 65°. 

Area = i ac sin B = J X 5-93 X 2-94 x sin 65“ 

= i X 5‘93 X 2-94 X -9063 
= 7-91 sq. ins. 


This result should agree with that found by the “ s " rule given 
in Chapter III ; it being possible to apply this rule since the three 
sides are known and are 5-93, 5-39 and 2-94 respectively (compare 


Example 20). 
TliuS"'™' 


r--. 5-93 + 5-39 + ^-94 _ 
s ^ - 7 13 


and area — x i-20 x i-74 x 4-19 = 7-91 sq. ins. 


Proof of the "s” Rule for the Area of a Triangle. 

It has been demonstrated in the previous paragraph that — 
Area of triangle = \ ah sin C. 


Now for any angle it is true that (sine) 2 +(cosinc )2 = i : hence 

sin^C + cos® C = I, or sin C = V 1 — cos® C 

— c® 


Also — 
then 
and I 


cosC = 
cos® C = 


2ab 

(a®+ 5 ®— c ®)® 

4 a®6® 

{2a6)®-(«®+6®-c®)® 


[Factorising difference of two squares] — 

{2,ab — — c^ ) 

4a^b^ 
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[Factorising difference of two squares] — 

(c — ci-\-h'){c-\-(i — 6) (<?-{-&— c) (fl! c) 

_ 2{s—a)y.2{s — b)X 2 {s—c)X 2 s 
40.%^ 

i. e., sin C = ^ Vs{s— «) (s— 6) (s — c) 

area of triangle ABC = \abx^X V s(s — a){s — 6)(s — c) 

— ^^ 5 ( 5 — a)(s — b){s—c) 

In all of these worked examples the results have been given to 
as great a degree of accuracy as four-figure log tables or the slide 
rule allow. 

When extremely careful observations have been made it is 
advisable to employ five- or even seven-figure log tables in any 
necessary calculations ; but it should be remembered that the results 
must not be given to a greater degree of accuracy than the observa- 
tions or measurements warrant. Thus it would be useless to 
express a length “ correct ” to eight figures when the least possible 
error in measurement was J%. 

The rules used in such cases are those stated in this chapter, 
except that the cosine rule is put into a form more adapted for 
logarithmic computation by means of the following artifice — 

a® = — 2bo cos A 

In place of this rule we may write — 

a = (6-hc) cos d (i) 

provided that 6 is found from — 

. - 2Vbc A .. 

sm d = -5-1 — cos — ( 2 ) 

o+c 2 ‘ 

Both (i) and ( 2 ) can be solved by the aid of logs ; and the angle 
6 thus introduced is known as a subsidiary angle. 

Let us illustrate this by taking the figures of Example 20. 

Given a = 5-93. c = 2'94, B = 65°. 

To find b — 

From the above — 

b = (c-f a) cos 6 

, . . aVca B 

and sin 9 = — ; — cos — 

c-^a 2 
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la the log form — 

log sin 6 = log 2 + i{log 2-94 + log 5*93} + log cos 32^*— log 8-87 
= T-SggS = log sin 52° 33'' 

6 = 5*° 33' 

Then — b = 8-87 x cos 52“ 33' 

In the log form — 

log b — log 8-87 + log cog 52® 33' = -7318 
b = 5 - 393 " - 


Exercises 30. — On the Solution of Triangles. 

In Exs. I to 14 solve the triangle ABC completely, being given 
that — 


1. a=3', & = 5-2'. B=78J®. 2. «=79-5'. C = 5i®32', B = 47°36'. 

• 3 . C=26°50',6 = 8-86'',c = 5-68'. 4. fa = 5-97", €=64° 18', A = 75“, 

5 . c= 9-2, a=io-3i, 0 = 46°. 6. E> = 6*i ft., c = 9-3 ft., A = 73° 16 , 

7 . a= 124-4, & = 93-7, c= 99-3. 8. a= 13-7", 6= 10-5', C= 130°. 

9 . a= 4*27', A = 29®, & = 5-86''. 10 . c = 6880, B = 30®, 6 =» 3141. 



11 . A = 50® 50', b = 922-4. c = 1003-8. 

12. B= 35° 30', 5 = 38-6, c= 43-57. 13 . a = 2 i- 8 , 5 = 15-7,0=47° 32'. 

14 . c = 32-7, 5 = 39-4, B = 55® 30'. Find also the area. 

15 . The area of a triangle is 120 sq. ft. and the ancles are 7=;° 60° 

and 45°. Find the longest side. ^ 

, i®- connecting rod of an engine is 8 ft. in length and the crank 
I -6 . Find the inclination of the connecting rod to the line of stroke 
when the crank has moved 5^* from its inner dead centre position. 

17 . The sides of a " triangle of forces ’’ represent the forces 3-7 tons 
2-275 tons and 3-025 tons respectively. Find the angles of this triangle’. 

18 . Forces of 21-6 and _i 9'7 Ihs., making an angle of 126° with one 
another, act at a point. Find the magnitude of their resultant and its 
inclmation to the larger force. 

1 ®'. setting out a railway curve to connect the lines AO and OD 
IW Fig- 149). a line CB was measured and found to be 1-474 chains. 
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If iL ABC = 171® 10' 30;, and l BCD = 145*=* 15', find the lengths of OB 
and OC ; also if the radius of the curve is to be 5 chains and the starting- 
points are E and F find the lengths of BE and CF. 

20 . The diagram, (&) Fig. 149, is necessary for the calculation of 

lag by the 3-voltmeter method. If 0 is the angle of lag, find its value 
for the case illustrated. {V, = 107, = 90, V, =» 48.} 

21 . The jib of a crane is inclined at 57® to the horizontal; the 
post is 12 ft. high and the tie rod makes 35® with the horizontal. Find 
the lengths of the jib and the tie rod. 

22 . In a triangle the shortest side is 290 ft. and the adjacent angles 
are 43° 30' and 125®; find the length of the longest side. 

23 . The tangents to a curve meet at 120®. On the bisector of this 
angle is a point 100 ft. distant from the point of meeting of the tangents, 
and through which the curve must pass. Find the radius of the 
required curve and also the tangent distances. 

24 . It is required to find the height of a house on the opposite 
bank of a river. The elevation of the top of the house is read at a 
certain point as 17®; approaching 86 ft. nearer to the bank, towards 
the house, the elevation is found to be 31®. Find the height of the 
house, 

25 . A theodolite is set up at two stations A and B at the water's 
edge of a lake which is 1240 ft. above sea-level. A staff on a hill at C 
is sighted from each station. From A the elevation of C is 15® 14' and 
the horizontal angles CAB and CBA are 59® 10' and 71® 48' respectively. 
If AB == 820 yds., find the height of C above sea-level, 

26 . From a station C on a hill, two stations A and B, on opposite 
sides of the hill are observed. The horizontal projection of z. ACB is 
43° 23', the horizontal projection of CA is 3633 links and of CB is 
4275 links. The angle of elevation of C at A is 44® 37' and at B is 33® 24^ 
Determine the horizontal distance between A and B and the diference 
of level between them. 

27 . It IS required to set out a curve of i mile radius between two 
straight portions of a railway, AB and DC, which intersect in an in- 
accessible point E. Rods are set up at points B and C on the two 
straight portions and the angles ABC and BCD are measured and 
found to be no® 20' and 120® 30' respectively. 

If BC = 830 links, determine the distances of the tangent points 
G and H from B and C respectively. 

28 . In a theodolite survey to find the positions of two visible but 
inaccessible points B and C, the following measurements were made — 
ad = 517*75 Imks, BAC — 70® 44' 10'^, z_BAD=io8®9^ z.ADB== 
36® 18' 30", and /,ADC= ioi®i8'3o". Find the lengths of AB, DC, 
AC and BC in order. 

29 . When setting out the centre line for a tunnel between the two 
ends A and B, an observatory station C is chosen on the top of a hill 
from which both A and B are visible, but it is not on the centre line of 
the tunnel. Let D be a point on a vertical through C. The horizontal 
projection of z. ACB = 45° 58', the vertical angle ACD = 49°45' and 
the vertical angle BCD = 57® 42'. The horizontal projection of CA 
is 750 yards, and of CB is 800 yards. Find the horizontal distance 
between A and B and the difference of level. 

30 . A light railway is to be carried round the shoulder of a hill, and 
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its centre line is to be tangential to eacb oi the three lines AB, BC and 
CD as follows — 


Line 

Bearing. 

Length. 

AB 

E. 30° N. 


BC 

E 

600 feet 

CD 

S 

— 


Calculate the radius of the curve and the lengths required for setting 
out the tangent points. [Note. — E. 30° N. means 30® north of east.] 

31 * In taking soundings from a boat the position is fixed by 
observations taken to three stations A, B and C on the shore. The 
lines AB and BC have been measured by the following traverse : A 
to B, 542 ft., bearing 70° 14'; B to C, 714 ft., bearing no'" 33'. From 
the boat in a certain position P, the angles APB and BPC were read 
as 32° 16' and 44° 21' respectively. Calculate the distances AP, BP 
and CP. 

32 . The speed of the blades of a turbine is 600 ft. per sec., the 
velocity of the steam at entrance to the wheel is 1780 ft. per sec!, and 
the nozzle is inclined at 20® to the blades. Find the relative velocity 
of the steam at discharge, and the inclination of the direction of this 
velocity to the line of motion of the blades. 

33 . Find the diameter of the wire, whose section is shown in (c) 
Fig. 149, in terms of the pitch p of the V-threaded screw. This wire 
is used as a gauge to test the accuracy of the form of the thread. 

Further Mensuration Examples. 

34 . A circular arch has a rise of 20 ft. and a span of 80 ft. Find 
the angle at the centre of the circle which is subtended by this arc, 
and also the length of the curved portion of the arch. 

35 . A wooden core, having as section an equilateral triangle, is 
placed in the tubes (internal diameter J") of a surface condenser. Find 
the ratio of the tube surface to the water-carrying section. 

36 . A roof is in the form of the surface of a segment of a sphere 
of 6 ft. radius. The tangents at the eaves make 4 S'* with the hori- 
zontal. Find the area of the roof surface, and the weight of sheet 
lead required to cover it at 7 lbs. per sq. ft. 

37 . Find the diagonals of a rhombus in which one side is 6*5"' and 
one angle is 70°. 

38 . A quadrilateral has two adjacent sides equal and containing 
a right angle. The other pair of sides are equal and contain 60°. The 
area is i sq. ft. Find the lengths of the sides. 

39 . A quadrilateral has two adjacent angles each 120°. The side 
between them is 24 ft., and the perpendiculars on this side from the 
other angular points are 7 ft. and 10 ft. respectively. Find the area 
of the quadrilateral. 

40 . A trapezoid has its parallel sides 82^ and 38" and two of its 

angles each 60®. Find its area and the area of the triangle obtained 
by producing the non-parallel sides. ^ 

41 . A quadrilateral with two opposite angles right angles and one 
of the remaining angles 60° is described about a circle of z" radius. 
Find its area. 
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The Addition Formulae. — It is sometimes necessary, more 
particularly in electrical work, to express the ratio of a compound 
angle in terms of the ratios of the simpler angles, or vice versa ; 
e. g., it might be easier to state tan (A-l-B) in terms of tan A and 
tan B, and then evaluate, than to evaluate directly. The following 
rules must be committed to memory for this purpose — 


sin (A + B) == sin A cos B + cos A sin B 

sin (A — B) = sin A cos B — cos A sin B 

cos ( A + B) == cos A cos B — sin A sin B 

cos (A — B) = cos A cos B + sin A sin B 


tan (A + B) 


tan A + tan B 
1 — tan A tan B 


tan (A — B) 


tan A — tan B 
1 + tan A tan B 


Considering sin (A+B) one might be tempted at a first glance 
to apply the ordinary rules of brackets, and write the expansion 
as sin A+sin B. That this is not correct may be readily seen 
by referring to any angles. 

e. g., suppose A — 46°, and B = 15®, then (A+B) = 61° 

*. e., sin (A+B) = sin 61° = -8746 
whereas — sin A+sin B = sin 46°+sin 15“ 

= -7193 +-2588 
= -9781 

and *9781 does not equal -8746. 

It will be observed, however, that the above rule holds, at any 
rate for these particular values of A and B. 

Thus — 


sin 46“ cos 15° + cos 46° sin 15° = (7193 X -9659) + (-6947 x -2588) 

= -8745 

= sm 61® 

== sin (46°+ 15°). 


A more general proof is necessary to establish the truth of these 
rules for all angles ; and the proofs are here given for the simplest 
cases only. 


To prove that sin (A-\-H) = sin A cosB + cos A siiiB. 

Taking the simplest case, when A and B are both acute — 

In Fig. 150 let z. PQR = A, and l. RQM = B, then 

L. PQM = (A + B) ; also let QR be perpendicular to PM. 

Then— APQM = APQR + AQRM 

iPQ . QM sin (A + B) = JPQ . QR . sin A + iQR . QM . sin B. 
T 
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Dividing through by ^PQ . QM — 

sin (A+B) = ^ sin A + ^ sin B 

= cos B sin A + cos A sin B 
or sm A cos B -f- cos A sin B. 



Fig. 150. 



To prove that cos {A +B) = cos A cos B — sin A sin B. 

In Fig. 151 let l . MOQ = A, and l . QOP = B 
i PQO = nght angle. 

Drop QN perpendicular to RP, RP being perpendicular to OM 
Then l OQN — A, l NQP = 90 — A. and therefore l QPN == A 


Now — 


cos (A-f B) = cos L. ROP 


_ OR 
“ OP 


OM-MR 

OP 


= ^~Sp [since NQ= MR] 

- OM OQ _ NQ QP 
“ OQ ■ OP QP • OP 
= cos A cos B — sm A sin B. 


To prove that tan {A +B) = ^ 

' I — tan A tan B 

Assume the rules for sin (A+B) and cos (A+B). 


Then — 


tan (A+B) = 


sin (A+B) 
cos (A+B) 

sinA cosB + co s A sin B 
cos A cos B — sin A sm B 


sin A . sin B 

[Dividing both numerator and _ cos A cos B 
denominator by cos A cos B.] ~ sin A sin B 

cosA ' cosB 

tan A + tan B 

~~ I— tan A tan B 
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Example 23. — Verify the rules for sin (A — B), cos (A + B) and 
taiB (A — B) for the case when A == 164® and B = 29° 

sin (A — B) = sin (164 — 29) == sin 135® 

= sin45‘" 

= -707. 

Also sin A cos B — cos A sin B — sin 164® cos 29® — cos 164° sin 29® 
[cos 164® =* — cos 16°] = sin 16° cos ^29° -}- cos 16® sin 29® 

« (-2756 X ’8746) + (-9613 X -4S4S) 
« -241 + -465 
= -706. 

For brevity we shall denote the side containing (Ad- B) by L.H.S. 
(leSt-hand side) ; the other by R.H.S. (right-haad side). 

/. L.H.S. = R.H.S. 


For cos (A -f B) — 

UH.S. =cos (A-h B) s=cos (164® 4-29°) =:cos 193®^ = — cos 13® ==““-9744 

R.BH.S. = cos A cos B — sin A sin B = cos 164® cos 29® — sin 164° sm 29® 

== “ cos 16® cos 29° — sin 16° sin 29® 
== (--9613 X-S746) - (‘2756 X -4848) 
= —841- -133 
«= —974 
LTI.S. = RH.S. 

For tan (A— B) — 

L.H.S. = tan (164®— 29®) = tan 135® == — tan 45® = —i 

•R TT c __ ^^4° ■” i6®~ tan 29® 

‘ i -h tan 164® tan 29® i — tan iCHanTTg® 

^ _^*2867 —5543 

i-~(->867 X -5543) 

__ —*841 i:‘^4i — 

^ I— 159~ "^841“ ^ 

LIIS. =R.II.S. 

Example 24 — Find the value of cos (A + B) when sin A = *5, 
cos B == -23. (Tables arc not to be used.) 

Before proceeding with this example, a. little preliminary 
irjT^estigation is necessary. 

In the right-angled triangle ABC (Fig. X52) — 

* ^2 ^2 ^ 

Cos^ A + sin^ A = 1, since cos A = - and sin A = ^ 

0 c 


• • 
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This is a most important relation between these ratios ; and it 
holds for every value given to the angle A. 

Two other rules obtained by similar methods are — 

see^ A = 1 + tan® A 
cosec® A = 1 + cot® A. 



Fig. 153. Fig. 152. 


Returning to Example 24 : — 

cos (A -h B) = cos A cos B — sin A sin B. 

Values must first be found for — 

cos A and sin B. 

Now — cos* A + sin* A = i 

from which — cos* A = i— sin* A, or sin* A = i— cos® A 

or cos A = Vi — sin* A, sin A = V i — cos* A 

Then — cos A = Vi — (*5)® = V^ = -866 

and sin B = Vi — (’23)* = V-947 = *973 

cos (A + B) = cos A cos B — sin A sin B 
= (-866 X *23)— (-5 X -973) 

= -iggi — 4865 
- — 2874. 

It is often necessary to change the binomial or two-term expres- 
sion a sin qt-\-b cos qt into an expression of the form M sin [qt -j- c) , 
where c is an angle. We must therefore find the values of M and c 
in terms of a and h, so that — 

M sin {qt-\-c) = a sin qt h cos qi (i) 

Take the addition formula, viz. — 

sin (A-l^B) = sin A cos B cos A sin B. 

Replacing A by qt and B by c, this statement becomes — 
sin [qt-^c) = sin qt cos c cos qt sin c. 

Multiplying through by M — 

M sin {qt+c) = M sin qt cos c + M cos sin c . . . . (2) 
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Since the right-hand sides of (i) and (2) are equal in total value, 
they can be made equal term for term by choosing suitable values 
for the coefficients. 

Thus — M sin qt cos c — a sin qt 

and M cos qt sin c = b cos qt 

M cos c ■= a and M sin c = 6 

a j . h 

t. e., cosc = jj andsmc=^ 

If, now, a triangle be drawn (Fig. 153) with sides a, b and 
hypotenuse M, it will be seen that the angle opposite the side b 

is the angle c, for its adjacent side is a, and therefore its cosine = ^ 
Hence c is found, for tan c = - 

Knowing the values of b and a, the value of c is read off from 
the table of tangents and is usually expressed in radians. 

Also — 

/. M ^ so that M is found. 

This investigation is valuable in cases of harmonic motion. 

Example 25. — ^The voltage necessary to produce an alternating 
current C, after any particular period of time t, and in a circuit of 
resistance 2 ohms in which the current varies, being given by 
C == 100 sin 6oo^, can be expressed as — 

V = 200 sm 6oo^ + 300 cos 6oo^ 

Find a simpler expression for V. 

Let 200 sin 600/ 4- 300 cos 6oo^ = M sin {600^ 4 - c). Then by the 
previous work — 

M == V2002 -f 300^ = 360*6 
and tan c = = i-c = tan 56*3'^ 

c = 56*3° = radians = *983 radian 
•• ^ 57*3 

V = 360*6 sin (6 qo^ 4- *983 ) 

or, as it might be written, V = 360*6 sin 600 {t 4- *00164). 

Note, — If the current were continuous, then — 

voltage — current x resistance 
= 200 sin 6ooif. 

When the current is interrupted, inertia " or induction " effects 
set up another current to oppose that due to the impressed voltage, 
and therefore the amperes are not a maximum when the voltage is, 
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i, e., the current lags behind the E.M.F. ; in this case to the extent 
of -00164 second. The coefiS-cient 600 in the formulae = zirf where 

/ =« frequency : thus in this case the frequency — =: 95*6 cycles 

per second. 

As a further example of transformation consider the following 
case : — 


Example 26 — 

Let = displacement of the main steam valve of an engine from 
its central position 

Se = displacement of the expansion plate from its central 
position 

for the case of an engine with Meyer valve gear. 

Then — Sm == f'm cos (<9 -f- ai), and == re cos (<9 + aj)* 

To find a simple expression for the displacement of the expansion 
plate relative to the main valve. 

This relative displacement =* 8 ^— = ♦'m cos (<9 4- a 1) — fe cos (( 9 -f a 2) . 
Then — 

Sm—Se — rm COS (6 + ai) — fe COS (^ + Og) 

« y^cos 6 cos aj — sin ^ sin ai — cos S cos a2 + sin ^ sin a a 
« cos S{rm cos ai — Ve COS a^) 4 sin e{re sin a* — rm sm ai) 

:= A cos ^ 4 B sin 5 

=s VA^ 4 sin [6 4 c) as before proved 

= VA* + B2 cos ^|-(5 + 

= VA^ 4TB* COS {B 4 p) 

where — 

A = rm cos Ox — fe COS B == sin a» — fm sin ax 

and p =s c— - = tan-^ B 2 g angle whose tan is gj- 

We have thus reduced the expression for the relative displacement 
to a form of a simple character which shows that this displacement 
is equivalent to that caused by an imaginary eccentric of radius 
•n/A^ 4 B® and of angular adva.nce p. 


Exercises 31 . — On the Addition Formulae in Trigonometry. 

1 . If sin A == *45, find cos A and tan A (without reference to the 
tables). 

2 . If sin B = *16, cos A == *29, find the value of 

sin A cos B — cos A sin B. 

3 . Find the values of cos (A 4 B), and sin (A — B), when— 

sin A ==s *65, sin B = *394. 
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4 . Tan A = 1*62, tan B =:= -58; find the values of tan (A 4- B) and 
tan (A — B). 

5 . The horizontal force P necessary to just move a weight W down 
a rough plane inclined at a to the horizontal, the coefficient of friction 
between the plane and the weight being p., can be obtained from the 
formula — 

W = ~ “) 

p 

If tan ft, find an expression for ^ in terms of ft and tan a. Hence 
find the value of P when W = 48, ft = *21, and a = 8“ 

6. The effort P required to raise a load W by means of a screw, 
of pitch p and radius r, is given by 

P = W tan + a) 

where a — angle of screw and tan — ft == coefficient of friction. Find 
an expression for P in terms of W, p, r and ft. 

7 . If ^ == ^ - 5 ) ^ and tan find a simple expression for P. 

8. Given that tan (A— B) = *537 and tan B = '388, find tan A, 

9 . Express 4-2 cos 5^ + 2*7 sin 5/ in the form M sin (5/ + c), 

10 . Express 200 sin ^ot — 130 00350^ in the form M sin (50/ -f c). 

11 . If a bullet be projected from a point on ground sloping at an 

angle A to the horizontal, the elevation being 6 to the incline, the 
range R is given by the formula R = Find a simpler 

jTTTi-x -IT /I 2V sm 6 

expression for R, if = V cos 6 and i == 

12 . The efficiency of a screw jack = tar^ ( 1 *^ ^ j ^ 

angle of the screw and <p is the angle of friction. In a certain experi- 
ment the efficiency was found to be 3, and by measurement of the 
pitch and the mean circumference of the screw tan S was calculated 
as *083. Find tan (p, which is the coefficient of friction between the 
screw and nut, and thence find <p, 

13 . If the E-M.F. in an inductive circuit is given by — 

E = RI sin iTtfi + Ztt/LI cos 'Zirfi 

find a simpler expression for E, i. one having the form M sin [^nft + c), 
when R = 4*6, / =s 60, L == -02 and I = 13*8. 


Formulae for the Ratios of the Multiple and Sub-multiple 
Angles. — In the addition formulae let B be replaced by A; by so 
doing, expressions may be found for the ratios of 2A. 

Thus — sin (A+B) = sin A cosB + cos A sinB 

sm (A+ A) = sm A cos A + cos A sm A 
or sm 2A = 2 sm A cos A. 

Also — cos (A+B) = cos A cos B — sm A sin B 
cos (A+ A) = cos A cos A — sin A sm A 
or cos 2A = cos® A — sin® A. 
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If for cos® A we write i- 
cos® A + sin® A = I, 


-sin® A, which is permissible since 


Also — 


Again- 


cos 2 A = I — sin® A — sin® A 
= 1—2 sin® A. 

cos 2A = cos® A — (i — cos® A) 
= 2 cos® A— I, 


tan (A-f-B) = 
tan tA+A) = 


tan A tan B 
I— tan A tan B 
tan A + tan A 
I — tan A tan A 
2 tan A 
I— tan® A 


Grouping the results — 
sin 2 A 
cos 2 A 


tan 2 A 


^ 2 sin A cos A 
= cos® A — sin® A 
= 2 cos®A — 1 
= 1-2 sin® A 
2 tan A 
“ 1 — tan®A 


If the ratios of the half-angles are required they can be obtained 
from the foregoing by dividing all the angles by 2. 


F.g.. 


cos A 


2 cos® ■ 


• o jCIl 

= I— 2 Sin® — 
2 

• A . A A 

sin A = 2 sin — cos — 

2 2 


2 tan 


tan A 


Similarly, by multiplying all the angles by 2. expressions can 
be found for the ratios of the angle 4A — 

e. g., sin 4A = 2 sin 2A cos 2A 

and this expansion can be further developed if necessary. 

Formulas for ratios of 3A can be obtained by writing 2A in 
place of B in the (A-f-B) formulae, and using the rules for the 
ratios of 2A — 
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E. g., sin 3 A = sin (2A+A) 

= sin 2A cos a + cos 2A sin A 
= 2 sin A cos® A + (1—2 sin® A) sin A 
= 2 sin A cos® A + sin A — 2 sin® A 
= 2 sin A (i— sin® A) + sin A — 2 sin® A 
= 3 sin A — 4 sin® A. 

In like manner — cos 3A = 4 cos® A — 3 cos A 

. ^ . 3 tan A — tan® A 

I— 3 tan® A 

Example 27. — Verify the rules for cos 2A, tan 2 A, and sin 3 A for 
the case when A = 24“. 


For cos 2A — 

L.H.S. 

R.H.S. 


For tan 2 A — 


2A = 48°, 3A = 72® 


cos 2A = cos 48“ = -669 
cos® A — sin® A = cos® 24° — sin* 24° 
= (-9135)^ - (-4067)® 
= -835 - 'iSj 
= *670 


A L.H.S. = R.H.S. 


L.H.S. 

R.H.S. 


= tan 2A = tan 48° = i*iio6 
_ 2 tan A _ 2 tan 24° 

_ A I— tarx^'aT' ~ 


2 X *4452 

I- {•4452)^ 


•S 9 

•802 


= i-ioS 


A L.H.S. = R H.S. 


(the small differences being due to slide-rule working). 


For sm 3A — 

L.H.S, == sin 3A = sin 72° = ‘95'^^- 

R.H.S. = 3 sin A — 4 sin® A = 3 sm 24®— 4 sin® 24° 

= 3 X -4067 — 4(-4o67)® 
= 1-220 ~ ‘269 


Example 28. — If sin A = -85, find sin — , cos ™ and tan — , without 

the use of the tables. (Examples are set in this manner so that the 
reader may become familiar with the formulae and the method of 
using them; but m practice the tables would be used.) 
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A A 

To find sin — . The formula that contains sin — , only, of the ratios 


of the half-angles is- 


cos A =* I 2 sin® — 
2 


and, therefore, to use this, cos A must first be found. 

cos A = Vi — sin® a =2 Vi'^(*S5)® =* 


Then— 


or 


•526 = 1—2 sin® 


2 sin®~ = I— *526 = *474 
• 2 A 

sin* - = -237 


Sin - 


= -487 


To find cos — 
2 


COS A 2 cos® - 


{the positive root only being taken}, 
r or alternatively — 


•526 


2 A 

2 cos® I 

2 


r alternatively — 

cos|: = V 


2 COS® ~ = 1*526 

cos* ^ = -763 
A 

cos - = -875. 


To find tan 


tan 


\ sm — 
A 2 


cos 


487 

A - rs'^ = 


Example 29. — Find the value of tan 2A if cos A = -gG. 
sin A = Vi — cos* A 


Then — 
and 


— Vi — (-96)* 

= -2795 

tanA = 5HLA_:2795 

COS A *96 
2 tan A 


tan 2A 


_____ _ 2 X *292 

tan® A I — (-292)2 


•584 

•915 


•638. 
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Example 30. — It was required to find, to an accuracy of *0001'^, 
the dimension marked c in Fig. 154: the figure representing part of 
a gauge for the shape of a boring tool. There is a radius of •5''' at the 
top of the sloping side, which is tangential to an arc of 3*4'^ radius at 
the bottom; and other dimensions are as shown. 






Introduce the three unknowns x, y and ^ as indicated on the figure , 
y being the distance along the slant side from the point of contact 
with the arc to the base. 

Let the angle ACB == a, then APT == ^ 

CB == 1*704 4- AT — 1*375 = ‘3'29 + ^ 


2* 

In the triangle ACB — tan a = 4 

•329 + ;ir 

In the triangle APT — tan - = ~ 22: 

2 *5 


(I) 

(^) 


also 

and 


tan a = - - . . • 
y 2 ^ (5.3 + 



From the properties of 
the circle. 

( 4. EDC 13 a right angle) 


Connecting (i) with (3) — 

^ 3-4 

•329 4- ^ y 

y = 1-36 (-329 + ^) 

i , e ., = 1*8496 (*329 4- 


Hence from (.j) — 

(6-8 4- x)x = 1*8496 (*329 + x)^ 
whence •84g6x^ — S’^S^x + -20021 = o 
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so that 


X == 


+ 5 - 5^ 3 ± ^3^699 - "6804 


1*6992 

or the required value of ^ =»= -0361^. 


Now — ' 


so that 
also 


3*4 ^ ^*5 

y *329 + ^ 
y = *4965 


tan a 


-J*4 

•4965 


6*8482. 


It would be unwise to use the tables to find a from the previous 
equation, for in the neighbourhood of the required value the change 
in the value of the tangent is extremely rapid ; hence it is a good plan 
to make use of the rule for tan 2 A or its modification. 


2 tan ~ 

Thus — tan a =a ^ 

I— tan® ~ 
2 


i . e ,, 6-8482 = — 4 £ « 22- from (2). 

This is a quadratic in terms of z, and the solution applicable to 
this case is ^ = *4323. 

c = 2*75 — 2 X *4323 = I •8844''- 


Further Transpositions of the Addition Formulse — 


sin (A+B) =sinA cosB+cosA sinB 
sin (A— B) = sin A cos B— cos A sin B 


Hence, by addition — 

sin (A+B)+sin (A — B) = 2 sin A cos B 
and by subtraction — 

sin (A+B) — sin (A— B) = 2 cos A sin B 
Also — cos (A+B) = co^ A cos B— sin A sin B 

cos (A— B) = cos A cosB+sin A sin B 
cos (A+B)+cos (A — B) =2 cos A cos B 
and cos (A— B)— cos (A+B) = 2 sin A sin B. 


[Note the change in the order on the left-hand side in this last 
formula.] 

Now — 


and 


_ (A+B)+(A-B) 
2 

B = (A+B)-(A-B) 


t. 


i. e.,= I sum of the two angles. 
e., = J difference of the two angles. 


2 
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Hence, the first of these formulae could be written — 

Sine (one angle) + sine (another angle) 

= 2 sine (^ their sum) x cos ( J their difference) 

A substitution is very often of great service ; thus, 

let (A+B) = C and (A-B) = D 

Then ^ ^ C-t-D C D 

sin C + sin D = 2 sin — i— cos , etc., 

2 2 

and we have the summary — 

If the change is to be made from a sum or difference to a product, 
use the (C+D) formulae — 


sin C+sin D = 2 sin cos 

C-D 

2 ‘ • 

. . . (i) 

C 4- 13 

sin C— sin D = 2 cos sin 

2 ‘ • 

... ( 2 ) 

0-1-13 

cos C+cos D = 2 cos cos 

C-D 

2 * • • 

. • • ( 3 ) 

n I D 

cos D— cos C = 2 sin sin 

C — D 

2 • • * 

... ( 4 ) 


If, however, the change to be made is from a product to a sum 
or difference, use the A and B formulae, which follow — 

sin A cosB = i {sm(A+B)+sin(A— B)| ( 5 ) 


cos A sinB = J {sin(A+B)— sm(A— B)1 ( 6 ) 

cos A cosB == J {cos(A + B)4-cos (A— B)1 ( 7 ) 

sinA sinB = ^ {cos(A— B)— cos (A+B)l (8) 


In later work it will be found that certain operations can be 
performed on a sum or difference of two trigonometric ratios that 
cannot be done with products ; hence the great importance of this 
last set of formulae. 

It may appear to the reader that his memory will be severely 
taxed by the above long list of formulae, but a second thought 
will convince him that all are derived from the original (A + B) 
and (A — B) formulae, which must be committed to memory to 
serve as the first principles from which all the later formulae are 
developed. 

Example 31. — Express 17 sin 56° sin 148° as a sum or difference. 

sin 56° sin 148° — i {cos (148° — 56°) — cos (148“ + 56°)} • • from (8) 

{A = 148°, B = 56°} 

17 sin <>6° sin 148° = 8-5 {cos g^° — cos 204°}. 
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To clioclc by the use of tables — 

L.H.S. = i7sin56® smi48® =: 17311156® sin 32° 

= 17 X -8290 X '5299 

= 7 - 47 - 

R.H.S. = 8*5 {cos 92® — cos 204®} 

— 8-5 { — cos 88® + cos 24°} 

= 8-5{- -0349+ -9135} == ^‘5 X -^786 = 7*47* 
L.H.S. =- R.H.S. 

Example 32. — ^The voltage V in an A.C. circuit, after a lime t, is 
given by V =s 200 sin 360^ and the current by C == 3^5 sin(3Co^ + c). 
Find an expression for the watts at any time, expressing it as a sum 
or difEerence. 


Watts = amps x volts 

— 3*5 sin (360^ + c) X 200 sin 360/ 

700 sin is 6 of + c) sin ^ 6 ot 

~ 2^ {cos c — cos (720/ + from (8) 

= 350 {cos c — cos (720/ 4- g)} - 

Example 33. — Express (4 sin 5^) (5 cos 3/) as a sum or difference. 

(4 sin 50(5 3;^) «= 20 sin cos 

=== 10 {sin 81 4- sin 2l \ . , • from (5) 


Exercises 32. — On Transpositions of the Addition Formulae. 

1 . If sin 2A = *824, find cos 2A and tan 2A. 

2 . If sin A = f , find sin 2A and cos 2 A. 

3 . Express cos® 14® in terms of cos 28®. 

4 . Find an expression for sin 2B in terms of cos B alone. Hence 
find the value of sm 2B when cos B == -91 8. 

-Afc. -A. 

5 . If sin A == -317, find sin — , cos — and sin 3A. 

A 

6. If sin 2 A == *438, find cos 4A and tan ~ 

7 . Change 5 sin® 2 t into a form containing the first power only of 
the trigonometric function, 

8. Express 15*7 cos 160° sin 29® as a sum or diffcrence. 

9 . Simplify sin 15^ 4- sin 3^ + cos ■— cos 7^. 

A 

10 . Sin 2A s= -504. Find sin A, tan A and cos ~ 

11 . A rise of level is given by 100 sin a cos a x s where s = difference 
between the readings of the top and bottom hairs of a tacheometric 
telescope. Express this statement in a more convenient form. 

If the angle of elevation a is ii® 37' 30^, and the staff readings are 
5*72 and 8*41, find the rise. 
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12 . Express as products, and in forms convenient for computation : 
(a) sm 48^ — sin 17° ; (6) cos 99^" -f cos 176°; (c) 12 cos 365° — 12 cos 985°. 

13 . When using a tacheometer and a staff it is found that, if C 
and K are the constants of the instrument, B is the angle of depres- 
sion, 5 the difference of the staff readings, then depth of point below 

level of station = sin 2^ + K sin ^ — E -|- Q, and distance of point 

from station = CS cos^ ^ + K cos B, Find the depth and the distance 
when C = 98*87, sin B = *2753, K =* -75, S = *69, E = 4*88 and Q = 9*55, 


14 * If tan a 


2*5 a 

zr~ ~ values of z to satisfy 


1*375 -S' 2 

the equations. [Refer to Fig. 154 and the worked Example 30.] 
15 . If V = 94 sin 27 r// and A = *2 sin {zirft — “117), express 
product AV as a sum or difference. 


the 


Trigonometric Equations. — Occasionally one meets with an 
equation involving some trigonometric ratios; if only these ratios 
occur, i, if no algebraic terms are present in addition, the 
equations may be solved by the methods here to be detailed. 

The relations between the ratios themselves, already given, 
must be borne in mind, so that the whole expression can be put 
into terms of one unknown quantity, and the equation solved in 
terms of that quantity. 

For emphasis, the relations between the ratios are here 
repeated — 


tan A = 


sm 


cos A' 


cot A = 


tan A' 


sec A 


cos A' 


cosec A = — T 

Qin A 


sin^ A + cos^ A = I, whence sin^ A — i— cos^ A 

or cos^ A = I — sm^ A 
sec^ A = i+tan^ A, cosec^ A = i-j-cot^ A. 


The idea in the solution of these trigonometric equations is to 
eliminate all the unknowns except one, by the use of the above 
relations, and then to apply the ordinary rules of equations to 
determine the value of that unknown. 


Example 34. — Solve the equation 4 sin 0 == 3*5. 


4 sin <9 = 3*5 

and sin Q = = *875. 

4 

Hence one value of B, viz. the simplest, is 61^ 3', 
since sin 61® 3' = -875 

but sin (180 — 61® 3'), i. e., sin 118^57', also = *875, 
so that a possible solution is 118^57'. 



288 


MATHEMATICS FOR ENGINEERS 


Again, 360° + 61'' 3' or 360® -f 118® 57' would also satisfy, and so 
an infinite number of solutions could be found ; but whilst these could 
all be included in one formula, it is not at all necessary from the 
engineer's standpoint that they should be, for, at the most, the angles 
of a circle, viz. o"^ to 360"^, are all that occur in his problems. 

Hence, throughout this part of the work the range of angles will be 
understood to be o® to 360®. 

The solutions in this example are 61° 3^ and 118^ 57^ 

Example 35. — If tan ^ 5 sin determine values of 6 to satisfy 

the equation. 

Apparently, in this one equation two unknowns occur, or the data 
are insufificient, but in reality two equations are given, for tan 6 ~ 

cos 6 

sin ^ . - 

Thus — = 5 sm $. 

cos 9 

Dividing through by sin 6 [and in doing this we must put sin ^ 0 

as a possible solution, since == o and 5x0 = 0] — 

Then — — 5 

cos 6 

cos = *2 = cos 78° 28' 

A ^ = 0**; or 180^; or 78° 28^; or 360^ — 78^ 28^ i.g., 281° 32^ 

Example 36. — Solve the equation sin 0 + tan ^ 3 cos 6 sin 6^ 

sin 9 4- tan ^ = 3 cos 6 sin 9 
By substituting for tan 6 its value — 

sin 9 H = 3 cos 6 sin 9 

COS \/ 

sin 9 , A , A • A 

or — —-3 {cos ^ + 1} = 3 cos 9 sm 9. 

cos 6 ^ ^ ^ 

Dividing through by sin 9 {sin 9 ^ o thus being one solution} and 
multiplying through by cos 9 — 

cos ^ + I == 3 cos^ 9 
or 3 cos^ 9 — cos 9 — i == o. 

It may appear easier to solve this equation if X is written for cos 9 — 
i. a., 3^' - X - I = o 

wheuce X = 

6 

I =b 3 *^Q^ 

““ 6 

4-606 — 2-6o6 

= or — ^ 

== -7677 or — -4343 
,*. cos 6 = *7677 or cos d = ~ •4343* 
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Now for the cosine to be positive, the angle lies in the first and 
fourth quadrants ; and, since the smallest angle having its cosine =*7677 
is 39® 5 ^'^ "tile values of S are 39^51' or 360°— i. e., 320® g\ 

For the cosine to be negative, the angle lies in the second and 
third quadrants. Now cos 64° 15' = -4343, and therefore the values 
of 0 are i8o°— 64°i5', f. 5., 115^45', or i8o°+64®i5', i.e., 244"i5'. 

Hence the solutions are — 

^ = 0*^; 180^; 39 ° 5 i^: ii5®45^or 244^15^ 


Example 37. — The velocity of the piston of a reciprocating engine 
is given by the formula — 

V “ 27rnr ^sin B -f — ^ 

where r = crank radius; n = R.P.M., 6 = crank angle from dead centre 

position, and I == length of connecting-rod. 

* y 

The velocity is a maximum when cos j* cos 2(9 = o ; find the 

crank angles for the maximum velocity when I s= Sr. 


We require to solve the equation — 

cos 2$ 


cos 6 -b 


8 


o. 


To change into terms of cos B write 

2 cos^ B — 


Then — 


cos B + 


8 


8 cos ^ -h 2 cos^ B — 
or 2X2 + 8X - 


2 cos2 B~i in place of cos 2^. 

^ — o 
I =:r O 

1 = 0 where X = cos B. 


The solutions of this equation are given by — 

X = — ^ ^ V64 -h 8 
4 

— 8 ± 8-485 

SP _ — 

4 

~ or ^ 

"4 4 

= — 4*1212 or *1212, which are the values of cos B. 

But cos B cannot ~ — 4*1212, since cos B is never greater than i , 
hence the first root is disregarded. 

7. cos & = *1212, which gives the required solutions, 
i, <?., B — 83° 2' or 276° 58'. 

If a skeleton diagram is drawn it will be observed that when 6 has 
these values the crank and connecting-rod are very nearly at right 
angles to one another. 

U 
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Exercises 33.— On the Solution of Trigonometric Equations. 

Solve tlie equations (for angles between o® and 360®). 

1 . Sin® A + 2 sin A ~ 2 — cos® A. 2 . 2 sin® ^ + 4 cos® <9 = 3. 

4 

3. Cos ^ + 6 cos® - = I. 4 . Cot ^ — 14 tan ^ « 5* 

5. 2 sin*^ — 5 cos ^ =a 4. 6. 15 cos® $ + g sin $ == 12*6. 

7 . Tan ^tan 2x = 1, 8. Tan A 4- 3 cot A = 4. 

9 . Cos® A + 2 sin® A — 2*5 sin A = o. 

10. Cos ^ tan jif «= *3842. 11. 3 tan® B — 2 tan B — i ==* o. 

12 . Tan ^i? + cot jr «■ 2. 13 . 3 tan® <9 H- i « 4 tan d. 

14 . Cos® » 3 sin* x, 15 . Cos 2X + sin 2X ==« i. 

16 . Cosar-f V3sin*= I. 17 . Cos a? - sin ;»r = 

18 . 2*35 sin — 1-72 cos x === *64. xo 

19 . The velocity of a valve actuated by a particular Joy valve 
gear is maximum when — 

1-2^® cos pt + sin pt ^ o 
where p = angular velocity of the crank shaft. 

Find the values of the angle pt for maximum velocity. 

20 . To find the maximum bending moment on a circular arch it is 
necessary to solve the equation — 

— f£;R® sin 6 cos B 4- •934Z£;R® sin ^ o. 

Find values of 6 to satisfy this equation. 

21 . The following equation occurred when taking soundings from 
a boat, the position of the boat being fixed by reference to three points 
on the shore. [Compare Exercise 31, p. 272.] 

sin (70^14' + ;»r) 1-195 (43^56' 4- x). 

Find the value of x to satisfy this equation, x being an acute angle. 

Hyperbolic Functions. — Consider the circle of unit radius 
(Fig. 155) and the rectangular hyperbola whose half-axes are also 
unity (Fig. 156), u e., OA in either case = i. 





Fig. 155. Fig. 156. 


Draw any angle EGA in each diagram, and let the “ circle 
angle ' EGA == 0, and let the " hyperbola angle " EGA = /J. 
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or by 2 X area of sector OAE 


The angle is defined in either circular'^ or '' hyperbolic 
radians by — 

length of circular or hyperbolic arc 
mean length of radius vector ' 

EN 

Now in Fig. 155 == EX = sin B, and the corresponding 

ratio, viz. EX, of the hyperbolic angle is termed sink 

Similarly — 

OX = cos $ in Fig. 155 and OX = cosh /S in Fig. 156 

Ai = tan 9 in Fig. 155 and Kt = tanh (3 in Fig. 156. 

In Fig. 155— (EX)= + (OX)2 = I 

i. «., sin® 6 + cos® 9 = i (i) 

In Fig. 156 (OX)® — (EX)® = i, since the equation of the 
lectangular hyperbola is as® — y® = i if the semi-axes are each 
equal to unity and the centre is taken as the origin. 

Hence — cosh® j 8 — sinh® /3 = i 

or cosh® j 3 + ( — I X sinh® ;9) == i 

i, e., cosh® /3 + (V — i x sinh ;8)® = i 

or cosh® yS + (/ sinh /S)® = i 

where / is written to indicate V — i. 

Comparing the last equation with equation (i), we see that we 
may change from circular to hyperbolic functions if we write 
/ sinh ft for sin 9 , and cosh ft for cos 9 , and hence / tanh ft for tan 9 . 

If these substitutions are made, the ordinary rules for circular 
functions follow. 

E. g., sin (x ft- y) = sin x cos y -J- cos x sin y 
and the corresponding expansion with hyperbolic functions is — 

/ sinh (X+ Y) = j sinh X cosh Y + cosh X . / sinh Y 
or sinh (X-j-Y) = sinh X cosh Y 4- cosh X sinh Y 

or again, cos 2x = — sin® x -b cos® x see p. 280 

i. e., cosh 2X = — (/ sinh X)® ft- (cosh X)® 


= sinh® X + cosh® X, since f 




— I. 

It can be shown that these hyperbolic functions can be expressed 
in terms of the exponentials in the forms — 

= cosh X — sinh x 
^ = cosh X + sinh x 

= I - 

2 I - 


i. e,, cosh X = 


2 ^ I . 2 .3.4 


”h 


and 


sinh X = 


e — e 


= x-\- 


X' 


.3 


2 '1.2.3 

* To avoid confusing witli Ibe circular 
pronounced '‘shine/* and tanh “ tank/* 


+ 




I- 2 - 3 - 4-5 

functions, sink 


+ 


IS usually 
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The corresponding relations for the circular functions are — 


e-** = cos * 4" / sin x 

g_~}X _ (sQg ^ _ y gij^ ^ 


r*nci — ’ - ■ - * — - T 

X^ 

1.2 I . 2 . 3 . 4 

C-UO Af JL 

2 

— c--" 

x^ x^ 

1.2.3 ‘"1.2. 3. 4 

A/ — “ • — 

2 ] 


Hyperbolic functions occur frequently in engineering theory; 
e. g., in connection with the whirling of shafts the equation — 

y = A cos mx + B sin mx -j- C cosh mx + B sinh mx 

plays a most important part : the equation of the catenary is 
y = cosh x; and so on. 

It is in electrical work that these functions occur most fre- 
quently; thus, for a long telegraph line having a uniform linear 
leakage to earth by way of the poles the diminishing of the voltage 
is represented by a curve of the form y = cosh x, whilst the curve 
y = sinh x represents the current. 

Example 38. — K cable weighing 3 lbs. per foot hangs from two points 
on the sanae level and 60 feet apart ; and it is strained by a horizontal 
pull of 300 lbs. The form taken by the cable is a catenary. Find the 
length of the cable from the formula — 

Length = t.c sinh — 

2.0 

where L = span and c — tension, 

weight of I foot of cable 

Here we have L == 6o and c = 222 = joo , hence ™ = -q 

3 20 200 ^ 

Thus — length of cable =: 2X loo sinh *3 

Table XI at the end of the book may be utilised to find the value 
of sinh *3, in the following manner : Look down the first column until 
•3 is seen as the value for ; follow the line in which this value occurs 
until the column headed sinh x is reached. The value thei'c shown is 
that of sinh *3 and is *3045. 

Hence length of cable — 200 x *3045 = 60-9 ft. 

This rule gives the exact length of the cable, but in practice the 
form of the cable is assumed to be parabolic, and the approximate 
length is given by — 

Length = span + 

3 span 
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the sag also being calculated on the assumption of the parabolic form 
of the cable. In this case the sag is found to be 4-5 ft. and hence — 

length of cable = 60 4- = 60*0 

3x60 ^ 

In this instance the result obtained by the true and approximate 
methods agree exactly : and in the majority of cases met with in 
practice the approximate rule gives results sufhciently accurate. 

Example 39. — ^The resistance of the conductor of a certain telegraph 
line is 8-3 ohms per kilometre and the insulation resistance is 600 meg- 
ohms per km. The difference in potential E between the line and earth 
at distance L kms. from the sending end is found from the formula — 

E — A cosh VW . L + B sinh Vrl . L 

where A and B are constants, y = resistance of unit length of the 
conductor and I ~ conductance of unit length of the path between the 
line and earth. 

If the total length of the line is 100 kms., the voltage at the 
sending end is no, and at the receiving end is 85, find the values of 
A and B. 

We have two unknowns and we must therefore form two equations. 
At the sending end — L = o 

and then — no == A cosh\/W.o + B sinhVW.o 

= A cosh o -f B sinh o = A x i = A 
Hence — A = no. 

g. ^ 

Now W = ^ ^ — « = i*383Xio~“® and VW = *0001176; also at a 

distance of roo kms from the sending end the value of E is to be 85. 
Substituting these numerical values in the original equation — 

85 = no cosh (-0001176 X 100) 4 B sinh (-0001176 x 100) 

— no cosh *01176 + B sinh *01176 (i) 

In order to solve this equation for B the values of cosh *01176 and 
sinh *01176 must first be fopnd ; and as the given tables of values of 
cosh and smh are not convenient for this purpose we proceed according 
to the following plan — 

pX p'~'X ptC p — OS 

cosh X = and sinh x — ; = e ; 

2 2 

and to evaluate we must take logs. 

Let y = e and then — 

log y = *01176 X log e 

= *01176 X -4343 = ’0051 
so that — y = 1*012. 

Thus == 1*012 and which is the reciprocal of 

is *9883. 
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, , 1*012+ ’988 
cosh •01176== — ^ — = I 


sinh *01176 = 


1*012 — *988 


■012 


Substituting these values in equation (i) — 

85 = (no X i) + (B X *012) 
whence *012 B = •— 25 
or B = — 2083 

Hence — E = no cosh *0001176 L — 2083 sinh *0001176 L. 


Complex Quantities. — ^Algebraic quantities generally may be 
divided into two classes, real and imaginary, and the former of these 



may be further subdivided into rational and irrational or surd 
quantities. Thus, Vs and also ya are real, whilst V — 15 is 
imaginary; indeed, all quantities involving the square root of a 
negative quantity are classed as imaginary. An expression that is 
partly real and partly imaginary is spoken of as a complex quantity ; 
thus 4 + 7V — 9, and 'v/aac+ibV — 23/ are complex quantities. 
The first expression might be written as 4 + (yxVg X V— i), 
i. e., 4+21/ where j stands for V — i. The general form for 
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these complex expressions is usually taken as a + /&, where a and 
h may have any real values. 

According to the ordinary convention of signs, if OA ((a) Fig. 157) 
represents + a units, then OA' would stand for —a if the length 
of OA' were made equal to that of OA ; in other words, to multiply 
by —I, revolution has been made through two right angles. Now 
a X V — I X V — I = —a, so that the multiphcation by V — i 
must involve a revolution one-half of that required for the multiplica- 
tion by — I ; or OA' must represent ja. Accordingly a meaning 
has been found for the imaginary quantity j, and that is : If -\-a 
is measured to the right and — a is measured to the left, from a 
given origin, then ja must be measured upward, and differs from 
the other quantities only in direction, which is 90° from either 
■+a or — a. 

To represent a -1- jb on a diagram, therefore, we must set out 
a distance OA to represent a, erect a perpendicular AB making 
AB equal to b, choosing the same scale as that used for the hori- 
zontal measurement, and then join OB; then OB = a -f- fb. For 
OB' would represent a -{-b and AB == j . AB', so that OB must 
be the result of the addition of a to jb. The addition is not 
the simple addition with which we have been familiar, but is 
spoken of as vector addition, i. e., addition in which attention is paid 
to the direction in which the quantity is measured as well as to its 
magnitude. 

It is often necessary to change from the form a jb to the 
form r (cos 6 -\-j sin 6) ; and this can be done in the following 
way— 

If »' (cos 0-1-/ sin0) is to be identically the same as a+jb 
then the real parts of each must be equal, and also the imaginary. 


i. e., r cos 0 — a (i) 

rj sin 9 =jb 

whence r sin 9 = b (2) 


By division of (2) by (i) tan ^ ^ 

and by squaring both (i) and (2) and adding — 
cos^G + sin® <9 = 

or r® = since cos® 0 + sin® 9 = 1 

Thus, at (b) Fig. 157 — 

OB =r 
and Z- BOA = 0 

Example 40. — To change 3 — 5-7/ into the form r (cos ^ / sin ^). 
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From the above, siace a = 3 . and 6 => — 5’7 

r® == 3® + (— 5 ‘ 7 )® = 9 + 32-4 
y = 6-44 


and 


tan ^ = — 5-7 -a 
3 


1*9 or B 


41-4 

— 62'=*i4i^ 


This case is illustrated at (6) Fig, 157, in which OB represents 7; 
and the angle BOA is the angle B. 

Vector quantities, such as forces, velocities, electrical currents 
and pressures, may be combined by either graphic or algebraic 
methods ; in the algebraic addition, for example, the components 
along two directions at right angles are added to give the com- 
ponents along these axes of the resultant. Thus if the vector 
2+1*5/ were added to the vector —4 +-6/, the resultant vector 
would be 3 — 4+I-57 + -6/, i. e., — 2+2*1/. The addition is really 
simpler to perform by the graphic method, thus : OB at (c) 
Fig. 157 represents the vector quantity 2+1*5/ and OD represents 
— 4+ *6/. Through B draw BE parallel and equal to OD and 
join OE ; then OE is the resultant of OB and OD. It will be 
seen that OE is the vector — 2+2*1/ since OF = 2 units measured 
in a negative direction and FE = 2*1 units. 

To multiply complex quantities. — ^LetOA {[d) Fig. 157) represent — 

a + /6, i. e., r (cos 6 + / sin 6) 
and let OB represent — + /S^, i. e., ri(cos + / sin 0^) 

Then : OA x OB = {r cos 0 + rj sin 0) {r^ cos + r-^j sin Oj) 

== rr^ cos 0 cos 0^ + rr^j sin 0i cos 0 + 
rr^' sin 0 cos 0^ + sin 0 sin 0^ 

= rr^ (cos 0 cos 0^^ — sin 0 sin 0^) + 
rr-^j (sin 0 cos 0^ + cos 0 sin 0^) 

= r^i|cos (0 + ©i) + / sin (0 + 0j| 


To divide complex quantities . — Let 

^ % + 7^1 yi(cos + 7 sm Oj) 

Rationalise the denominator by multipljdng by (cos 0 ^ — / sin Oi) 

^ + jb r (cos 0 + / sin Q)(cqs — / sin OJ 


Then 


+ 7^1 


(cos^ 0^ + sin^ 0i) 


= + 7 ~ ®i)} 

which can be expressed in the form A + /B if desired. 

These results might have been arrived at by expressing 
r (cos 0 + / sin 0) as re'^^ and (cos 0^ + / sin 0^) as 
Thus {a + ^b)(ai + jbj) = X r^e^^^ = 

= rr-^^os (0 + 0i) + / sin (0 + j 
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Example 41. — ^The electric current C in a star-connected lighting 
systern was measured by the product — Potential P x admittance y. 
If P = (-068 — •ooi5y)(28 4- 30^) and y = -g + -iSJ find C. 

P = (-068 — •ooi5y)(28 -f- 3oy) = i‘949 + i-ggSj (by actual multi- 
plication). 

= 2-791 (cos 45° 43' -f- j sin 45° 43') 
y = '9 + -iSy = -9179 (cos 11° 19' -j- J sin 11° 19') 

C = Py = 2-563 (cos 57° 2' -f y sin 57° 2O or, alternatively, 
1-395 + 2- 1497. 


Inverse Trigonometric Functions. — If sin x = y, then x is 
the angle whose sine is y, and this statement may be expressed 
in the abbreviated form x 

T 

but the 


sin' 


y. (Note that sin"^y does not 
I indicates a converse statement, y being the 


mean 

sin y 

value of the sine and not the angle.) 

sin^^y is called an inverse circular function. 

Similarly sinh^^y is called an inverse hyperbolic function 
Angles are sometimes expressed in this way instead of in degrees ; 
e.g., when referring to the angle of friction for two surfaces : if 
the coefficient of friction between the surfaces is given, that is 
the value of the tangent of the angle of friction, and the angle of 
friction = tan^V# where /a is the coefficient of friction. 


Example 42. — Given = y, find the values of cos y and tan y. 


t. e.. 


and 


sin”^ X y 
sin y — X 

cos y = Vi — sin V = V i ~ x^ 


tan y = 


sin y 
cos y 


X 


VV- 


Example 43 — The transformation from the hyperbolic to the 
logarithmic form occurs when concerned with a certa in integration 
If cosh y = show that cosh'^^A; = log e{^ -h Vx^ — i). 


cosh y 


t e., 

or 

whence 


2 

-f 


2X = -h e~ 






^2!/ _ 4_ I = o 


^ ^4;^ 4 (Solving the quadratic) 


2 

V x^ 


x+ V^^-I or ^ 



298 


MATHEMATICS FOR ENGINEERS 


f since x — Vat* — • i =■ I 

X + V a;* —If 

as is seen if we multiply across J 
log* (x + Vat® - 1) = y, or log* y'^s: 

*• y = ± log* (at +- v' 

or if only the positive root is taken — 

y = log* {x + Vx^ — i) 
cosh“^Af = log* {x + Vat® — i) 

In Eke manner it can be proved that — 

1 X 1 * + Vac® + 


sinh*"^ ~ 

a 

cosh" ^ - 


;» + 


Exercises 84. — On Hyperbolic and Inverse Trigonometric functions. 

1 . Read from the tables the values of cosh *7 and sinhi*5. 

2 e Evaluate 5 cosh -015 + *1 sinh-oi5. 

3 . Find the true length of a cable weighing i'8 lbs. per foot, the 
ends being 120 ft. apart horizontally and the straining force being 
90 lbs. weight. [Refer to worked Example 38, p. 292.] 

4 . Calculate the sag of the cable in Question 3, from the rule — 


sag c (cosh — x) 


- straining force in lbs. wt. 

where — c ~t — 7 — iz — 7 — o 

wt. of I ft. of cable 

Hence find the approximate length of the cable, from the rule — 

^ xx. , S X (sag)* 

length = spanH 

3 X span 

5 * The E.M.F. required at the transmission end of a track circuit 
used for signalling can be found from — 




Put this expression into a simpler form, viz. one involving hyper- 
bolic functions. 

6. If the '' angle of friction for iron on iron is tan '■^*19, find this 
angle. 

7 . The lag in time between the pressure and the current in an 

alternating current circuit is given by x tan”^ where 

360 R 

n =s number of cycles per second, L == self-induction of circuit and 
R = resistance of circuit, the angle being expressed in degrees. If 
the frequency is 60 cycles per second, L = -025 and R =» 1*2, find the 
lag in seconds. 
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8. If cosh y = 1*4645, find the positive vaUb bty. 

9. A block is subjected to principal 
both tension. The inclination of the 

clined at 27“ to the plane of the greater 

/■j and /a are the greater and lesser stresses respectively aiia'"lf‘lS"'TJ\e 
inclination of the plane. Find the inclination of the resultant stress 
for this case. 

10 . The solution of a certain equation by two different methods 
gave as results — 

s s= — — sin ( 7^ + tan~^ ) and s = — sin (7^ — 2 tan~^ - ) 

53 45 ^ 53 2/ 

Q 

respectively. By finding the numerical values of the angles tan"^ — ■ 

• 45 

and tan**^ show that the two results agree. 


stresse 9 |of^ 5 sJbs. and 171 lbs., 
resultaai^t];jjssNsB^.^a p in- 
stress is 


11 . The following equation occurred in connection with alternator 
regulation — 

If ^ = sin*^^ and ^ =s cos-^ *55, find sin o. 

12 . The speed V knots of waves over the bottom in shallow water 
is calculated from — 

V 2 = I-8L tanh ^ 

where d = depth in feet 

L = wave length in feet. 

If d = 40 ft., and L == 315 ft., calculate the value of V. 


13 , By calculating the values of the angles (in radians) prove the 
truth of the following relations : — - 

tan“i i + tan-i | - 

4 

4 tan-i J. - tan-i *5^ = ^ 

4 

4 tan“-i I — tan-i + tan-^ = 7 

4 

Illustrate the first of these by a diagram. 

14 . An equation occurring in the calculation of the arrival current 
in a telegraph cable contained the following : — 

_ 3 . 2a sinh 2 b cos 2a cosh 26. 

10 2 10 

Find N when a = 4*5 and 6 = 2. 

15 . If C == 5 4 (cos 62° + j sin 62'') andy =1*8 (cos 12"^ + j sin 12°) 
find P (in the form a + jb). The letters have the same meanings as m 
Example 41, p. 297. 



CHAPTER VII 

AREAS OF IRREGULAR CURVED FIGURES 

Areas of Irregular Curved Figures. — Rules have already 
been given (sSe Chapter III) for finding the areas of irregular figures 
bounded by straight sides; if, however, the boundaries are not 
straight lines, such rules only apply to a limited extent. 

The mean pressure of a fluid such as steam or gas on a piston 
is found from the area of the “ indicator diagram,” the figure 
automatically drawn by an engine “ indicator,” correlating pressure 
and volume. By far the quickest and most accurate method of 
detennining the area of this diagram is (a) to use an instrument 
called the planimeter or integrator. Other methods are (b) the 
averaging of boundaries, (c) the counting of squares, (d) the use 
of the computing scale, (e) the trapezoidal rule, (/) the mid-ordinate 
rule, (g) Simpson’s rule and (h) graphic integration. 

To deal with these methods in turn : — 

(a) The Planimeter. — ^The Amsler planimeter is the instrument 
most frequently employed, on account of its combination of sim- 
plicity and accuracy. It consists essentially of two arms, at the 
end of one of which is a pivot O (see Fig. 158), whilst at the end of 
the other is the tracing-point P. By unclamping the screw B the 
length of the arm AP can be varied, fine adjustment being made by 
the adjusting screw C : and this length AP determines the scale 
to which the area is read. The rim of the wheel W rotates or 
partially glides over the paper as the point P is guided round the 
outline of the figure whose area is being measured ; the pivot O 
being kept stationary by means of a weight. The motion of the 
wheel W is measured on the wheel N in integers, and on the wheel 
D in decimals, further accuracy being ensured by the use of the 
vernier V. 

To use in ihe ordinary manner, the pivot O being outside the 
figure. By rough trial find a position for the pivot so that the 
figure can be completely traversed in a comfortable manner. Mark 
some convenient starting-point on the boundary of the figure and 
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place the tracer on that spot. Note the reading; say 2 on the 
scale of integers, 48 on the scale of decimals and 3 on the vernier; 
or 24S3 altogether- Trace carefully round the boundary in a right- 
handed direction until the starting-point is again reached. Again 
note the reading ; let it be 3327. Then subtract the initial reading 
from the final and the area of the plane figure is found. In this 
case the area would be 844 sq. units. 

Along the arm AP are marks for adjustment to different scales. 
If A is set at one of these marks the area will be in sq. ins,, at 



another, in sq. cms., etc.; but if there be any doubt about the 
scale, a rectangle, say 3" X 2' should be drawn, and the tracer 
guided round its boundary. Whatever reading is thus obtained 
must represent 6 sq. ins. so that the reading for i sq. in. can be 
calculated therefrom. 

If, in the tracing for ^hich the figures are given above, the 
zero mark A had been set at the line at which -oi sq. in.” is 
found on the long bar, then the area would be 8*44 sq. ins., since 
the divisions on the vernier scale represent -oi sq in. each. 

For large areas it may be found necessary to place the pivot O 
inside the area ; and in such cases the difference between the first 
and last readings will at first occasion surprise, for it may give an 
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area obviously much less than the true one. This is accounted for 
by the fact that under certain conditions, illustrated in Fig. 159, 
the tracer P traces out a circle, called the zero circle, for wluch the 
area as registered by the instrument is zero, since the wheel does 
not revolve at all. For a large area, then, the reading of the instru- 
ment may be either the excess of the required area over that of the 
zero circle, or the amount by which it falls short of the zero circle 
area. These areas are shown respectively at EEE and HI in 
Fig. 159, while the zero circle is shown dotted. [Noie . — For the 
ordinary Amsler planimeter the area of the zero circle is about 
220 sq. ins., but it is indicated for other units by figures stamped 
on the bar AP.] 



To use in the special manner . — ^By means of a set square, adjust 
the instrument so that the axis of the tracing arm is perpendicular 
to a line joining the fixed centre O in Fig. 159 to the point of con- 
tact of the wheel and the paper. Measure the radius from the fixed 
centre O to the tracing-point P, and draw a circle with this radius 
on a sheet of tracing-paper. Place this over the plot whose area 
is being measured, and endeavour to estimate whether the figure 
is larger or smaller than the zero circle. If this is at once apparent 
trace round the figure in the ordinary way and add the area of the 
zero circle to the reading, or subtract the reading from the zero 
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circle area as the case may demand. If not apparent, proceed 
thus — 

Set the planimeter to some convenient reading, say 2000 and 
trace the area in a right-handed direction. Then, if the final 
reading is greater than 2000, the area is greater than that of the 
zero circle and vice versa. Then to obtain the area — 

(1) If the area is greater than the zero circle, trace in a right- 

handed direction and add the excess of the last reading over the 
first to the area of the zero circle; i. e., ii x is the excess of the 
final reading over the initial reading, the true area = + zero 

circle area. 

(2) If the area is less than the area of the zero circle, trace in a 
left-handed direction and subtract the difference of the first and last 
readings from the area of the zero circle. For — x — excess of 
the last reading over the first, if the tracing is in a right-handed 
direction, and this becomes x ii the tracing is in a left-handed 
direction. The true area = — x zero circle area, and the tracing 
is performed in a left-handed direction in order to get a positive 
value for x. 

If the instrument is to be used as an averager, as would be the 
case if the mean height of an indicator diagram was required, LL 
in Fig. 158 must be set to the width of the diagram and the outline 
must be traced as before. Then the difference of the readings 
gives the mean height of the diagram. Further reference to the 
planimeter is made in Volume II of Mathematics for Engineers. 

The Coffin Averager and Planimeter (Fig. 160) is somewhat 
simpler in construction as regards the instrument itself, but there 
are in addition some attachments. It is, in fact, the Amsler instru- 
ment with the arm AO (Fig. 158) made infiinitely long so that A, 
or its equivalent, moves in a straight line and not along an arc of 
a circle. 

Referring to Fig. 160 it will be seen that the pointer O is con- 
strained to move along the slot GH. 

To use the instrument to find the mean height of a diagram : 
Trace the diagram on paper and draw a horizontal line and two 
perpendiculars to this base line to touch the extreme points on the 
boundary of the figure. Place the paper in such a way that the 
base line is parallel to the edge of the clip B and set the clips AE 
and CD along the perpendiculars already drawn. Then start from 
F, the reading of the instrument being noted, and trace the outline 
of the figure until F is again reached. Next move the tracing- 
point along the vertical through F, i, e., keep the tracer P against 
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the clip, until it arrives at M at which stage the instrument records 
the initial reading. FM is then the mean height of the diagram. 



G 



Fig. 160 — The Coffm Averager, 


If the area of the figure is required, the reading of the instru- 
ment must be made when the tracing-point is at F. The outline 
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of the figure is then traced until F is again reached and the reading 
is again noted. Then the difference between the two readings is 
the area of the figure. 

(6) Method of averaging Boundaries. — ^The area of a figure of 
the shape bounded by the wavy 
line in Fig. 161 being required, 
proceed as follows : Draw the 
polygon ABCRED so that it shall 
occupy the same area as the 
original figure, viz. the portions 
added are to be equal to those 
subtracted, as nearly as can be 
estimated. 

Then, by joining BD, BE, CE, 
etc., the polygon is divided into a 
number of triangles and the area 
of each is : J X base X height. 

Therefore draw the necessary per- 
pendiculars, scale off the lengths of the bases and the heights, and 
tabulate as follows : — 



Fig. 16 1. — Area by Averaging 
Boundaries. 


Tnangle. 

Base. 

Height. 

Sum of Heights. 

Area of the two 
tnangles = i base X 
sum of heights 

ABD 

BED 

BD 

BD 

AG 

ef I 

1 

J 

- AG + EF 

^BD(AG+ EF) 

CBE 

CRE 

CE 

CE 

BM 

RN 

1 

j 

- BM + RN 

iCE (BM+ RN) 


The triangles are thus grouped in pairs and the area of the 
figure is the sum of the quantities shown in the last column. 

{c) Method of counting Squares. — Draw the figure, whose area 
is required, on squared paper, choosing some convenient scales. 
Then count the squares, taking all portions of a square greater than 
one-half as one, and neglecting all portions smaller than a half- 
square. 

If I linear inch represents x units horizontally and y units 
vertically and the paper is divided into n squares to the linear 

inch : each square is ^ sq. ins., and i sq. in. on the paper represents 

xy 

xy sq. units of area, so that each square represents ^ sq. units. 


X 
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If the total number of squares = N 

Area of figure = sq. units 

{d) The Computing Scale is often employed in the drawing 
office to find the areas of plots of land. It consists of two main 
parts, viz. a slider A, Fig. 162, and a fixed scale C. The slider can 


Slider* 



Tracing Pciper<^ 

Fig. 162. — ^Area by the Computing Scale. 


be moved along the slot B by means of the handles D ; and it 
carries a vertical wire, which is kept tightly in position by means 
of screws. 

Along the fixed scales are graduations for acres and roods 
according to a linear scale of 4 chains to i*", and a scale of square 
poles, 40 of which make up i rood, is indicated on the slider. 

To use the instrument . — Rule a sheet of tracing-paper with 
a number of parallel lines exactly Y apart, i. e., i chain apart 
according to the particular scale chosen. Place the tracing-paper 
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over the plot in such a way that the whole width in any one direction 
is contained between two of these parallel hnes. 

Place the slider at the zero mark, and move the whole instrument 
bodily until the wire at a cuts off as much from the area as it adds 
to it. Next move the slider from left to right until 6 is reached. 

Remove the instrument and without altering the position of 
the wire, place the scale so that the wire is in the position c : then 
run the slider along the slot until the wire arrives at d, and so on. 
Take the final reading of the instrument, and this is the total area 
of the plot. If the slider reaches the end of the top scale before the 
area has been completed, the movement can be reversed, i. e., it 
becomes from right to left and the lower scale must be used. 

It will be observed that by the movement of the slider the 
mean widths of the various strips are added. Now the strips are 
each I chain deep, so that if the mean lengths of the strips measured 
in chains are multiplied by i chain, the total area of the plot is 
found in square chains. But 10 sq. chains = r acre, and the 
scale to which the plan is drawn is i" = 4 chains. Hence 2^" = 
10 chains, and the scal^ must be so divided that 2|" = i acre, 
since the strip depth is i chain. 

If the plot is drawn to a scale other than the one for which 
the scale is graduated the method of procedure is not altered m 
an y way, but a certain calculation must be introduced. Thus if the 
figure is drawn to a scale of 3 chains to the inch and the computing 
scale is graduated according to the scale 1" = 4 chains, then the 
true area = (|)^ or of the registered area. 

(e) The Trapezoidal Rule. — ^When using this rule divide the 
base of the figure into a number of equal parts and erect ordinates 
through the points of division. The strips into which the figure 
is thus divided are approximately trapezoids. For a figure with a 
very irregular outline the ordinates should be drawn much closer 
than for one with a smooth outhne. Then the area of the figure 
is the sum of the areas of the trapezoids, i. e., in Fig. 163, 


Area = ~l“ ^^(y2“t“y3) "F i^Kyio'Fyii) 

— h{^y i-^-y 2 y z~\~ yio+iyn} 

= ^I’Myi+yii) + ya + ya + yw} 


Or, the area is equal to the length of one division multiplied by 
the sum of half the first and last ordinates, together with all the 
remaining ordinates. 

Example i. — Find the area of the figure ABCD in Fig. 163. which is 
drawn to the scale of half full size. 
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The base is divided into 10 equal parts and the ordinates are measured. 
Then the calculation for the area is set down thus — 

yi = 2-5 3/2 = 4-40 

Vn = 2-0 Va == 5-10 

i sum of first and last => 2"25 = 5-34 

Vs = 4-85 
ye = 4*13 
Vr = 3-83 
ya = 3-8 o 
Vb = 3-63 
^10 = 2-55 
i(yi + yu)= 2-25 
Sum = 39’S8 

Width of one division of the base = A = i' 

Area = i x 39*88 = 39*88 sq. ins. 



Fig. 163. — Area by Trapezoidal Rule. 


(/) The Mid -ordinate rule is very frequently used and is 
similar to the trapezoidal rule. The base of the figure is divided 
into a number of equal parts or strips, and ordinates are erected 
at the middle points of these strips; such ordinates being called 
mid-ordinates as distinct from the extreme ordinates through the 
actual points of section. The average of the mid-ordinates multi- 
plied by the length of the base is the area of the figure. 

Example 2. — Find the area of the figure ABCD in Fig. 164, which is 
an exact copy of Fig. 163, and is drawn to the scale of half full size. 

The lengths of the mid-ordinates are 3-66, 4-90, 5-24, 5*24, 4*4, 3*92, 
3*8, 3*73, 3*3 and 2*13 ins. respectively, and the average = ^ *3? -- 4.032. 


2-0 
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Hence the area == 40-32 sq. ins., as against the previous result of 
39*88 sq. ins., showing a difference of r%. 

The mid-ordinate rule is much in vogue on account of its sim- 
plicity. As a modification of this method we may ascertain the 
total area by the addition of the separate strip areas. It is not 
necessary to divide the base into equal portions : but the divisions 
may be chosen according to the nature of the bounding curve. If 



the latter is pretty regular for a large width of base, the division 
may be correspondingly wide; but sudden changes in curvature 
demand narrower widths. Assuming that the area has been 
divided into strips in the manner suggested, find the lengths of the 
mid-ordinates and the widths of the separate strips and tabulate 
as in the following example. 


Example 3. — Calculate the area of the figure ABMP (Fig. 165). 


Strip. 

Width 

(inches) 

l ength of 

Mid-ordmate (ms ). 

Area of Strip 
(sq ms ) 

Sura of Areas of Strip 
(sq. ms ) 

AB 

1*8 

3*3 

5 ‘94 

5*94 

BC 

•4 

5*02 

2*01 

7'95 

CD 

•3 

4-35 

1*31 

g-26 

DE 

'5 

3-78 

I *§9 

II-I5 

EF 

*4 

3*85 

1-54 

I 2 * 6 g 

FG 


3-54 

4*60 

17-29 

GH 

•6 

2-53 

1*52 

lS-8i 

HJ 

1*3 

3.6 

4*68 

23-49 

JK 

•6 

4*54 

2*72 

26-21 

KL 

•8 

3-4 1 

2*72 

28-93 

LM 

1 

i-o 

2*31 

2*31 

31-24 


Thus the total area =* 31-24 sq. ins. 
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(g) Simpson’s Rule is the most accurate of the strip methods 
and is scarcely more difficult to remember or more complicated in 
its application than the trapezoidal rule. 

In this rule, the base must be divided into an even number of 
equal divisions; the ordinates through the points of section being 
added in a particular way, viz. — 

'first ordinate + l^^st ordinate +' 

. width of one division of base 4 (sum of even ordinates) + 

3 2 (sum of odd ordinates, 

. excluding the first and last). . 

If the portions of the curve joining pairs of ordinates are 
straight or parabolic, i. e., if the equations to these portions are of 
the form y = a-^-hx-^cx^, the ordinates being vertical, the rule gives 



Fig. 165. — ^Modification of Mid-ordinate Rule. 


perfectly correct results; and the strip width should be chosen to 
approximately satisfy these conditions. 

Taking an example — 

Example 4. — Find the area of the indicator diagram shovm in 
Fig. 166. 

A convenient horizontal line is selected to serve as a base and, in 
this instance, is divided into 10 equal parts. The ordinates are 
numbered ya» etc., and their heights are measured, being 

those between the boundaries of the figure, and not down to the 
base line. 
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The working is set out thus — 

Width of I division = i foot. 

Ordinates^ 



Rven, 

Odd. 

1st s=s s= 0 

0 

00 

II 

Vz = 66 

last = 3/11 = 0 

Vi = 55-5 

^6= 48 


Vi = 43-5 

Vi = 38*5 

Sum = 0 

y» = 34-5 

yfl= 30*5 


yio= 24 




Sum = 183 


Sum = 237-5 


and (Even) 4X 

sum = 950 

2Xsum =* 366 (Odd) 


Area — J{o + 950 + 366} = 439 sq. units, which in this case 
would represent to some scale the work done per stroke on the piston. 



Notice that this rule agrees with our notion of 
average height X base '' for — 

Number of ordinates considered = i +1+4(5) + 2(4) = 30 
and if A = sum of ordinates according to the particular scheme — 


A. ^ 

Area = base x average ordinate = noh x — = — X A 

30 3 

If the area is of such a character that two divisions of the base 
are sufficient — 


Area 


h 


{ist 4- last 4- ( 4 Xnud.)} 


= 4 - last 4 - ( 4 Xmid)} since length 
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[h) Graphic Integration is a means of summing an area with 
the aid of tee- and set-square, by a combination of the principles 
of the “ addition of strips ” and “ similar figures.” An area in 
Fig. 167 is botmded by a curve a'b'z', a base line az and two vertical 
ordinates aa' and z/. The base is first divided as in method (/), 
where the widths of the strips are taken to suit the changes of 
curvature between a' and z' , and are therefore not necessarily equal ; 
and mid-ordinates (shown dotted) are erected for every division. 
Next the tops of the mid-ordinates are projected horizontally on 



to a vertical line, as BB'. A pole P is now chosen to the left of that 
vertical; its distance from it, called the polar distance p being a 
round number of horizontal units. The pole is next joined to 
each of the projections in turn and parallels are drawn across the 
corresponding strips so that a continuous curve results, Icnown as 
the Sum Curve. Thus am parallel to PB' is drawn from a, across 
the first strip; mn parallel to PC' is drawn from m across the 
second strip, and so on. 

The ordinate to the sum curve through any point in the base 
gives the area under the original or primitive curve from a up to 
the point considered. 
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Referring to Fig. 167 — 

Area of strip ahb'a' = abx AB 
but, by similar figures — 

B'<a: or BA _ bm 
i> ~ ah 


*. e.. 


whence AB xab = fxhm 

, area of strip 
bm — 7 £ 


or area of strip = -pxbm 


i. e., bm measures the area of the first strip to a particular scale, 

which depends entirely on the value of p. 

T -I / area of second strip 

In the same way nm = i- 

and by the construction nm' and bm are added, so that — 

cn = ^rea of ist and and strips 

P 

or — area of ist and 2nd strips ~ pxcn 

Thus, summing for the whole area — 

Area of aa'/z = 

Thus the scale of area is the old vertical scale multiplied by the polar 
distance ; and accordingly the polar distance should be selected in 
terms of a number convenient for multiplication. 
e. g., if the original scales are — 

1" = 40 units vertically 
and 1' = 25 units horizontally 

and the polar distance is taken as 2', i. e., 50 horizontal units ; 
then the new vertical scale — 


= old vertical scale X polar distance 
= 40 X 50 = 2000 units per inch. 

If the original scales are given and a parhcular scale is desired 
for the sum curve, then the polar distance must be calculated as 
follmi"! — 

... , , . new vertical scale 

Polar distance in horizontal units = j — = = — 

old vertical scale 


e. g., if the primitive curve is a " velocity-time ” curve plotted 
to the scales, i' = 5 ft. per sec. (vertically) and i' = -i sec. (hori- 
zontally) and the scale of the sum curve, which is a “ displacement- 
time ” curve, is required to be i* = 2-5 ft., then — 


Polar distance (in horizontal units) = 
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and since 1' = -i unit along the horizontal, the polar distance 
must be made 5'. 

The great advantages of graphic integration are — 

{a) Its ease of application and its accuracy. 

(6) The whole or part of the area is determined without separate 
calculation ; the growth being indicated by the change in the sum 
curve. Thus, if the load curve on a beam is known, the sum curve 
indicates the shear values, because the shear at any section is the 
sum of the loads to the right or left of that section. 


Example 5. — Draw the sum curve for the curve of acceleration 
given in Fig. 168. Find the velocity gained in 20 seconds from rest, 
and also in 35 seconds : find also the average acceleration. 



Fig. 168. — Construction of Sum Curve. 


Method, of procedure . — Project be horizontally to meet the vertical 
AB in -c. Draw AM parallel to Pc to cut the second ordinate in M. 
Project de horizontally and draw MN parallel to Pc. Continue the 
construction till Z is reached on the last ordinate. 

The polar distance was chosen as 3", or 15 horizontal units, so 
that, whilst the old vertical scale was i" = 2 units of acceleration, the 
sum curve vertical scale (in this case a scale of velocity) will be 
= 2 X 15 = 30 units. This new scale is indicated on the extreme 
right by the title " scale of velocity.” Note that Z is at the point 
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marked 225. Hence the area of the figure is 225 sq. units, which gives 
the total velocity gained in the 35 seconds as 225 ft. per sec. 

Also the velocity gained in 20 secs, from rest = 113 ft, per sec.. 
this being the length of the ordinate through 20 on the scale of time. 

The average acceleration = 225 35 == 6"46 ft. per sec, per sec.; 

this being the average height of the figure. 

Graphic integration can only be immediately applied when the 
base is a straight line. If it is otherwise, the figure mu,st be re- 
duced to one with a straight base by stepping off the ordinates 



Fig. 169, — Comparison of Sum Curves. 


with the dividers. Therefore, if the full area is required, as in 
the case of an indicator diagram, the additional comphcation would 
neutralize any other gain ; but if separate portions of the area are 
wanted the method is the most efficient. 

It is of interest to note that if the original curve is a horizontal 
hne — 

The first sum curve is a sloping straight line. 

The second sum curve is a parabola of the second degree, or a 
“ square ” parabola. 

The third sum curve is a parabola of the third degree, or a 
“ cubic ” parabola. 
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These cases are illustrated in Fig. 169, the poles being chosen 
to bring the curves to about equal scales for comparison. 

Graphic Integration will be again referred to when dealing with 
the Calculus generally. 

Calculation of Volumes. — ^AU the rules for finding areas can 
be extended to the calculation of volumes. The area of the figure 
should then represent the volume : e. g., if the cross-section at various 
distances through an irregular solid be noted or estimated, and 
ordinates be erected to represent these cross-sections at the proper 
distances along the base of the diagram ; the area of the figure on 
the paper will represent the volume of the solid. Thus — 

If i' represents * feet of length 

and i" represents y sq. ft. of cross-section, then 

I sq. in. of area represents xy cu. ft. of volume. 

Example 6 . — Find the capacity of a conical tub of oval cross-section, 
the axes of the upper oval being 28" and 20", those of the base being 
21" and 15", and the height being 12". 

In this case the rule for the three sections may be applied; the 
axes of the mid-section are 24 and lyi" and the areas of the three 
sections are — 

A = n- X 14 X 10 = i40jr sq. ins. 

B = jr X 10-5 X 7*5 == 78 - 757 r „ „ 

M = ir X 12*25 X 8*75 = I07*2ir ,, „ 

Volume = -|- B -|- 4M} = ^^140 + 78-75 -I- 428*8} 

= ztt X 647-6 = 4070 CU. ins. 

Capacity = gallons == 14-7 gallons. 

2772 

Other worked Examples on the calculation of volumes will be 
found in Chapter VIII. 


Exercises 35. — On the Areas of Irregular Curved Figures. 

1 * A gas expands according to the law pv = 150, from volume 3 
to volume 25. Find the work done in this expansion. 

2 . An indicator card for a steam cylinder is divided into 10 equal 
parts by 9 vertical ordinates which have the respective values of 100, 

50, 42, 36, 32, 28 and 26 lbs. per sq. m. ; and the extreme 
ordinates are 100 and 25 lbs. per sq. in. respectively. Find the mean 
pressure of the steam. 

3 . The end areas of a prismoid are 62-8 and 20-5 sq. ft., the section 
mid- way between is 36-7 sq. ft. and the length of the pnsmoid is 15 ft. 
Find the average cross-section and the volume. 
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4 . The mid-ship section of a vessel is given, the height from keel 
to deck being 19I ft. ; and the horizontal widths* at intervals of 3-25 ft., 
are respectively 46*8, 46*2, 45-4, 43, 36*2, 26*2 and 14*4 ft., the first 
being measured at deck level and the last at the keel. Calculate the 
total area of the section. 

6. To measure the area of the horizontal water plane, at load line, 
of a ship, the axial length of the ship was divided into nine abscissae 
whose half-ordinates from bow to stem were *6, 2-85, g-x, 15*54, 18, 
18*7, 18*45, 17*6, 15*13 and 6*7 ft. respectively; while the length of 
the ship at load line was 270 ft. Find the area of the water plane. 

6. The velocity of a moving body at various times is as given in the 
table — 


Time (secs.) . 

0 

1-5 

2*8 

3-6 

5 

6*2 

7-7 

8-9 

10*3 

12 

llllll^ 

37*3 

31-5 

27‘5 

25-4 

22 *4 

20*3 

18*2 

16*9 

CO 

H 

15 


Find the total distance covered in the period of 12 seconds (i. tf., 
j&nd the area under the velocity curve plotted to a time base.) 

7 . To find the cross-section of a river 90 ft. in breadth, the following 
depths, marked y, in feet, were taken across the river; x, in feet, being 
the respective horizontal distances from one bank. 


X 

0 

10 

20 

30 

40 

50 

60 

70 

80 

go 

D 


IB 

5-6 

6 

5-7 

4-8 

4*7 

4-5 

4 

3 


Find the area of the cross-section. If the average velocity of the 
water normal to the cross-section is 5-1 ft. per sec., find the flow in 
cu. ft per sec. 

8. A series of offsets was measured from a straight line to a river 
bank. Find, by Simpson's rule, the area between the line and the 
river bank. 


Offsets (ft) . 

0 

7 

9 

8 

5 

3 

3 

7 

9 

II 

.5 

20 

13 1 5 1 0 

Dist along") 
Ime (ft ) / 

0 

100 

200 

300 

^ 400 

450 

500 

600 

700 

725 

750 

775 [ 

800 ^ 900 1000 

1 1 


9 . The mean spherical candle-power (M.S C.P.) of a lamp can be 
determined by calculating the mean height of a Rousseau diagram 
(candle power plotted to any linear base). Find the IM.S C.P. for the 
arc lamp for which the Rousseau diagram is constructed from the 
following figures : — 


Dist.from one end\ 
of base (ins.) J 

0 

I 

1-8 

2-5 

3*5 

4-2 

4*9 

5*4 

5-8 

6 

Candle power . 

0 

1 

1 

350 

650 

IIOO 

1350 

1500 

1200 

400 

0 


10 . Reproduce (a) Fig. 12 to scale and then determine its area. 
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11 . Fig. 170 is a reproduction of an indicator card taken during a 
test on a 10 H.P. Diesel engine. Calculate the mean pressure for this 
case, i, e., find the mean height of the diagram. 



CHAPTER VIII 

CALCULATION OF EARTHWORK VOLUMES 

In this chapter a series of examples will be worked out to illus- 
trate the method of calculating volumes of earthwork, such as 
railway cuttings, embankments, and other excavation work, mostly 
for the purpose of estimating the cost of earth removal. 

Definitions of Terms introduced in these Examples. 

The formation surface is the surface at the top of an embank- 
ment or at the bottom of a cutting, and in all the cases here con- 
sidered it will be regarded as horizontal. The line in which the 
formation surface intersects the transverse section of the cutting 
or embankment is spoken of as the formation width. 

The natural surjace of the ground is the surface existing before 
the cutting or embankment is commenced. 

The sides of a cutting or an embankment slope at an angle which 
IS less than that of sliding for the particular earth ; and the slope 
is usually expressed as x horizontal to one vertical. 

A few typical values of the slope are given for various soils : — 


Soil. 

Compact 

Earth. 

Gravel. 

Dry 

Sand 

Vege- 

table 

Earth 

Damp 

Sand. 

Wet 

Clay. 

Angle with Horizontal 

50° 

0 

0 

38“ 


22° 

m 

Slope {%. e., x horizontal 
to I vertical) 

•8391 

1*192 

1*28 

1-88 

2*475 

3-487 


The unit of volume usually adopted in questions of earth removal 
is one cubic yard, and accordingly the weights in the following 
table are expressed in terms of that unit : — 


Material. 

Slate. 

Granite 

Sand- 

stone 

Chalk 

Clay 

Gravel 

Mnd. 

Weight (cwts. per cu. yd.) 

43 

42 

39 

36 

31 

30 

25 


Volumes of Prismoidal Solids. — ^To find the volume of any 
irregular solid having two parallel faces or ends, find the average 
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cross-section parallel to these faces and multiply by the axial 
distance between them. 

Then — volume = ~ {A + B -f 4M} 

and average section = ^ {A + B + 4M} 

where L = axial length ; and A, B, and M are the end sections 
and the middle section respectively. 

Example i. — ^A solid with vertical sides. 

Let the base be horizontal and all the sides be vertical as in 
excavating foundations for a house. Referring to Fig. 171 — 

A = }?) X 20 = 220 sq. ft. 

B = - ?) X 20 = 120 sq. ft. 

M = I Z - lb 1 ?) X 20 = 170 sq. ft. 

L=: 50 

Volume == ^{220 H- 120 -h (4 X 170)} = 8500 cu. ft. *= 314-8 cu. yds. 




Fig. 171. Fig. 172. 


Example 2. — Calculate the weight of clay removed in making the 
simple wedge-shaped excavation shown in Fig. 172. 

In this case — A = J x 12 x 84 = 504 sq. ft. 

^ “ i X 20 X 140 = 1400 sq. ft. 

M = J X 16 X 112 = 896 sq. ft. 
and L = 60 ft. 

volume = ^504 + 1400 + (4 X 896)} = 54880 cu. ft. 


then 


“ 2032-6 cu. yds- 

and weight of clay removed = x 31 


tons 


20 
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Example 3. — A more difficult wedge-shaped excavation, which is 
shown in Fig. 173. To calculate the volume of earth removed. 


The earth removed is 
represented by a wedge 
figure ADEF and a tri- 
angular pyramid AFBC. 

The volume of the pyra- 
mid can be found if the 
area of the base is first 
obtained. 

(AD)2= (6o)^ + (i8)2 
whence AD = 62*65 

sin L. BAD = 

62-65 

but sin L. BAG = 

sin (180 — BAD) 
= sin L BAD 

and hence — 
sin L. BAG = 

62-65 

Also — 

AC = 250 — 62*65 
= 187-35. 



Then area of triangle ABG = ^ BA . AG sin l BAG 

= i X 78 X 187-4 X g|^ == 7000 sq. ft. 
Height of pyramid = 30 ft. 

Volume of pyramid = J x 30 x 7000 = 70000 cu ft. 

= 2592 CU. yds. 

For the volume of the prismoidal solid ADEF, using the general 
rule — 

A = J X 20 X 60 = 600 sq. ft. 

B == J X 30 X 78 = 1170 sq ft. 

M=ix25x6g = 862*5 L = 60 ft. 

A Volume = -^{600 + 1170 + 3450} == 52200 cu. ft. 

= 1935 cu. yds. 

A Total volume removed = 4527 cu. yds. 


Sections of Cuttings. — It will be convenient at this stage to 
demonstrate the mode of calculation of the areas of simple sections. 
In Fig. 174 we have the first case, of a cutting whose sides are 
sloped and whose natural surface of ground DC is horizontal. 

Let AB be the base or ‘‘ formation width " and let its value 
be 2.a, 

Y 



322 


MATHEMATICS FOR ENGINEERS 


GH = height from centre of base to the natural sxirfacc == h. 

$ — inclination to the horizontal of the sloping sides. 

FC = horizontal projection of slope. 

Then cot 9 is usually denoted by s; or, in other words, the 
slope of the sides is s horizontal to l vertical. 

= cot 6 — s and FC = FB x s == hs 

r±> 

GC = half width of surface = a+hs. 

Area ABCD {i. e., the area of the section of the cutting) — 

= ^(DC+AB) X A = ~i2a+2a+2hs) 

= h{ 2 a-j-hs) 



Fig. 175 shows the cutting section when the natural surface of 
the ground takes a slope DC. 

Let a = inclination to the horizontal of the natural surface, 
and let cot a = r. 

CM and DN, though not equal, are called the *' half-widths ’’ 
of the section ; let these be represented by m and n rcs]icctivcly. 
To find m and n — 

^ = tan a = so that MG = ~ (i) 


Also— jjg = tan ^ = -5. so that HK = | (2) 

^ = tan 0 p whence MK = ^ (j) 

From (2) — 

GK = GH-f-HK = h-\-^ 

From (i) and (3) — 

GK = MK-MG 
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Hencc- 


a m m 


Similarly- 




To find the extreme heights CE and DF — 

BE = HE— HB = m—a 
BE 

== cot 6 = s, whence CE x s = BE 


CExs = m — a or CE 


and similarly- 


To find the area of the section — 
Area ABCD = CDFE-DFA-CBE 


= fe(- ^ - ~*^ ^^)--af.fd--be.ce 

= I g+n — a) {7i—a){n—a) 

'^2! s s 

{m—a) [m—a) '\ 

s J 

— 2 am — 2 an — 1 

2s I -{~2an—m^ — a^-j-zamj 


E^xample 4. — A cutting is to be made through ground having a 
transvcrbc slope of 5 horizontal to i vertical, and the sides are to 
slope at horizontal to i vertical. If the formation width is 60 ft. 
and the height of the cutting (at centre) is 12 ft., find the half-widths, 
the extreme heights and the area of the section. 

Adopting the notation as applied to Fig. 175 — 

2a = 60, h = 12, s = I J, and r — $ 

Then— m = = -^[ 3 ° + (12 x ij)] 

= 60 ft. 

« = = 54-3(30 + 15) 

= 36 ft. 
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CE =- 


m—a 6o 


S 1-25 

DF == = 3^ 30 

5 1-25 


~ = 24 ft. 
4-8 ft. 


Area = = (^221-3^30* _ 

5 1-25 1 


Example 5. — Volume of a cutting having symmetrical sides, the 
dimensions being as in Fig. 176. 

Calculate the volume of earth removed, if the cutting enters a hill 
normally to the slope of the latter and emerges at a vertical wall or 
chff. 



The volume is found by application of the general rule. 

Volume = t{A4-B-|-4M} 

To find A — h = 24, s = i 2a = 40 

/. Area = h{'za + hs) = 24(40 -f 36) == 1824 sq. ft. 

In the case of the other end section, A = o and thus B = o. 

For M — h = 12, 5 = I 2a = 40 

Area = 12(40 + 18) = 696 sq. ft. 
also L = 170 ft. 

Hence — Volume = + o -f 2784} = 130600 cu. ft. 

or 4837 cu. yd s. 

Example 6. — To find the volume of a cutting having unequal sides. 

In this case, shown at (a). Fig. 177, the cutting enters the hill in 
an oblique direction, although the outcrop is vertical as before. The 
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sides of the cutting slope at horizontal to i vertical, while the natural 
surface of the ground slopes upward at 4 J horizontal to i vertical. 

The solid can be split up into a prismoidal solid SRFE, together 
with the two pyramids SE and RF. 

To deal first with the prismoidal solid SRFE ; its volume can be 

found from the general rule Volume = ^{A + B + 4M}, and in order 

to find the values of A and B the lengths of BS and AR must first 
be found. 


D 


Fig. 177. — Cutting with Unequal Sides. 
Referring to (6), Fig. 177 — 

Also — 
so that 
I fence — 

Now — 

Also — 

m 

* • 

Again — 


and 

Hence — 


y 

CQ = m—a, and m = ~ — ^(a+As) 

y = 4^, s = h = 30, and 2a = 40 

m = ^^^(20+45) = 97-5 ft. 

CQ = 97-5-20 = 77-5 ft- 
SO , I 

4*5 

SQ = — ^ = 17*22 ft. 

4*5 4*5 

BQ = = 51-66 ft. 

I *5 

BS = BQ — SQ = 51-66 — 17*22 = 34*44 It. 

” = = ^(20+45) = 48-75 ft. 

PD = 48-75 — 20 = 28-75 ft- 

whence PR = — - = 6-39 

PD 4 - 5 ’ 4-5 

AP = PD tan 6 = = 19-17 ft- 

AR = AP 4 - PR = 19-17 + 6-39 = 25-56 ft. 
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We can now proceed to find the volume of the solid SRFE. 

A = JxBSxBE = JX34M4XI50 = 2583 sq. ft. 

B = ^xARxAF = 4x25-56x100 = 1278 sq. ft. 

M == 4x 30 X 125 = 1875 sq. ft. 

and L, = 40 

Volume = ^{2583 + 1278+7500} 

= 75750 cu. ft. = 2805 cu. yds. 

To find the volume of the pyramid SE — 

The base is the triangle CSB, of which the area = JxBSxCQ 

= 4x 34-44 X 77-5 
== 1335 sq. ft. 

The height = 150 ft., and hence — 

Volume = i X x 1335 cu. yds. = 2471 cu. yds. 

3 2/ 

To find the volume of the pyramid RF — 

The base is the triangle ARD; and its area == ^xARxPD 

= 4x 25-56x28-75 

•= 367-5 sq. ft. 

The height = 100 ft., and hence — 

Volume = -X —X 367-5 cu. yds. = 453-6 cu. yds. 

3 ^7 

Total volume = 2805 + 2471 453*6 = 5730 cu. yds. 

Cutting and Embankment continuously combined ; the 
Sides being Symmetrical. — If a road or a railway track has 
to be constructed through undulating ground, both cuttings and 
embankments may be necessary. The cost of the road-making 
depends to a large extent on the “ net weight of earth removed, 
seeing that the earth may be transferred from the cutting to the 
embankment. The calculation of the net volume removed will be 
dealt with according to two methods : — 


First Method. 

Example 7. — A cutting is to be made through the hill AC (Fig. 178) 
, , ^ ^ 24 ^ embankment in the 

-1050 — - 4 -^ 772 -^ 564 [- valley BC so as to give 
' ^ • : a straight horizontal road 

from A to B. The formation 
width is to be 40 ft., and the 
sides of the cutting and the 
Fig. 178. embankment slope i J hori- 

zontal to I vertical. Calculate the net weight of vegetable earth 
removed (25 cwt. per cu. yd.). 

The volume of the cutting will be found by considering it made up 
of three prismoidal solids, and the volume of the embankment will be 
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found in the same way. Then the net volume is the diference of 
these separate volumes. 

Dealing with the portion between A and C, i. e., with the cutting : — > 
For the portion Aae — 

A = 0 

B = i8[40 + (18 X if)] = 1287, since h — iS 
M = 9U0 + (9 X li)] = 501*75. since A = 9 
L =5 560 

Volume = + 1287 + (4 x 501 •75)}- =* 307400 cu. ft. 

For the portion ahfe — 

A = 1287 

B = I5[40 + (15 X li)] = 994. since A = 15 
M = i6*5[40 -H (i6*5 x if)] ~ since h == 16-5 

L = 940 

A Volume = -^{1287 -f 994 4- (4 X 1136)} 

= 1,069,000 cu. ft. 

For the portion fbC — 

A = 994 
B = o 

M = 7 * 5[40 + (7-5 X i|)] = 398 
L = 1050 

/. Volume = “^^^{994 4- o -f- (4 x 398)} =« 4530oo cu. ft. 

Thus the total volume removed to make the cutting 

= 307400 + 1,069,000 + 453000 = 1,829,400 cu. ft. 

Dealing with the embankment portion, viz. that from B to C : — 
For the solid Cch — 

A = o 

B == 17U0 + (17 X li)] = 1185 
M = 8-5C40 -h (8*5 X iS)] = 4^6 
L = 772 

A Volume = 22£{o 4-1185 + (4 X 466)} = 392000 cu. ft. 

For the solid chid — 

A = 1185 

B = 1185 L = 584 

M= 1185 

/. Volume = 1185 X 584 = 692000 cu. ft. 

For the solid dTQ > — 

A = 1185 
B = o 

M = 8-5[.:|0 + (8 5 X I J)] = 466 
L = 246 

Volume = 21 §{ii85 + o + (4 X 466)} = 125000 cu. ft. 
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Hence the total volume required tor the embankment 

== (392 + 692 +■ 125) X lo^ cu. ft. 1,209,000 cu. ft. 

Xhen — net volume removed = (1-829 — 1*209) x 10® 

=s 620000 cu. ft, or 22960 cu. yds. 

and the net weight removed == tons 

5= 28700 tons 

Second Method. 

Example 8. — Fig. 179 shows the longitudinal section of some rough 
ground through which the road AC is to be cut. The sides of the 
cutting and of the embankment slope at horizontal to i vertical, 



and the road is to be 5^ ft. wide. Calculate the net volume of earth 
removed in the making of the road. 

Divide the length AC into ten equal distances and erect mid- 
ordinates as shown. Scale off the lengths of these, which are the 
heights of the various sections. 

The areas of the sections at a, h, c, d, etc., can be found by cal- 
culation as before, or, if very great accuracy is not desired, the Vcinous 
sections may be drawn to scale and the areas thus determined. To 
illustrate the latter method : Draw DE = 50 ft., and also the lines 
DF and EG, having the required slope, viz. ij to i. Through R 
the middle point of DE, erect a perpendicular RS, and along it mark 
distances like RM, RN, etc., to represent the respective heights of the 
sections : thus RM = 24, and RN = 48. Then to find the area of 
^e section at which is really the figure DPQE, add the length of 
PQ to that of DE and multiply half the sum by RM. The area of 
the section at h is i(TV -h DE) x RN, and so on. The areas of the 
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respective sections are 2064, 5856, 4746, 1826, and 650 sq. ft., these 
being reckoned as positive ; and 650, 3744, 3444, 1386, and 496 sq. ft., 
these being regarded as negative. The average of all these sections, 
added according to sign, is 5422 sq. ft. or 602-4 sq. yds. Then the net 
volume of earth removed = 602-4 ^ 1000 ~ 602400 cu. yds. 

Cutting witli Unequal Sides, in Varying Ground. 

First Method. 

To find the average cross-section of ground with twisted surface 
(Fig. 180) ; an end view being shown in Fig. 181. 

The surface slopes downwards to the left at A and to the right 
at B. 



End yievv. 

Fig. 180. Fig. 1 81. 


Let n^, Aj, and be the half-widths, etc., for A; and 
m2, ng, ^2* ^2 corresponding values for B. 

Then-- Area of A area of B = 

s s 

For the mid-section M — and ng = 

**2 *^2 

and the area of M = 

s 4s 

A Average cross-section — 

A+B+4M 

“ ~~~6 

6s 

__ 

_ ^ 1^1 + ^ 2 ^ 2 +(^ 1 +^ 2)(^1 + ^ 2 )— 

6 s 
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Example g . — Find tlie average cross-section of ground with twisted 
surface, when the formation width is 20 ft. and the side-slopes are 
horizontal to i vertical. At the one end of the embankment the 
height is 12 ft. and the natural surface of the ground slopes at 20 
horizontal to i vertical downwards to the right; while at the other 
end the height is 6 ft. and the slope of the ground is 10 to i down- 
wards to the left. 

Adhering to the notation employed in the general dcfacriplion ; — 
For the section A — 


nix = 


20 




20 — I *5 
20 


^ 20 4- 1*5 

For the section B — 


{10 + (12 X 1 * 5 ) 1 ' == 30‘3 ft. 
{10 4- 18} 26*05 ft. 


10 




— 10 — 1*5 
- 10 


• -io-hi-5 
Hence the average cross-section 


~{io 4- (6 X 1*5)} 16*5 ft. 

1 *5 

10 -h 9) = 22*4 ft. 


(30-3 X 26) + (16*5 X 22-4) 4 - (^6*8 X 48 *4 ) — Goo 

9 ”** 

gs 313-6 sq. yds. 


Second Method. 

Example 10. — Calculate the volume of earth removed in making a 
cutting of which AE is a longitudinal centre section (Fig. 182). The 
formation width is 20 ft., the length of the cutting is 4 chains, the 



Section ct B. 

Fig. 182. Fig. 183. 


sections are equally spaced, and the slope of the sides is 2 horizontal 
to I vertical. All the sections slope downwards to the left, as indicated 
in Fig. 183. 

The heights of the sections, in feet above datum level, are ; — 


Section 

Left. 

Centre. 

Right. 

A 

0 

0 

0 

B 

2-6 

4-6 

C-6 

C 

4 ''! 

6-4 

8-7 

D 

4-0 

6-2 

8-4 

E 

0 

0 

i 

0 


The areas of the sections may be found by drawing to scale and 
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then using the planimeter; and Simpson’s rule can afterwards be 
employed, since there are an odd number of sections. 

The results in this case are as follows i — 


Section. 

m 

n 

Area 

A 

10 

10 

0 

B 

32 

13*7 

169-5 

C 

42-2 

15*7 

280 

D 

39*9 

15*55 

260 

E 

10 

10 

0 


Then the volume = —{o -f o + 4(169-5 + 260) H- 2(280)! 

= 50100 cu. ft. or 1855 cu. yds. 


Surface Areas for Cuttings and Embankments. 

The area of land required for a cutting or an embankment can 
be determined when the half-widths of the various transverse 
sections are known ; the method of procedure being detailed in 
the following example : — 

Example ii. — Fig. 184 represents the horizontal projection of the 
cutting dealt with in 
Example 10. Find the 
area of land required 
for this cutting if a 
space of 5 ft. between 
the outcrops and a 
fence be allowed. 

The width !RM is 
the extreme width of 
the section, i. e., its 
value = m +■ w ; accord- 
ingly, allowing 5 ft. 
on each side, the widths 
to be considered are of 
the form w + ^ + 10. 

Taking the values of 
m and n as in the previous example, the widths are as m the 
table : — 


Section 

A 

B 

C 

D 

E 

w + w + 10 

30 

557 

67-8 

65-45 

30 
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Applying Simpson’s rule — 

Area of land required == 4 * + 4(557 + ^5 ’ 45 ) 4 - (2 X 67*8)} 

= 14960 sq. ft. or 1663 sq. yds. 


Volumes of Reservoirs. 

Example 12. — Find the volume of water in the reservoir formed 
as shown in Fig. 185, when the water stands at a level of 45 ft. above 
datum level, the bottom of the reservoir being at the level 22 ft. 



Fig. 185. — ^Volume of Reservoir. 


In the diagram the land is shown contoured, i. e., the line marked 
40, for example, joins all points having the level 40 ft. above datum. 

The problem, then, is to find the volume of an irregular solid, and 
this may be done in either of two ways, viz. — 

(a) By taking vertical sections . — According to this method, we should 
find the extreme length of the reservoir, which is about 320 ft., and 
then draw the cross-sections at intervals of, say, 40 ft. The area of 
each cross-section would then be found, preferably by the planimctcr, 
and the volume calculated by adding the areas according to Simpson’s 
rule. 

This process is somewhat tedious, as each section must be plotted 
separately; and consequently it is better to proceed as m method (6). 

(b) By taking horizontal sections, i. e., sections at heights of 45, 40, 
35, etc., ft. respectively. 

To find the area of the section at the height 45 ft., determine the 
area of the figure ABCD by means of the planimeter. This area is 
found to be 5'o83 sq. ins. Now the linear scale is x" = 80 ft., and 
therefore each square inch of area on the paper represents 80 x 80 or 
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6400 sq. ft. Thus the area of the section at the level of 45 ft. 
= 5-083 X 6400 = 32500 sq. ft.; and in the same way the areas at 
the levels 40, 35, 30, 25, and 22 ft. are 21550, 10560, 3780, 577, and 
o sq. ft. respectively. The length of the irregular solid is 23 ft., 
i, e., 45 — 22, and we may plot the various areas to a base of length. 



as indicated in Fig. 186. The area of the figure EFG, which is found 
to be I '633, gives the volume of water in the reservoir, to some scale. 
In the actual drawing 1'' == 10 ft. (horizontally), and i" = 16000 sq, ft. 
(vertically), so that i sq. in. on the paper represents 10 x 16000 
or 160000 cu. ft. 

Hence volume of the reservoir — 160000 x 1-633 == 261300 cu. ft. 
or its capacity = 1630000 gallons. 

Exercises 36.”~On the Calculation of Volumes and AVeights of 

Earthwork. 

1 . Calculate the volume of the solid with vertical sides shown in 
Fig. 187, 



Fig. 187. 


Fig. 188. 
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2 . Fig. 1 88 shows the plan of a wedge-shaped excavation, where 
the encircled figures indicate heights. Calculate the weight of clay 
removed in making the excavation. 

3. Fig. 189 is the longitudinal section of some rough ground through 
which a straight horizontal road is to be cut, the width of the road 
being 64 ft. The soil is vegetable earth (25 cwts. per cu. yd.), and 



the sides of the cutting and embankment slope at 2 horizontal to 1: 
vertical. Calculate the weight of earth removed in making the road, 
if the natural surface of the ground is horizontal. 

4 . Determine the area of land required for making the cutting 
from A to B in Fig. 189. The side-slopes are 2 horizontal to i vertical, 
the formation width is 64 ft., and a fence is to be built round the 
working at a distance of 6 ft. from the outcrops. 

5 . Calculate the capacity of a reservoir for which the horizontal 
sections at various heights have t^^e values in the following table : — 


Height above sea level (ft.) 

180 

170 

160 

155 

150 

147 

Area of section in sq, ft. 

47200 

31000 

21700 

19000 

1 1 300 

0 


6. The depth of a cutting at a point on the centre line is 20 ft., 
the width of the base being 30 ft. The slope of the bank is ij hori- 
zontal to I vertical, and the sidelong slope of the ground is 12 horizontal 
to I vertical. Find the horizontal distances from the vertical centre 
plane to the top of each slope. 

7 . Find the volume of earth removed from a cutting, if the forma- 
tion width is 20 ft., the side-slopes are to i, and the slope of the 
surface is 10 to i. The depth of the cutting at the first point is 25 ft. ; 
at the end of the cutting (200 ft. long) it is 30 ft. ; and half-way between 
it is 26 ft. 

8. The base of a railway cutting is 32 ft. in width, the depth of the 
formation is 34 ft. below the centre line of the railway, the side-slopes 
are ij to i, and the surface of the ground falls i in 8, Calculate the 
half-breadths for the cutting. 

At a distance of i chain along the centre line the depth of forma- 
tion level is 28 ft., and at a distance of 2 chains it is 20 ft. Find the 
volume of earth to be removed. 

9 . On the centre line of a railway running due N. the difference in 
level between the natural ground and the formation level of the em- 
bankment is 5*6 ft., 8-4 ft. and 6 ft. at the 23rd, 24th, and 25th chain 
pegs respectively. The width of the formation level is 20 ft., and the 
sides of the embankment slope at 2 to i. 
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The natural ground slopes down across the railway from E. to W. 
at 1 in 10. Determine at each chain peg the distances of the toes of 
the embankment from the centre line and the area of the cross-section; 
determine also the volume of the embankment between the 23rd and 
25th chain pegs. 

10 . A cutting runs due E. and W. through ground sloping N. and S. 
The formation level is 15 ft. below the surface centre line and is 20 ft. 
wide. The ground slopes upwards on the north side of the centre 
line I vertical to 6 horizontal, and on the south side the ground slopes 
downwards i vertical to 10 horizontal. The sides of the cutting slope 
I vertical to i J horizontal. Calculate the positions of the outcrops. 



CHAPTER IX 

THE PLOTTING OF DIFFICULT CURVE 
EQUATIONS 

Plotting of Curves of the Type y = — ^The plotting in 

Chapter IV was of a rather elementary character in that integral 
powers only of the quantities concerned were introduced. All 
calculations could there be performed on the ordinary slide rule; 
e, g., such curves as that representing y = -j- yx — 9 were 

possible. If, now, a formula occurs in which one, say, of the 

quantities is raised to 
a fractional or negative 
power, and a curve is 
required to represent the 
connection between the 
two quantities for all 
values within a given 
range, the necessary cal- 
culations must be made by 
the aid of logs. Suitable 
substitutions will in some 
cases make these calcu- 
lations simpler, but unless 
great care is exercised 
over the arrangement 
of the calculations and 
the selection of suitable 
values for the quantities, 
a great deal of time will 
be wasted. In fact, the method of tabulating values is of more 
importance than is the actual plotting. 

Example i. — ^To plot the curve y «= values of at ranging 

from o to 4. 

y = 

log y = log 2*2 + 1*75 log ^* 

Arrange a table according to the following plan : In the first 
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column write the selected values of x: in the second column write 
the values of log x. With one setting of the slide rule the values of 
I ’75 log ^ oan be read off; and these must be written in the third 
column. In the fourth column we must write the values of log y, 
which are obtained by addition ; then the antilogs of the figures in 
column 4 will be the values of y in column 5. 

The advantage of working with columns rather than with lines is 
seen ; thus we write down all the values of log x before any figure is 
written in the third column, and this saves needless turning over of 
pages, etc. 

Table : — • 


X 

log X 

1-75 log X + log 2-2 

log y 

y 

0 

^ 00 

-00-1- *3424 

00 

0 

■5 

1-699 = — -301 

- -527 + -3424 

Y-8i54 

•654 

i-o 

0 

0 + -3424 

*3424 

2*2 

1-5 

*1761 

•308 4 - -3424 

-6504 

4'47 

20 

'3010 

•527 H- -3424 

•8694 

7 * 4 <^ 

2-5 

•3979 

•696 - 4 - -3424 

I 0384 

10-92 

3-0 

•4771 

•835 + -3424 

1-1774 

15*04 

3-5 

•5441 

•952 + -3424 

1-2944 

ig -7 

4-0 

“6021 

1 

1-054 + *3424 

1 

1-3964 

24-91 


The plotting is shown in Fig. 190. 


Use of the Log Log Scale on the Slide Rule. — ^The use of 
the log log scale now placed on some shde rules would obviate a 
great amount of the calculation in this and similar examples. 


e.g., taking y = and disregarding the factor 2*2 until the 

end — 


log y = 1*75 log 

log (log y) = log I 75 + log (log x) 
t. e , log Y = log 1*75 4 - log X 

where Y = log y, and X = log x. 


Therefore if a length on the ordinary log scale, say the C scale, be 
added to a length on the log log scale, which is usually the extreme 
scale, the result on the log log scale will be that required. 

If y = j and supposing the value of y is required when x ^ 2-5. 

Set the index of the C scale level with 2*5 on the log log scale , 
move the cursor until over the power, 1*75, on the C scale : then the 
reading on the log log scale (4*96) is the value of Multiplication 

by 2*2, for y = 2*2;^^*'^®, can be done with one setting of the rule after 

Z 
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all the powers 
reduce to — 


have been found. The tabulation would in this case 


X 



^•5 

4-96 

10-92 


as an example. 


The log log scale is most useful for finding roots. 

E. g., to find V432. Set 5 on the C scale level witli 432 on the 
log log scale ; then the reading on the log log scale opposite the index 
of the C scale is 3-37. i. e., the 5th root of 432. 

Expansipn Curves for Gases. — ^The formula pv” — C, for 
the expansion or compression curves of gases, is of the same type 
as that in the last example. 



Fig. 19 1. — Expansion Curves for Gases. 


In this formula p is the pressure in lbs. per sq. in. or per sq. ft. 
and V is the “ specific volume,” i. e., volume in cu. ft. of l lb, 
■whilst n and C are constants varying with the conditions 
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Thus for air expanding adiabatically, i, e,, without loss or gain 
of heat, n — 1-41 : for the gas in the cylinder of a gas engine 
= 1*37 : for isothermal expansion, i. e., expansion at constant 
temperature, n = i. It is instructive to plot two or three expan- 
sion curves on the same diagram, n alone varying, and thus to 
note the effect of this change. 

Example 2. — Plot, on the same diagram and to the same scales, 
from V ^ 4 to 30, the curves representing the equations : {a) 
2500, (6) pv^‘^ = 2500, (c) pv =5 2500. The plotting is shown 
in Fig. 191. 

Each equation is of the form pv^ = C 

/. log p 4- n log V =: log C 
or log p = log C — w log V. 

Dealing with the separate cases — 

(a) Adiabatic expansion of air ; n =! 1-41 ^ 

log p = log 2500 — 1*41 log y. 

The arrangement of the table is as follows : — 


V 

log V 

log 2500 — I -41 log V 

( 

log P 

P 

4 

•602 

3.398 - -847 

2 551 

356 

7 

•845 

1*191 

2-207 

I6I 

10 

10 

1*41 

1-988 

97 3 

14 


1-615 

1-783 

60-7 

38 


1-770 

1-628 

4^-5 

20 

I *301 

1-834 

^•564 

36-6 

24 

1-380 

1-945 

1-453 

28-4 

27 


2-02 

1-378 

23*9 

30 

1-477 

2-082 

1-316 

20-7 


(b) Expansion of superheated steam; n = i'3. 

Values of V and log v are as above ; and the table is completed as 
shown : — 


log 2500 — 1-3 log V 

log^ 

p 

3-398 - -783 

2-615 

412 

1-097 

2*301 

200 

1*3 

2-098 

125 

1-49 

1-908 

80 9 

1-632 

1-766 

53-3 

1-691 

1*707 

50 9 

1-794 

1*604 

40-2 

I *860 

1-538 

34*5 

1-920 

1-478 

30-1 
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(c) Isothermal expansion', ■« = i. 


V 

4 

7 

10 

14 

18 

20 

24 

27 

30 

^ V 

625 

357 

250 

179 

1 

139 

125 

104 

92*6 

83-3 


It Will be seen that the bigger the value of n, the steeper is the 
curve, or, in other words, the slope of the curve depends on n. 
All these curves are hyperbolas, that for (c) being the special case 
of the rectangular hyperbola. 


A Construction for drawing Curves of the Type pv" = C. 
— In this construction the position of one point on the curve must 


be known. 



Let P, 1^1), be the 
given point. Fig. 192. 

Choose any angle 
a, say 30° : set it off 
as shown, and also 
an angle / 3 , calculated 
from the equation — 

tan /3 = I — (i —tan a); 

Draw the horizon- 
tal PM to meet OA in 
M, and the vertical PR 
to meet OR in R. 
Draw MN making 45° 
with ON and RS 
making 45° with OR. 

A horizontal through 
N meets a vertical 


Fig. 192. — Construction for Curves of the 
~ C type. 

the curve : also the construction for the 
of P is indicated. 


through S m Q; then 
Q is another point on 
point L on the other side 


ProoJ oj the Method — 


but 


tan a = 
tan /3 = 
tan /3 = 


MT TN pr-p. 

OT “ OT ^ 

SW _ RW v^-v 

ow — OW ^17“ 

I — (i — tan a)5 


A? 

Pi 

Jh 

t’a 
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i. e., 
or 


^PlJ 

»2” Pi 

Pi^i = 2&a»a», 


i. e., pv^ = Constant. 


Example 3. — If n = -g and a — 30°, calculate the value of 


taii /3 =1— (i — tan 30®)^ = i— (i — -5774)^*^^^ 

= (•4226)^*111 

Let — X = (*4226)i‘iii 

then log ^ == i-iii X log -4226 *= i-iii x 1*6259 

== — I-III 4- -696 

= 1-585 

whence x = *3846 

Then tan /3 = i — -3846 = -6154 = tan 31® 36' 

or ^ = 31° 36^ 

If ^ = I, then tan /3 = tan a 

L 6,, /3 = a. 


Note, — 30° is rather a large angle for a if the range to be covered 
IS small. Accordingly, the value of yS is stated here, for a = 10^ 
and n == 1*37. 

tan /3 = I— -(i— -tan = i—(i— .i 763)*’5 

= I“-*87i = *129 

^ = 7^21'. 


Example 4. — A tube 3'' internal and 8^ external diameter is sub- 
jected to a collapsing pressure of 5 tons per sq. in. : show by curves 
the radial and circular stresses everywhere, it being given that at a 
point y ins, from the axis of the cylinder — 

IB B 

The radial stress 7!? = A + and the circular stress g- = A — ^ 

Note that ^ = 5 tons per sq. in. when r = 4" ; and p ^ o when 
Y= 1*5^, and the object is to first find the values of the constants 
A and B from the data given. 


From the given 


conditions — 


5 = A + 


o == A 4- 


JB 

16 

B 

2*25 


Subtracting- 


^ \i6 2-25; 

= B (-0625 -*4444) 
5 =: -*3823 

5 


B = 


-382 


= - 13 * 1 * 


or 
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Also — 5 = A 4 - (-0625 X — 13*1) == A —-818 

A = 5-818. 

Hence— ^>=5-818-?^, = 5-818 + 

[Note that (^ + 5') = 11-636 = constant. The material is sub- 
jected to crushing stresses p and q in two directions at right angles to 
one another and in the plane of the paper ; therefore dimensions at 



Valmear of r 

Fig. 193. — Curves of Radial and Hoop Stresses. 

right angles to the paper must elongate by an amount proportional to 
(P g)* If the cross-section is to remain plane this elongation must 
be constant; hence {p + q) must also be constant.] 

To calculate values of p and q the table would be set out as 
follows • — 


r 

^2 

13*1 

e. 3 i 8 4 - a 


y 2 


5 = p 

1*5 

2-25 

5-818 

11-636 

0 

2*0 

4 

3-275 

9-093 

^*543 

2*5 

6*25 

2-095 

7-913 

3 * 7^3 

3-0 

9 

1-455 

7-273 

4*363 

3 '5 

12*25 

1-068 

6-886 

4*750 

4*0 

16 

-818 

6-636 

5 
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The curves are shown plotted in Fig. 193. It is customary, how- 
ever, to plot tlie curves of 
radial and hoop stress in the 
manner shown in Fig. 194^ 
where curve (i) gives the 
radial stress at any point 
between a and 5 , and curve 
(2) gives the circular or hoop 
stress at any point between 
ax and &i. 

Example 5. — According 
to a certain scheme (refer 
to p. 212), the depreciation 
fund in connection with a 
machine can be expressed 
by— 

A = j{(i + J')"- 1} 

where — 

D = amount contributed yearly to the sinking fund, and — 

XQor “ percentage rate of interest allowed on same. 

For a machine whose initial value is £500 and scrap value is £80, 
D is found to be ^14 14s., if 3% interest per annum be allowed. If 
the life of the machine is 21 years, plot a curve to show the state of 
the sinking fund at any time, e., plot the curve — 


420 


350 


260 


< 

^210 

cn 

^ 140 


70 


O 

O I 2 5 ^ 5 G 7 3 3 10 II 12 13 14 - 15 16 17 IS IS 20 21 

Values of n 

Fig. 195. — Curve of Depreciation Fund for Machine. 
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It will be advisable to work out i-o3“ separately. 

Let — I'OS* = X', then log x = nlog i'03 = ‘OiaS-M 

also = 490- 

Taking a few values only for n, between o and 21, the tabulation 
will be as follows; — 


n 

•0128M == log X 

X 

A? — I 

l±' 7 {x- i) = A 
•03 ^ ' 

0 

0 

I 

0 

0 

4 

-0512 

1-126 

•126 

61*7 

8 

•1024 

1-266 

•266 

130 

10 

•128 

1-343 

•343 

168 

12 

■1536 

1-424 

•^24 

207-5 

16 

■2048 

1-603 

•603 

296 

21 

•2688 

1-857 

•857 

420 

1 


and the plotting is shown in Fig. 195. 

Equations to the Conic Sections. — ^A knowledge of the form of 
the curve that represents some particular type of equation may ensure 
a great saving of time and thought. Values for the variables need 
not then be chosen at random and beyond the range of the curves 

The equations to the conic sections are here given because 
many of the curves occurring in practice are of one of these forms. 

The Ellipse. — ^If the origin be taken at the centre of the 
ellipse, the equation is — 

^ JL.^ — T 

^2 + 52 “ I 

where a and b are the half-major and lialf-mmor axes respectively, 
or the maximum values of x and y. 

If the equation is given in a slightly different form, it should 
be put into the standard form before any values are selected. 


Example 6. — Plot the curve representing the equation -f- 53/2 _ 5^ 

3^® 4- = 60 is the equation of an ellipse, and can be written — 


3^^ , 5y^ 
65’ ■'■"fc 


I 


i. e., the equation is divided throughout by 60, so that the 
side becomes unity. 


Thus — 


20 12 


I 


so that a® = 20, and a — ±4*472 

= 12, and 6 = ± 3-464. 


right-hand 


Hence the range of at is from —4-472 to +4-472, and no lower 
or higher values respectively should be taken. 
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If the values of y are to be calculated, we have — 

5^2 — 5o _ 

12 — 

y = ± V12 “ 

Dealing only with one-half of the ellipse, the table of values reads 


X 


12 — • 


y 

0 

0 

12 — 0 

12 I 

± 3-464 

I 

I 

12 — -6 

II-4 

± 3-38 

% 

4 

12 — 2*4 

9-6 

± 3-10 

3 

9 

12 - 5*4 

6-6 

± 2-55 

4 

16 

12 — 9*6 

2-4 1 

± 1-547 

4 '^72 

20 

12 — 12 

0 

0 


The other half can be obtained by projection, and Fig. 196 is 
plotted. If the graphic method of drawing an ellipse is known this 



calculation is unnecessary : all that is rcc]^uired from the equation 
being the lengths of the axes. 

An application of the ellipse is found in tlie Ellipse of Stress, 
in the subject of Strengths of Materials. It is required to deter- 
mine the magnitude and direction of the resultant stress on a 
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plane BD, due to the stresses fx and /a acting as indicated in 

Fig. 197. 

It is found that the resultant stress / = V/i^ cos^ ^ sin® 6, 

and if a is the angle made with fx 

tan a = tan 6. 

Jx 

If an ellipse be constructed with axes to represent the original 
stresses, the resultant stress can very easily be read from it. 

Along OQ in Fig. 198 and perpendicular to BD, mark off a 
length OQ to represent /i, and a length OR to represent /a- Draw 



Fig. 197. Fig. 198. 

Ellipse of Stress. 


a horizontal QM to meet a vertical PR in P ; then OP represents 
/ and L. MOP = a. 

To show that P lies on an ellipse, we must prove that the equa- 

2 2j 

tion governing P’s position is of the nature ^ ^ =1, 

OM = OQ cos 0 =fx cos 6 
MP == RN = OR sm 6 —f 2 sin 9 
(PO)® = (OM)® + (MP)® = /i® cos® (9 +/2 sin® 9 = p 
i. OP = / 

If the origin is at O, and x and y are the co-ordinates of P — 
then X — MP = /a sin 9, and y = OM = fx cos 9 

. . - 7 - = sin 9, -f — cos 9. 

/a Ji 

but sin® 9 cos® 9 = x for all values of 9 

, a;® y® 

/a u 

or P lies on an ellipse the lengths of whose axes are 2/3 and 2/1 
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The circle may be regarded as a special case of the ellipse, 

where fl = &, i.e., = x or x^-{-y^ = a^, « being the radius 

Cp cl 

of the circle. 

e. g., +■ 5^2 = 45 

can be written — ar® 4- y2 _ 

which, represents a circle of radius 3 units. 

The Parabola. — If the axis is horizontal, anji the vertex at 
the origin, then the equation is y® — /^ax. 

If the axis is vertical, the equation is x^ = 4ay, where 4a = 
length of the " latus rectum,” the chord through the focus 
perpendicular to the axis. 

To make the investigation more general, let x be changed to 
== say, x-^-y', and y to y+Cj == say, y+ii-45; also let 
4a = •2. 

Then the case will be that of the parabola having a latus rectum 
of *2, and the axis will be vertical, with the vertex at the point 
— •7, — II-45- 

The equation is — 

(*+• 7)2 = •2(y+ii-45) 

*2+i-4a;-f-49 = |•(y+II•45) 

5a;2+7x4-2-45— II-45 = y 
or y = 5*®+7^— 9- 
(This curve is shown plotted in Fig. 88.) 

Conversely, the equation y = 5^2 yx — 9 might be put into 
the standard form, thus — 

y = 5(A;2+i-4;r— 1-8) 

== 5(^®+i-4^H-(7)^— (•7)^-i-8) 

= 5(^+-7)'‘-ii-45 

... i±H:45 _ 

which equation is of the form 4aY — X2 

where 4<z = ^, Y = y+ii-45, and X = x-{--y. 

This analysis is useful if the position of the vertex, say, is 
desired and the curve itself is not needed. (Compare maximum 
and minimum values.) 

For the parabolas occurring in practical problems the simpler 
forms are sufficient. 
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The Hyperbola. — If the centre of the hyperbola is at the 
origin, the equation is — 

__ 

where 2a = the length of the transverse axis (along the x axis) 
2 b = the length of the conjugate axis (along the y axis). 

No values should be taken for x between —a and +a, for 
there is no part of the curve there. 

Example 7. — Plot the curve representing the equation — 

2x^ - 5y2 = 48. (Fig. 199.) 

By dividing throughout by 48 the equation may be written — 

24 9^ ~ 

so that a = it V24 = ± 4'9 

and & = ± = ± 3*1 

If a rectangle be constructed by verticals through 4-9 and 

+ 4*9, and horizontals through y = — 3*1 and 4- 3*1, the diagonals of 
this rectangle will be the asymptotes " of the hyperbola, z. e., the 
boundaries of the curves are known. 

To calculate values — 

— 5y^ == 48 - 2x^ 

^ 2-5^^— 48 

/. y = ± V^4x'^—g-6 

i. an expression is found for y in terms of x. 

The table of values reads ; — 


X 


' 4 A ?2 — 9*6 

' 

yS 

y 

4*9 

24 

9-6 “ 9*6 

0 

0 


25 

10 — 9*6 

•4 

± -63^ 

5*5 

30-3 

12*1 — 9*6 

2*5 

± 1-58 

6-0 

36 

14-4 - 9-6 

1 4 *B 

± 2 -ig 


This is the calculation for one branch of the curve only : and the 
other branch may be obtained by writing — x for 4- x throughout, 
e. g., when at == — 5, y = i *632 ; therefore project across. 

a i2 

It a — i, then — “2“^ — ^ 

or 

or x^—y^ — a^. 

For this case the asymptotes are at nght angles, and the hyperbola 
is rectangular. 
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To find the equation of the hyperbola when referred to the 
asymptotes as axes (see Fig. 199.) — From.- P a point on the curve, 
draw PN parallel to OF and PM parallel to OE. Let PM = p, 



and PN = q ; then the co-ordinates, when the asymptotes are axes, 
are {p, q). Note that PN and PM are parallel to the asymptotes, 
and not perpendicular to them. 


Let — 

Z.EOA 

= a ; then tan a 

0 

a 

trm €>• p 

COS a 

= -~y=^L=^ and 



OM 

= NP = 5-. 


also 

OM 

= OM = ML = 

q (From equality of angles ) 


PL 

= PM-ML = p 

-q 


PQ 

= PM-fMQ = p+q 


p]^ 

b 

. y b 


PL 

~ ~ P-q Va^^+b^ 


p-q 

= 1 Va^+b^ 



or 

^2_|_j2 — 2 pq = 

(^) 


QS a . X _ a 

PQ - cos a - 1 - e., 

P^+q^+2pq = 


(2) 
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By subtracting (i) from (2) — 


^2 /y2 

= a^+h^ since ^ 




a 2+&2 


But a and h are constants, therefore the product of the co- 
ordinates p and q is constant ; ihis is a most important relation. 

If the hyperbola is rectangular, h — a (the asymptotes being at 
right angles) 


and 


pq 


Compare the equation pv — C. for the isothermal expansion of 
a gas. 

Example 8 . — Find the equation of the hyperbola a;*— = 3, 
referred to its asymptotes. Answer : i. 


Exercises 37. — On the plotting of Equations of the Type y^ax° -h 5. 


1 * Plot, for values of x ranging from i to g, the curve y = 5*76a^’2». 

2 . Plot the curve = *064-^"“^’ from = o to = 2. 

3 . Plot on the same axes the curves yi = and yz = 

and by adding corresponding ordinates obtain the curve 

y = 4-2;r^'®® -f {x to range from •2 to 3-5 } 

4 . Plot, from y = — >-5 to y == 4 -' 5 a a curve to give values of C, 


when 


C= 1-69 (log. 3-^) 


5 . Formulae given for High Dams are as follows : — 

where x = depth in feet of a given point from the top 

y == horizontal distance in feet from such point to dank of dam 
^ == horizontal distance in feet from such a point to face of dam 
P r=5 safe pressure in tons per sq. ft. on the masonry 


y = 


V p-u. 


P-h- 03 ;»? ’ 



Draw the section of a dam 30 ft. deep, allowing P = 4*5. 

6 For a steam engine, ii x = mean pressure (absolute) expressed 
as a percentage of the initial pressure (absolute), and y = cut-off 
expressed as a percentage of the stroke, then — ■ 

^ = y(5*6o5 log«y). 

Plot a curve giving values of x for values of y between o and 70. 

7 . If a number of observations have been made, say, for a length 
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of a chain line in a survey, then the probable error « of the mean of 
the observations can be calculated from — 


e = -6745 




2^2 


n{n — i) 

where r = diflerence between any observation and the mean observa- 
tion and n = number of observations » If 
2^2 y.2, plot a curve to give values of e 

for values of n between 2 and 30. 

8* Plot on the same axes the curves — 

(a) = 4000 and (6) pv ' ® = 2540, 

V ranging from 4 to 32. 

9 * In Fig. 200, 

D = the outside diameter of a worm wheel 


2a(i— cos ^ 4- d. 



Fig. 200. 


If =3 4 and A — -75, show by a graph the 
variation in D due to a variation in a from 20*^ to 60°. 

10 . The calculated efhciency 77 of worm gearing is found from— 

— ft a) 

”” fx 4- tan a 

where fx = coefficient of friction and a = angle of the worm. 

li fx -15, plot a curve to show efficiencies for angles from 0® to 50®. 

/i\rt-i 

11 . The ideal efficiency j; of a gas engine is given by 77 i — 

lin = 1*41, and r = compression ratio, plot a curve givingthe efficiency 
for any compression ratio between 3 and 18. 

12 . A machine costs £500 ; its value as scrap is £80. 

Plot curves to show the state of the depreciation fund as reckoned 
by the two methods — 

{a) Equal amounts put away each year. 

(b) A constant percentage of the value of the preceding year set 
aside each year. 

The fund at the end of n years = 500 [i— (i — •0836)'^], and the 
life of the machine is 21 years. 

13 . The capacity K per foot of a single telegraph wire far removed 


from the earth is K = • 


35V 


2l0ge^ 618 


microfarads. Plot a curve to 


give the capacity for wires for which the ratio - increases from 500 to 


20000. 

14 . Hutton’s formula for wind pressure on a plane inclined to the 
actual direction of the wind is — 

p = 

where P = pressure on a plane at right angles to the direction of the 
wind, 

p = pressure on a surface inclined at B to the direction of the wind. 
If P =ss 20 lbs. per sq. ft., plot a curve giving values of p for any 
angle up to 90°. 
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15 . Plot a curve showing the H.P. transmitted by a belt lapping 
180° round a pulley for values of the velocity v from o to 140, the 
coefficient of friction fi, being -a. 


H.P. = 


of trains- 


IIOON 

T = 350, = ‘4, g = 32-2, B = angle of lap in radians. 

16 . Aspinall gives as a rule for determining the resistance to motion 

H — 2 5 + 5^,32 

where R == resistance in lbs. per ton, V = velocity in miles per hour. 
Plot a curve to give values of R for all velocities up to 55 m.p.h, 

17 . Find the value of r (the ratio of expansion), which makes W 
(brake energy per lb. of steam) a maximum. 

i+loge r 
y 


120 • 


-27 


W 


■00833 


•000903 


18 . The efhciency rj 
injection is given by — 


of a three-stage air compressor with spray 
^ _ loge r 


n—1.^ ^ 


where w = i*2 and y = ratio of compression. 

Plot a curve giving the efficiency for any compression ratio between 
2 and 12. 

19 . Determine the length of the latus rectum and also the co- 
ordinates of the vertex of the parabola 27. 

20 . A rectangular block is subjected to a tensile stress of 5 tons 
per sq. in. and a compressive stress of 3 tons per sq. in. Draw the 
ellipse of stress and read off the magnitude and direction of the resultant 
stress on the plane whose normal is inclined at 40® to the first stress. 
[Hint . — Refer to p. 346.] 

Curves representing Exponential Functions. — ^To plot the 
curve y = where e has its usual value, one may work directly 
from the tables, or a preliminary transformation of the formulae 
may be necessary. If tables of powers of e are to hand, the values 
of y corresponding to certain values of 2; are read off at a glance ; 
and in such a case the values of x selected are those appearing m 
these tables. 


Example 9. — Plot the curves y and y = from at = —4 to +4. 

From Table XI at the end of the book the figures arc found thus . — 


X 

4 

™ 3 

— 2 

— I 

0 

I 

2 

3 

4 

y = j 

•0183 

•0498 

*1353 

•3679 

I 

2-7183 

7-3891 

20 -08 

54-6 
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When X = ~ 4, e-* is required, and this is found in the 3rd column. 

.> 3, e® is required, and this is found in the 2nd column. 

The plotting for these figures is shown in Fig. 201, by the curve (i). 
If tables of powers of e are not available, proceed as follows : — 

y = e*, and therefore log y = x log e = -43434? 

and the table is arranged thus — 


X 

•43434? = log 4 ? 

y 

2 

•8686 

7-389 



Having drawn the curve y = e^, draw the tangent to it at some 
point and measure its slope ; and it will be found that the value of 
the slope is also the value of the ordinate to the point o£_ CQntact of the 
tangent anJTIiecurvel Tlius, the tangenTis™^rawn to to^h tne curve 
at the point for which jv : its slope is measured and found to 

be 33, and this is seen to be the value of y when x = 3*5. 

If for X we write — at, i. e., we plot the curve y = we find that 
this gives a curve exactly similar to the last, but on the other side of 
the y axis : such would be expected, since must now be measured 
as positive towards the left instead of to the right. The curve y = e"-^ 
is shown plotted in Fig. 201, and is curve (2). 

All equations of this type will be represented by exactly the 
same form of curve, drawn to different scales. 

A A 
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Example lo. — ^To plot the curve y == e®*. 

Write this as Y = where Y — y and ^ = zx. 

Plot the curve Y = e* exactly as before, and then alter the hori- 
zontal scale in such a way that i on it now reads J, and so on. 

For X = 

i, e., construction scale == 3 X required scale 

construction scale 

or required scale r 


Example ii. — Plot the curve SV = 
This can be written — Sy s=: 


where Y = X = 

Hence, plot Y == from the tables, and alter both scales in such a 
way that the — 

New scale for y = ^ X construction scale 

„ ,, ,, A? = 7 X 9, ft 

so that where the vertical construction scale reads 5, 4 must be written ; 
and 7 must be written in place of i along the horizontal. 

Example 12. — If the E.M.F. is suddenly removed from a circuit 
containing resistance R, and self-induction (cocfficlont of sclf-inductancc 
L), the current C at any time t after removal of the E.M.F. is given by 
the equation — 

C = 

Plot a curve to show the dying away of the current for the case 
when Cc = 50 amps, R = *52 ohm, and L === -004 henry. 


Substituting the numerical values — 

C =: $06 -00* 

= 

It will be sufficient to plot values of C for values of t between 
^ = o and *05 sec. 

C = 50^-®®^ 

/. S = [ C is spoken of as C barj 

where C ~ — and T = 80^ 

"" 50 

If the maximum value of ^ is -05, the maximum value of T must 
be 80 X *05, i. e., 4. 

Hence from the tables ; — 


T . • . 

0 

*5 

I 

2 

3 

4 

C i.e., 

I 1 

•6065 

•3679 

'I353 

•0498 

•0183 
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These values are shown plotted in Fig. 202, and then the scales 
are altered so that i on the vertical becomes 50, and i on the hori- 
zontal becomes 



The saving of time and thought in the calculation of values 
more than compensates for the somewhat awkward scales that 
may result, and even this difficulty may be avoided by choosing 
the original or construction scales suitably. 

If it IS found that the necessary values of the x ov t cannot 
readily be used, z. e,, if values are necessary for 2: for which no 
values of (f, etc., are given in the table, recourse must be made to 
calculation. 

In this case the work would be arranged thus : — 

log C = log 50 — Sot log e 

= 1*699 — 80 X * 4343 ^ 

= 1*699 — 34-74^ 


t 

1-699 — 

34 - 74 ^ 

logC 

c 

0 

1-699 — 

0 

1-699 

50 

•0025 

005 

etc. 

*05 

1-699 — 

1-737 

I 

1 I *962 

•9162 
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Example 13. — If a pull i is applied at one end of a belt passing 
over a pulley and lapping an angle B (radians), the pull T at the other 
end is greatly increased owing to the friction between the belt and 
the pulley. 

If /I = coefEcient of friction between belt and pulley 

T = 

Plot a curve to show values of T as 9 increases from o to 180®, 
taking t — ^o, and ^ = -3. 

The angle 0 ranges from o to 3*14. (»r radians = 180®.) 



Vai-u^s of ft 
Fig. 203. — Pull on a Belt. 


It will be rather more convenient in this case to calculate 
Substituting values — T == 405’^^ 


Then — log T = log 40 + •^9 log e 

= i- 6 o 2 I + *3 X - 4343 ^ 
== i*6o2i 4- *1303^ 


6 

I *6021 4- -1303^ 

logT 

T 

0 

•5 

1*0 

1 - 5 
2*0 

2 - 5 
3*0 

3 - 14 

i*6o2I 4- 0 

4- *0652 

4 - -1303 
+ -1955 

4“ *2606 

+ -3258 
+ -3909 

4 " *4^^® 

I- 602 I 

1-6673 

1*7324 

1-7976 

1-8627 

1-9279 

1- 9930 

2- 0201 

40 

46-5 

54 

62*8 

72*9 

84-7 

98-4 

104-7 
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i. e,, when the belt is in contact for half the circumference of the pulley 
the tension is increased in the proportion of 2*6 to i. In practice a 
ratio of 2 to I is very often adopted. The plotting for this example 
is shown in Fig. 203. 

Example 14. — If an electric condenser of capacity K has its coats 
connected by a wire of resistance R, the relation between the charge q 
at any time i secs, and the initial charge at zero sec. is given by — 

q — L 

Find the time that elapses before the charge falls to a value 
=s ” X initial charge, and indicate the form of the curve which repre- 
sents the discharge. 

If t = RK. then q = = 7 = 

i. the charge falls to — ^-5 of its initial value in time RK secs. 

2*710 

This time is termed the time constant '' of the condenser circuit. 

The curve representing this discharge would be similar to that 
plotted for Example 12, viz. in Fig. 202. 

The Catenary. — Referring to the curves y = and y = 
if the mean " curve of these is drawn it will represent the equation — 

y IE y QQSh X, 

2 

This curve is known as the catenary ; and it is the curve 
taken by a cable or wire hanging freely under its own weight. 
The catenary when inverted is the theoretically correct shape for 
an arch carrying a uniform load per foot curve of the arch. 

If the cable is strained to a horizontal tension of H lbs., and 
the weight per foot run of the cable is w lbs., then the equation 
becomes — 

X _ # 

y _ + e ^ 

c 2 

where c == — 

w 

The proof of this rule is rather difficult, and is given in Volume 
II of Mathematics for Engineers. 

From what has already been mentioned it should be seen that 
the catenary is the curve y = cosh x with the scales in both direc- 
tions multiplied by r, since its equation can be written — 

2 


= cosh X 
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Provided 



and y == cY 
then a; = cX. 


Therefore, to plot any catenary one can select values of x, 
read off corresponding values of cosh x from the tables and plot 
one against the other, afterwards multiplying both scales by c. 

If a definite span is suggested, the range of values for X must 
be selected in the manner indicated in the following example. 



Example 15 — A cable weighing 3*5 lbs. per ft. has a span of 50 ft., 
and IS strained to a tension of 40 lbs. Draw the curve representing 
the form of the cable. Find the sag, and the tension at 10 ft. from 
the centre. 


Here— - 


45 = 

3*5 


II‘42. 


Also the span is to be 50 ft., e., on the “ new '' or '' final 
25 ft. must be represented on either side of the centre line. 

But, new scale = c x construction scale 
25 ft. on new scale = 11-42 x X on construction scale 

or X = - = 2*19 

11*42 ^ 

so that no values of X need be taken beyond, say, 2*2. 


scale 
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Taking values of X from o to 2-2, the values of cosh X are found 
from Table XI, thus : — 


X 

0 

■5 

i-o 

1-5 

2*0 

2*2 

cosh X = Y 

I 

1-128 

1-543 

2*352 

3-762 

00 


The curve is now plotted, as in Fig. 204, and then for unity on the 
construction scales 11-42 must be written, and the 25 ft. is marked off 
on either side of the centre line. The sag is read oE as 39-3 ft., using 
the final scale. 

The tension in the cable at any point is measured by the ordinate 
to the curve multiplied by w; e, g., the tension at 10 ft. from the 
centre = 3-5 X 15*9 — 55-6 lbs. 

Exercises 38 . — On the plotting of Curves representing Exponential 

Functions. 

1 . Plot, for values of x from — *8 to 2*9, the curve y = 2<5”*. Find 
its slope when x = i*6. 

2 . Plot the curve y = •25^- from ;!;==o to = 15. 

3 . Plot, from 5toAf==+3, the curve y == *021 x 1-62®. 

4 . If C = Co^*~“^ Cq “ 14*6, a = 410, and I ranges from 0 to *023, 
represent by a graph the change in C (the dying-away of a current). 

5 . Plot a curve to give the tension T at one end of a belt for various 
coefficients of friction fx; the angle of lap {S radians) being constant. 
Given that — 

T = 0 ~ 165"^, and ^ = 50; /x ranges from -i to -35. 

6. A cable weighing 2-18 lbs. per ft, and strained to a tension of 
56 lbs. hangs freely. Depict the form taken by the cable when the 
span is 30 ft., and find the tension m it 12 ft. from the centre. 

7 . C == 48*7(1 — li). If R = -56, L = -ooS, plot a current-time 
(C~t) curve for values of t from o to *062. 

8. Trace a graph to show the drop m electric potential down a 
uniform conductor, if the potential at the receiving end is 200 volts, 
the resistance per kilometre r of the conductor is 10 ohms, the leakage 
g of the insulation is *5 x lo”® megohms per kilometre, and the dis- 
tance from the home end to the receiving end is 500 kilometres. 

li e = the potential at distance x from the receiving end — 

e = 200 cosh Vgr . X. 

Graphts of Sin© Functions. 

Consider the equation y = sm x. We have already seen in 
Chapter VI that as the angle x increases from o® to 90*^, the sine y 
increases from o to i ; and as x increases from 90® to 180°, y 
decreases from i to 0. Continuing into the 3rd and 4th quadrants : 
for X increasing from ISC'" to 270°, y decreases from o to -- 1 ; and 
for X increasing further to 360"^, y increases from — i to o. 
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After 360° has been reached the cycle of changes is repeated, 
i. 360'' is what is called the period for the function y == sin x. 

Because y and are connected by a law, we conclude that the 
changes will not be abrupt or disjointed, or in other words, the 
curve representing y = sin x will be a smooth one. 

The sine curve is perhaps the most familiar of all curves, there 
being so many instances of periodic variation in nature. 

Thus, if a curve be plotted showing the variation in the magnetic 
declination of a place over a number of years, its form will be 
that of a sine curve : so also for a curve showing the mean tem- 
perature, considered over a number of years, for each week of the 
3^ear. 



Sine curves occur frequently in engineering theory and practice ; 
in fact, a sine curve results whenever uniform circular motion is 
represented to a straight line base. 

All sine curves are of the same nature, and therefore it is neces- 
sary to carefully study one case, and that the simplest, to serve as 
a basis. 

To plot y = sin x : select values of x between 0° and 90®, thus : — 


xdegs. 

0 

25 

45 

60 

80 

go 

y 

0 

•423 

•707 

•866 

•985 

I 


Choose suitable scales so as to admit the full period to be plotted 
and plot for these values, as in Fig- 205. 

No further recourse to the tables is necessary, this portion of 
the curve being simply drawn out three times. 

For — sin 100 = sin (180 — 100) = sin 80 

and therefore for 10® to the right of 90° the value of y is the same 
as that for 10° to the left of it, the curve already drawn can 
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be traced and pricked through to give the portion of the curve 
between x = 90° and x = 180®. 

Again, sin 205® = sin (180° + 25®) = — sin 25® 

and sin 240® = sin (180® + 60®) = — sin 60® 

i, e., the 3rd portion of the curve is the ist portion folded over '' 
the horizontal axis. Similarly, the 4th will correspond to the 2nd 
folded over " ; and accordingly we need only concern ourselves 
with calculations for the ist quarter of the curve. 

The maximum value of y, viz. i, is spoken of as the amplitude 
of the function. Thus in the case of a swinging pendulum, the 
greatest distance on either side of its centre position is the amplitude 
of its motion. 

If y = 5 sin X, then the amplitude is 5, and the curve could be 
obtained from y = sin x by multiplying the vertical scale by 5. 


Example 16. — Plot the curve y — sin 4X. 

Writing this as — ^ = sin 

or Y = sin X 

[where Y = = zy, and X « 4;^] 


we see that the simple sine function is obtained. 

Accordingly we plot the curve Y = sin X (making use of the table 

X Y 

on p. 360), and then alter both scales so that x ^ — and y — — 

4 ^ o 

Dealing with the last example, we see that the period is 

or 90® ; i. e., if x is multiplied by 4, the period must be divided by 4. 

Similarly for the curve representing y = sin the period 

would be 360 4- -J- == 1800®. We thus obtain the important rule : 

To obtain the period for a ‘ sine * function, divide 360° by the coefficient 
of x or / (whichever letter is adopted for the base or ‘independent 
variable ’ ”) or briefly — 

360° 

Period in degrees = — . - . - 

coefficient of ji: or ^ 

Since 27 r radians = 360®, wherever we have written 360° above 
we should write 2'7r, if the angle is to be expressed in radians, i. e,, 
the period in radians or seconds (of time) — 

27 r 

coefficient of the x or t 

Thus if — y 4 sin 6 x 

Period ^ ~ or 60° 

6 3 

and amplitude = 4. 
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Example 17. — ^The current in an electric circuit at any time t secs, 
is given by the expression C = 4-5 sin xoovrt. 

Plot a curve to show the change in the current for a complete 
period. 


Thei general formula is C = Cq sin 27 rft, where / = number of cycles 
per second = frequency. In this case 27 r/= ioott, / = 50. 

lifz= 50, the time for one cycle, or the period, must -= = *02 sec. 

Thus the periodic time = -02 sec. 

Notice that the period is given in terms of seconds (of time) in this 
case, and not in degrees. 

The same periodic time would have been obtained if our previous 
rule had been applied, for — 


Period = 


27r ^ 27r 

coeff. of i ioott 


-02 sec. 



Either of two methods can be used for the calculation of values — 
(a) Plotting from the simple sine function. 

According to this scheme write the equation in the form — 

C 

— == sin ioott^ 

4‘5 

or C = sin T 

— C 

where C = — , and T = toottI 

4‘5 _ 

Hence to plot the curve (Fig, 206) Q — sin T, select values of T 

between o and ~ (o and 1*571), and thus read oft values for C so that 

the first quarter of the curve can be plotted, remembering always that 
the base must be numbered in radians. 
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Values for this portion would be of this character : — 


T 0 

•2 

•4 ‘7854 ‘96 i-i 

I “4 

1-571 

C 0 

: * 19 ^ 

•385 -707 -819 -891 

•985 

' 

I 


To obtain the scales so that the given equation is represented, 
multiply the vertical scale by 4-5, i. e., i on the original scale now 

reads 4*5 ,* and divide the horizontal scale by ioott, so that ^ now 

reads *005 curve is shown in Fig. 206. 

(6) According to the second method, the simple sine curve is not 
used and no alterations are necessary. Having found the period, 
•02 sec., it is known that values of t need only be taken for one quarter 
of this, e., between o and *005. 

The tabulation would be arranged as follows : — 


t 

lOOrri or i8,ooo^ 
(radians) | (degrees) 

sin ioott^ C == 4*5 sin ioott/ 

0 

0 

0 

0 0 

*001 

•314 

18^=* 

•309 1-39 

•002 

•628 


•588 2-645 

•003 

•942 


•809 3*^4 

•004 

1-256 


•951 4-275 

•005 

1-571 

90“ 

I 4-5 


Note that the 2nd column is not really necessary, it is only in- 
serted here to make clear the reason for the 3rd column. 

Example 18. — A crank long rotates uniformly in a right-hand 

direction, starting from the inner dead centre position, and making 
30 revs, per minute. Construct a curve to show the height of the end 
of the crank above the line of stroke at any time, assuming pure 
harmonic motion. 

Time for i revolution = — = 2 secs. 

30 

or, in 2 secs , 27r radians is the angular distance travelled. 

* In I see. TT radians is the angular distance travelled, or the ** angular 
velocity, usually denoted by <»>, = tt radians per sec. 

Constfiiciion — Draw, to some scale, a circle of radius to the 

left of the paper. (Fig. 207 ) 

Divide its circumference into a number of equal parts, say 10 or 
12; in this case 10 is chosen, lines making 36° with one another being 
drawn. These division lines will correspond to the positions of the 
crank at time divisions of a tenth of a period, %, e., *2 sec, apart. 

Number these divisions of the circumference o, i, 2, 3 . . . 
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Produce the horizontal through O and along it mark off to some 
scale a distance to represent 2 secs., and divide this into 10 equal 
parts. 

When the crank is in the position Oi, i, e., at time *2 sec. after start, 
its projection on the vertical axis is OA : hence produce lA to meet 



the vertical through -2 at ij ; and this will be a point on the curve 
required. Proceeding similarly for the other positions of the crank, 
the full curve is obtained, and from its form we conclude that it is a 
sine curve. 

To prove that it is a sine curve — 

Suppose that in time t secs, the crank moves to the position OC 
(Fig. 208). 




In I sec. the angle moved = tt (in this case) or co (in general) 

A In t sec. the angle moved == yrt (in this case) or mi (in general) 

where mt is the angle in radians. 

/. L COB = mt 

OA = CB = CO sin l COB = y sin mt 
where y — radius of crank circle. 

Therefore the curve obtained by the construction is that repre- 
senting the equation y ^ y sin mi. 

Hence a graphic means of drawing sine curves can be employed in 
place of that by calculation. Great care must, however, be taken in 
connection with the magnitudes involved. 
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e. g,, to plot C — 4-5 sin ioott^ by this means. 

Radius of circle = 4-5, the amplitude of the function 
and wt = ioottI or « =5 ioott 

i. ioott radians must be swept out per sec. 

/. 27 r radians are swept out in *02 sec. 

Therefore, if the circle were divided into 10 equal parts, the dis- 
tances along the time base corresponding to the angular displacements 
would be '002 sec. each. 

Simple Harmonic Motion. — If the crank in Fig. 209, which 
is supposed to revolve uniformly, were viewed from the right or left, 
it would appear to oscillate up and down the line OA. Such motion 
is known as simple harmonic motion, or more shortly S.H.M. 

Looking, also, from the top, the motion as observed would be 
an oscillation along OB, and this again would be S.H.M. ; there- 
fore, if the connecting-rod were extremely long compared with the 
crank the motion of the piston would be approximately S.H. In 
the case of the valve rod it would be more nearly true that the 
movement of the valve was S.H., for the valve rod would be very 
long compared with the valve travel. 

At a later stage of the work it will be shown that the accelera- 
tion along OB, say, is proportional to the displacement from O; 
and this is often taken as a basis for a definition of S.H.M, 

S.H.M., then, is the simplest form of oscillatory motion, and 
can be illustrated by a sine curve. 

Suppose that the crank does not start from the inner dead 
centre position, but from some position below the horizontal, what 
modification of the equation and of the curve results? 

If at time i secs, after starting, the crank is at OC (Fig. 209) 
{Oo is the initial position of crank} — 

then L COo = a>/ 

and iL COB = W — c 

where c = l. BOo 

/, y == r sin z- COB = Y sm c). 

Similarly, if the crank is inclined at an angle 0 above the hori- 
zontal at the start, y = r sin (W-f c). 

A moment's thought will show that the curve will be shifted 
along the horizontal axis 'one way or the other, but that its shape 
will be unaltered. 

Example 19. — Plot a curve to represent the equation — 

C == 4*5 sin (ioott^ — i-i) for a complete period. 
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Let us reduce the equation to a form with which we have already 
dealt; thus — 

C = 4-5 sin {looTrt — i-i) 

C . f, i*i \ 

4-5 V IOOtt/ 

== sin xoO'rr{i — *0035) 
t. e,, C — sin ioo?rTi = sin T 

— C 

where Tj = ^ — *0035, T = ioottTi and C = ~ 



We have already seen, viz. in Example 17, how to plot this curve, 
the period being -02 sec. Then, having altered the two scales accord- 
ing to previous instructions, the vertical axis must be shifted a dis- 
tance of *0035 sec. to the left (see Fig. 210), because ^ = Ti4-’oo35. 
Hence the scale for t, which is the final scale, must be measured from 
an axis *0035 unit to the left of that used in the construction, z. e., the 
horizontal scale must again be altered, not in magnitude but in position 

The changes in the scales may appear rather confusing, but on the 
other hand calculations have only to be made for the one fundamental 
curve (the table for this being given on p. 360), and all the others are 
derived from it. Therefore, when once the table of values for the 
simple sine curve has been set out, it will serve for all sine and cosine 
curves, i. e., it is a " template.” 

It serves for the cosine curve because this curve is merely the 
sine curve shifted along the axis a distance equal to one quarter of 
the period. 

Thus — y sin / 

and y — cos i — sin (90 — t) 

will be the same curve measured from different vertical axes. 


Graph of tan x. — The graph representing y = tan % is not 
of the same type as the sine and cosine curves. As a; increases 
from 0 to 45"^, y increases from o to i, but after ^ has the value 45'' 
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y incr'eases very much more rapidly; while at 90° the value of y 
is infinitely large. After 90° the tangent is negative, for the angle 
is in the 2nd quadrant. Supposing some form of continuity in 



Fig, 2II. — Graph of tan x. 


the curve, it must now approach from infinity from the negative 
side and come up to cross the axis at 180°. After this the curve 
is repeated, so that the period for the simple tangent function is 
180° or Tr. 
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Selecting values for those for y can be read off from the 
tables : — 


Note that 90° — indicates that a value of x is supposed to be 
taken just less than 90°, but practically differing nothing from 90°; 
thus go° — would be of the nature 89-99°. Similarly 90°+ would 
indicate 90-01°, say. 

The curve on either side is asymptotic to the vertical through 
90°, as will be seen from the curve plotted in Fig. 211. 

All other simple tangent curves can be obtained from this 
fundamental curve by suitable change of scales. 

Example 20. — Plot the curve representing the equation — 

y = 8 tan 400^. 

Rewrite the equation as — Y = tan T 

y 

where ^ ^ ~ 400^. 

Then plot Y =: tan T from to 180°, i. e,, for a complete period, 
and afterwards alter the scales so that i on the vertical scale becomes 

8, and i on the horizontal scale becomes -i- 

400 

sm X 

Tan 2; = — — , and therefore, if we had drawn the curves 

yi = %mx (i) and y^ ~ cos x (2), we should 

obtain the value of the ordinate of the curve y = tan x by dividing 
any ordinate of curve (i) by the corresponding ordinate of curve (2). 

Example 21. — ^The efficiency of a screw-jack is given by 

_ tan 6 
~ tan {d -f <p) 

where B is the angle of the developed screw, and <p is the angle of fric- 
tion. If e varies from 0° to 12°, plot a curve to give the value of the 
efficiency ; ft, the coefficient of friction, being -1465. 

The angle of friction is such that its tangent is equal to the 
efficient of friction, t. e., ^ = tan-^ ft. 


X 

y = tan x 

0 

0 

25“ 

•466 

45 ° 

i-o 

60° 

1-732 

80° 

5-671 

85“ : 

11-43 

90°— 

4- 00 


X 

y = tan x 

90 *^ + 

— 00 

95° 

- ii ‘43 

100® 

- 5-671 

120 *^ 

- 1-732 

135° 

— I 

155^ 

- '466 

ISC'" 

0 


CO- 
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Thus tan f = -1465 and <p = 8°2o'; also ij = tan' p~ + ~ 8 '^^ 

The tabulation of values is as follows : — 


6 

6 + <p 

tan $ 

tan "h 

V 

0 

8° 20' 

0 

•1465 

0 

2 

10° 20' 

*0349 

•1823 

-191 

4 

12® 20' 

•0699 

•2186 

•320 

6 

14® 20' 

•1051 

*2555 

•413 

8 

16® 20' 

•1405 

•2933: 

•480 

10 

18° 20' 

•1763 

■3314 

•533 

12 

20® 20' 

•2126 

■3706 

*574 


and the plotting is shown in Fig. 212. 



0a Aogle of Thread. 


Fig 212. — Efficiency of Screw-Jack. 

Compound Periodic Oscillations. — In engineering practice 
one often meets with curves which are quite periodic, but are not 
of the sine or tangent type. Many of these can be broken up or 
** analysed ” into a number of sine curves. The process is spoken 
of as harmonic analysis, and reference to this is made m Volume II 
of Mathematics for Engineers. At this stage, however, it is well 
to consider the work from the reverse or the synthetic point of view, 
in which the resultant curve is constructed from its components by 
the addition of ordinates. 

B B 
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An example of importance to surveyors concerns the “ equation 
of time/' which is the difference between the " apparent ” and the 
“ mean " time of day. The apparent time is the actual time as 
recorded by a sun-dial, whilst the mean time is calculated from 
its average over a year. Two causes contribute to the difference 
between the two times, viz. — 

(а) The earth in its journey round the sun moves in an ellipse 

, . . • /distance between foci\ ,1 , . 

having an eccentricity Hi arn p.tp>r ) 

sequence of the laws of gravity its speed is greater when nearer to 
the sun than when more remote. 

(б) The earth’s orbit is inclined to the plane of the equator. 



Fig. 213. — Curves for "Equation of Time.” 


The corrections due to these two causes are found separately, 
and are represented by the respective curves (a) and (i) in Fig. 213. 
For curve (a) the period is one year, and the period of (&) is half a 
year. 

These, when combined by adding corresponding ordinates, due 
attention being paid to the algebraic sign, give curve (c), for which 
the period is one year. By the use of this curve the correction to 
be added to or subtracted from the observed " sun time ” can be 
obtained. Thus to determine the longitude, i. e., the distance in 
degrees east or west of Greenwich, of, say, a village in Ireland, it 
would be first necessary to find tfie meridian of the place by 
observation of the pole star. Next the time of the crossing of the 
meridian by the sun i. e., the local time, would be noted, and this 
would be corrected by adding or subtracting the equation of time 
for the particular day. Then the difference between the corrected 
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local time and Greenwich ipean time as given by a chronometer 
would give the longitude, since one hour corresponds to fifteen 
degrees. 

Example 22. — Plot the curve y = 4 sin ^ 4-*5 sin 2.1 su£S.ciently far 
to show a complete period. 

Let = 4 sin ^ (i), and yg = -5 sin 2^ {2); 

then the curve required is y = 4- ya, i. e,, it is the sum of two curves 

of difierent periods. 

The period of y = 4 sin t is 27 r, while the period of y == *5 sin 2t is 

27r 

— or TT. 

2 



Therefore the curves must be plotted between / = o and ^ = 27 r to 
give the full period of the resultant curve, so that there will be one 
period of curve (i) and two of curve (2). 

The curves are now dealt with separately, because, being of different 
periods, values suitable for the one would not be so for the other. 

For curve (i) period == arr, and amplitude == 4. 

The two curves must be plotted to the same scales. The simple 
sine curve template '' already mentioned would serve for curve (i), 
but curve (2) must be previously adjusted m scale to make it possible 
to apply the template.** 

It may be sometimes easier to set out the work as follows instead 
of using a template 

Curve (i). — Values of i need only be taken between o and ~ 
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Curve (2). — ^Values of t need only be taken between o and there- 
fore take values one-half of those in the previous case, so that the 
calculation is simplified. 


Curve (i) 



sin t 

4 sin t 

0 

0 

0 

•2 

•198 

.792 

•4 

•385 

^"54 

■7854 

•707 

2-828 

*960 

•819 

3-276 

I*I , 

•891 

3-564 

1-4 

•985 

3-94 

1*571 

I-O 

4*0 


Curve (2] 


t 

zt 

sin zt 

72 “ ’5 sin zt 

0 

0 

0 

0 

*1 

•2 

•198 

-099 

•2 

*4 

-385 

-193 

•3927 

•7854 

•707 

•354 

-48 

•96 

*819 

•41 

•55 

i-i 

•891 

•446 


1*4 

-985 

*493 

• 7^54 

1*571 

I-O 

•5 


These curves are plotted as shown in Fig. 214, and the resultant 
curve is obtained by adding corresponding ordinates, paying careful 
attention to the signs. 


One further example of this compounding of curves will be 
given. 

Example 23. — ^The current in an electric circuit is given by — 

C =* 50 sin 628^, whilst the voltage is given by V = 148 sin (628^ 4- *559). 

Plot curves to represent the variations in the current, voltage and 
power at any time. 



Dealing with the three curves in turn : — (See Fig. 215-) 
Curve (i). — This is the curve of current. 

C = 50 sin 628f, and the periodic time 5= = *01 sec. 
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Plot the curve C = sin T from o to 2ir, and then multiply the 
vertical scale by 50 and divide the horizontal by 628. 

Curve (2), the curve of voltage — 

V = 148 sin 628^^ + 

— 148 sin 628T3, = 148 sin T 
provided that — T == 628T1 and Ti = / + •00089- 

This is the first curve with its axis moved to the right a distance 
of *00089 sec, and with all ordinates multiplied by or 2*96, Thus 
AB = 2-96 X ab. 

Curve (3), the curve of power, is obtained by multiplying correspond- 
ing ordinates of curves (i) and (2). 

Confusion is avoided by plotting curve {2) along a difEerent hori- 
zontal axis from that used for (i). 

The reader will find it convenient to draw out the simple sine 
curve on tracing paper to a scale convenient for his book or paper, 
and to use that as a template ; much time and labour being saved 
by this means. 

Curves for Equations of the Type y = e-" sin(6jr+c). 
— In plotting such a curve it is not wise to select values of a; 
and then calculate values of y directly : it is easier to split the 
function up into and == sin [bx+c), and plot the 

curves representing these equations separately, obtaining the final 
curve y = yiXy2 uiulti plication of ordinates. 

The forms of the two component curves are already known. 
They must, however, be plotted to the same horizontal scale, 
which should always be a scale of radians (if an angle is measured 
along the horizontal) or one of seconds (if time is measured along 
the horizontal). 


Example 24. — Plot the curve y = sin(5A'-t- 2*4), showing two 
complete waves. 


Let y == yiXya where y^ = and = sin (5^; 4-2 4). 

To avoid any trouble with the scales, this example is worked in 
full, i. e,, templates are not used. 

It will be slightly more convenient to deal first with curve (2). 
Curve (2) — ya = sin {^x + 2-4) = sin 5(A;-f -48) = sin 5X 
where X == a; 4 *48 

Hence the vertical axis through the zero of x in Fig. 216 will be 
*48 unit to the right of that for X; hence, since the second scale has 
to be used again in J,he plotting, the construction vertical axis must 
be chosen *48 unit to the left of some convenient star tin g-line. 


2 TT 

y, = sin 5X, the period being — = 1*256 radians 
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Hence values of x need only be taken between o and 


4 


or to *314. 


X . . 

*0 

-04 

'08 

•1571 

*192 

•22 

*28 

•314 

5X - 

0 

•2 

*4 

•7854 

•96 

i-i 

1-4 


sin 5X , 

0 

*198 

1 -385 

1 

•707 

■819 

•891 

•985 

1 ^ 

1 


This curve can now be plotted, reckoning the horizontal scale 
from the construction vertical axis ; and then the zero is shifted to 
its correct position, -48 unit to the right, as shown in Fig. 216. 



Curve (i) — yi — For one complete wave of curve (2) 

X = 1*256, and therefore for two waves it will be more than sufficient 
if values of x are taken up to 3. 

The table of values is as follows : — 


. 

X ^ . 

0 

*4 

•8 

1*2 

I '6 

20 

2*4 

2*8 

3'0 

or X 

0 

•2 

•4 

•6 

•8 

I-O 

1-2 

1*4 

1*5 

e-^ = Vt 

I 

•8ig 

•67 

•549 

*449 

•368 


•247 

•223 


A word of explanation regarding this table is necessary. Consider 
the value == 1-2 ; then to find y, the value of or must be 

found. Therefore X = *6 is read in the first column of Table XI at 
th2 end of the book, and 5“*® is read off in the third column. 

This curve can now be plotted, always to the same horizontal 
scale as that chosen for curve (2), but not necessarily to the same 
vertical scale. In this example, however, the same scale is convenient 
for both. 
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Curve (3), or y = X y* can next be obtained by selecting corre- 
sponding ordinates of the two curves and multiplying them together. 

When X = 1-06, y^ = -58 and ya = i ; hence in this case the par- 
ticular product of yx and yg has the same value as yi, and accordingly 
the vertical scale chosen for curve (3) is advisedly that for (i), so 
that the curve when plotted touches the curve (i) at its highest points. 


Glancing at the curve (3) we observe that the amplitude is now 
diminished in a constant ratio, although the period remains the 
same, i. e., there is some damping action represented. 

If a condenser discharges through a ballistic galvanometer and 
deflections left and right are taken, then by plotting the readings 
a curve is obtained (naturally of a very small period) of the char- 
acter of curve (3). The logarithm of the ratio of the ampli- 
tudes of successive swings is called the logarithmic decrement of the 
galvanometer. 

For the case considered, the ratio of consecutive amplitudes is — 


^ — Jx ^1*256 


^ 1*256 


3-5 (approx.) 


\ logarithmic decrement = log« 3*5 == 1-253. 


Again, imagine a horizontal metal disc within a fluid, hung by 
a vertical wire. If the wire is twisted and then released, the disc 
oscillates from the one side to the other. Measurements of llie 
amplitudes of the respective swings demonstrate the facts that 
{a) the ratio of the amphtude of one swing to the amplitude of the 
preceding swing is constant for any fluid, and (6) this ratio is less 
for the more viscous fluids. 

Thus if the disc oscillated in air, the successive swings would 
be very nearly alike as regards amplitude ; or, in other words, the 
motion is practically simple harmonic, and its representation in the 
usual manner gives a sine curve. If the medium is water or thick 
oil, the motion is represented by a curve like No. (3) in Fig. 216, 
but the damping effect would be much more marked m the case of 
the oil. 


Exercises 39.— On the Plotting of Graphs Kepresenting Trigonometric 

Functions. 

1. Write down the amplitudes and periods of the following func- 
tions : 8 cos^:v] -2 sin(3;tr — 4); 51-8 510314^ {t is in seconds); 

•ii6sin (615^— -214); -91 cos (5 -- 

2 . Plot the curve y = -4 sin 26 for 2 complete periods. Write down 
the amplitude and also the period of this function. 
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3 . The raage of a projectile fired with velocity V at elevation A is 
given by plot a curve to show the range for angles ^of 

elevation up to 45^ the velocity of projection being 1410 ft. per sec. 

4 f. On the same diagram and to the same scales plot the curves 
2 sin X and ya = 5 sin \x, and also, by addition of ordinates, the 
curve y = 2 sin x ^ sin 

5. A crank rotates in a right-hand direction with angular velocity 
10, starting from the inner dead centre position. To a time base 
draw a curve whose ordinates give the displacement of a valve, the 
connecting-rod (or valve-rod) being many times as long as the crank. 
The travel of the valve is to be 

6. Plot the curve 5 = 2*83 sin (4^— *016) for one complete period, 
the angle being in radians. 

7 . Plot the curve y = *81 cos 3^ for a complete period. 

8* Plot the curve 5y = 4-72 tan 4^ for a complete period. 

9 . The current from an alternator is given by C == 15 sin 27 rfi, and 
the voltage by E = 100 sin {zTrft — n). If the frequency / is 40 and 
n (the lag) = *611, draw curves of current and E.M.F,, and by multi- 
plication of corresponding ordinates plot the curve of power. 

10 . The acceleration A of the piston of a reciprocating engine is 
given by — • 

A = 47r%v|cos 6 + — 

Plot a curve to give values of the acceleration for one complete re vo- 

tetio« when . - crank tadins _ I ft., m - - lo, 

n = R.P.S. = 2. 

11 . The displacement y of a certain slide valve is given by — 

y = 2-6 sin (^-f 3 2®) -}- *2 sin (2^+103°). 

Plot a curve to give the displacement for any angle between o 
and 360®. 

12 . Plot the curve y = ^-‘^^sin ^x, showing two complete waves. 

13 . Plot a curve to give the displacement x oi a. valve from its 
centre position when x ^ — • i*2 cos pt — iS sin pt and p == angular 
velocity of the crank, which revolves at 300 R.P.M. 

14 . Plot the curve y = 5 cosec 6 , showing a complete period. 

15 . What is the period of the curve 737^=52-8 sec 3^? Plot this 
curve. 

16 . An E.M.F. wave is given by the equation — 

E = 150 sin 314^ + 50 sin 942^. 

Draw a curve to show the variation in the E.M.F. for a complete 
period. 

17 . The " range ** of an object from a point of observation is found 
by multiplying the tangent of the observed angle by the length of the 
base. Draw a curve to give ranges for angles varying from 45° to 70®, 
the measured base being two chains long. 

Graphic Solution of Equations. — The application of purely 
algebraic rules will enable us to solve simple or quadratic equa- 
tions. Equations of higher degree, or those not entirely algebraic. 
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can best be solved by graphs ; and in some cases no other method 
is possible. 

The general plan is to first obtain some approximate idea of the 
expected result, either by rough plotting or by calculation, and to 
then narrow the range, finally plotting to a large scale the portion 
of the curve in the neighbourhood of the result. 

Occasionally the work is simphfied by plotting two easy curves 
instead of the more complex one. 

Example 25. — Solve the equation — — 17 = o. 

The equation may be written — = ^x^ +17. 

Then if the two curves and = ^x^ + 17 are plotted, their 

point or points of intersection will give the value or values required. 

Tabulating : — 

For Curve (i) 


We conclude from an examination of these tables that y^ and y^ 
are alike when has some value between 1*0 and 1-5. 

Values of a? are next taken between i-o and 1*5 ; thus : — 


X 

3^ = X 

yi 

5^® + 17 


1*0 

3*0 

20*1 

5+17 

22 

I*I 

3*3 

27 I 

6-05 + 17 

23*05 


Therefore, the solution is evi- 
dently between 1*0 and 1*1; hence 
plot the two curves for these values 
and note the point of intersection 
(see Fig. 217). 

This IS found to be at the point 
for which X — 1*032, and tliereXoxe 
^ — 1-032 IS one solution, and as the 
curves intersect at one point only, 
it is the only solution. 

Numerous examples of this 
method of solution of equations 



Fig. 217. 

Solution of •— — 17 = o. 


X 

^x or X 

i-i 

II 

0 

0 

I 

•5 

1*5 

4-48 

1*0 

3 

20*09 

1-5 

4-5 

90 

2 

6 

404 


For Curve (2) y^ = ^x^ +17. 


X 

5^®+ 17 

y% 

0 

0+17 


•5 

1-25 + 17 

18-25 

I 

5 +17 

22 

1-5 

11-25 + 17 

28*25 

2 

20 4- 17 

37 

3 

45 + 17 

62 
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occur in connection with problems in hydraulics. As an example 
take the following ; — 

Example 26. — ^Water flows at 7-45 cu. ft. per sec. through a pipe 
of diameter d ft., and the loss of head in 10 miles is 350 ft. The co- 
efficient of resistance is /=» *005^1 + lund the diameter of the 

pipe, given that — 


Head lost == 

2gm 


where w == — 
4 


Area of pipe = 

Then the velocity X 4 — 

area 7 rd^ ^ 

350 - d X 64*4 X 

and d^ -= 40x5280x9-48x9-48 ^ 

350 X 64*4 

- 838/. 


Substituting for / — = i^) ^ 

=.4-190(1+5^) 

. 4*19 
— 4 ^9 + 

from which — 4*i9<^ ~ *35 = o. 

To solve this equation, we know that no negative values need be 
taken; hence as a first approximation — 

Let y = 4*19^— *35 


d 

- 4 -i 9 d - -35 

y 

0 

0 _ 0 - -35 

- -35 

1 

I _ 4-19 _ .35 

— 4*54 

2 

64 - 8-38 - -35 

55*27 


Since — d = 1 makes y negative 

and = 2 makes y positive 

the value of d that makes y ^ o must lie between i and 2 and nearer 
to I. 

For d = 1-5, = (i*5)®-(4‘I9Xi-5)--35 = 4-76. 

Thus the required value of d is between i and 1*5. 

If d == j-s> y = —*98, and we see that the required value is between 
1-3 and 1*5. Plot the values of y for the values of d 1-3 and 1*5, as 
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ia Fig. 218, allowing a fairly open scale for d, and join the two points 
by a straight line. The inter- 
section of this line with the 
axis of d gives the value of d 
required, which is seen to be 
1 - 334 - 

Example 27. — ^The length of 
an arc is 2-67'^, and the length 
of the chord on which it stands 
is 2 '5". Find the angle sub- 
tended at the centre of the 
circle. [This question has refer- 
ence to the length of sheet 
metal in a corrugated sheet.] 


Arc = radius x 6 
radians. 

Now — 

Also*—’— 


or 


where 6 is in 



Fig. 218. — Solution of Equation 
giving Diameter of Pipe. 


rd = 2*67 and r = 


. e 1-25 

sin — = — 
2 r 


e,, r =5 


2-67 

B 

£25 

sini 


2*67 
B ' 


£25 

sm - 
2 


sm 




2 O7 


•468^. 


Making our first approxi- 
mation, taking B from o to 
3-14 


B 

B 

2 

B 

sin 

2 


0 

0 

0 

0 

•5 

•25 

-247 

•234 

i-o 

•5 

•479 

'4t>S 

1*5 

‘75 

•682 

•702 

2-0 

1*0 

•842 

•936 

2*5 

1*25 

•945 

1*17 

3*0 

1*5 

• 9 <j 8 

1*403 

3*14 

i ‘57 

i-o 

1*47 



Fig 219. — Length of Metal in 
Corrugated Sheet. 

we see that the solution must lie between ^ 1*0 and ^ s= 1-3. 


Q 

When ^ = 1*2, sin - 
2 


*468^ = *562. 
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Plotting the two curves in Fig. 219, = sin and “ *4^^^ for 

values of S from ^ = j*o to 1-5; we note the point of intersection to 
be at ^ = 1*19. /. ^ = 1*19 radians or 68-2^> 


Exercises 40. — On the Graphic Solution of Equations. 

1. Find a value of ^ in terms of I to satisfy the equation — 

3^3 _ 3^2^ 4 - z=: o 

X being a distance from one end of a beam of length /. 

2 . Solve for z the equation P — ^ = o when I = 10. 

3. In order that a hollow shaft may have the same strength as a 
solid one the following equation must be satisfied — 

, Trf 

Writing at for ~ this equation reduces to ^ zr 1 = o. Find 

the ratio of the diameters so that the given condition may be satisfied. 

4. Find a value of d (a diameter) to satisfy the equation — 

tt/ 

where r == 3*2, /« 6, P — 15. 

5 . Solve the equation =* 

6. Find values of x between —4 and +3 to satisfy the equation — 

10 8 = 16 4 - 4;^? — AT® 

7 * Find a value of x between i and 5 to satisfy the equation — 

loge A? = 8 

8 . Solve for positive values of x the equation 56-^ sin4A;= i-8. 
(Note that the value of x must be in radians.) 

9. Determine a value of x between o and tt to satisfy the equation — 

— 3 sin AT == 3 

10 . To find the height of the water in a cylindrical pipe so that 
the fiow shall be a maximum it is necessary to solve the equation — 

6[2 — 3 cos 6) ”f sin 6 = 0 

Find the value of B (radians) to satisfy this equation. 

11 . Solve for I in terms of L the equation — 

55/3 _ xxilLP -f — 14F* = o 

which occurs when finding the most economical arrangement of the 
three spans of a continuous beam; I being the length of each of the 
end spans and L being the total span. 


12 . In finding the ratio of expansion r for a direct acting single 
cylinder steam engine of 14"^ diameter and 22''' stroke, the equation 
i-flog<! *389^ — o was obtained. 

Find the value of r to satisfy this equation. 

13 . The maximum velocity of flow through a circular pipe is 
reached when the angle 6 at the centre of the circular section sub- 
tended by the wetted perimeter has the value given by the equation — 


Find this value of B, 



THE PLOTTING OF DIFFICULT CURVE EQUATIONS 381 


14 , Solve, for positive values of / (the length of a link of a certain 
mechanism), the equation — 

fa _ 19-5/a + 42-5/ -f 546 = o. 

15 . Forty cu. ft. per sec. are to pass througli a pipe laid at a slope 
of I in 1500, the pipe to run half full. The velocity is given by — 


— — , where m = •153D and the quantity = 

I -I — ^ 

Vm 

Simplifying and collecting these equations we arrive at the simpler 
form — 


D3 ™ 5o*3(\/D + i) = o 
Find the value of D to satisfy this equation. 

16 . The bottom of a trapezoidal channel (the slope of the sides 
being 2 vertical to i horizontal) is 4 ft. wide. Find the depth of flow d, 
if the discharge is 12000 gallons per min., the slope is i in 500, and 
the coefficient of resistance is *006. 

Equations reduce to g - = 32 ^- 

17 * Find a value of r, the ratio of expansion, to satisfy the equation — 


I 

r 


•1083 logtf r— *225 = o 


18 . A hollow steel shaft has its inside diameter 3"'. What must be 
the outside diameter so that the shaft may safely stand a torque of 
200 tons ins., the allowable stress / being 5 tons per sq. in. ? Given 
that — 

Torque _ 

19 . Find a value of 6 (the angle of the crank from line of stroke) to 
satisfy the equation — 

sin® 0 sin^ q ^ sin^ B ^ o when ^ 5 . 

[Hint . — Let X = sin^ B and then solve for X ] 

20 . An equation occurring in connection with the whirling of 

shafts is — j 

cosh X H = o 

cos X 


Find a value of x between o and tr to satisfy this equation. 

[Note that the values of cosh x should be taken from Table XI at 
the end of the book.] 

21 . Find the height above the bottom of a cylindrical tank of 
diameter 10 ft. at which a pipe must be placed so that the water will 
overflow when the tank is two-thirds full. 


Construction of PV (pressure-volume) and t</) (temper- 
ature-entropy) Diagrams. — It is impossible to proceed far in 
the study of thermodynamics without a sound working knowledge 
ot the indicator and entropy diagrams of heat engines ; and to assist 
in the acquisition of this knowledge these paragraphs are addressed 
mainly to students of the theory of heat engines. Although we 
are not concerned in this volume with the full meaning of these 
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curves, we can deal with them as practical examples of graph- 
plotting. More can be learned about the advantages and useful- 
ness of an entropy diagram by actual construction and use than 
by absorbing the remarks of some one else, and taking for granted 
aU that he says. Careful attention should, therefore, be directed 
to the following exercises, which should be worked out step by 
step by the reader. 


Example 28. — Draw a PV diagram (Fig. 220) and also a T<t> diagram 
(Fig. 221) for I lb. of steam expanding from a pressure of 100 lbs. per 
sq. in. absolute, to atmospheric pressure, the steam being dry and 



saturated throughout. [Note . — Since these diagrams are to be used 
for subsequent examples, they must be so constructed that the lowest 
pressure indicated is 5 lbs. per sq. in. absolute.] 


To calculate for points on the expansion line BD in Fig. 220 steam 
tables must be used ; the volumes (V) of i lb. weight of steam for 
various pressures (P) between 100 lbs. per sq. in. and 14-7 lbs. per 
sq. in. absolute being read off from the tables and tabulated thus : — 


p 

100 

80 

60 

40 

20 

14-7 

V 

4*4 

00 

Tt- 

7-16 

10-50 

20 

26-8 
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Horizontals through 100 and 14-7 on the pressure scale complete 
the diagram in Fig. 220. BD is the saturation or 100 % dryness curve. 
For the rep diagram (Fig. 221) rather more calculation is necessary. 
The entropy of water at any absolute temperature r® Fahrenheit 

5 = loge entropy is considered zero at 32° F., i. e,, at 461 + 32 

493 

or 493° F. absolute. 

For our example we require the " water ” line from about 160® F. 
to 320° F., since these temperatures correspond approximately to 
pressures 5 and 100. Hence the range of r — 621° to 781® F. absolute, 
or, say, 620® to 780®. The tabulation is next arranged as follows, it 
being noticed that — 

= log. r - log. 493 = 2-303(logMr- logio493) 


T 

logioT- logic 493 

2-303 X column (2) = log^ -L. 

493 

620 

660 

700 

750 

780 

2*7924 — 2*6928 
2*8195 — 2*6928 
2-8451 — 2*6928 
2*8751 — 2*6928 
2*8921 — 2*6928 

•0996 X 2-303 = -229 
•1267 X 2-303 = -292 
•1523 X 2-303 = -351 
-1823 X 2-303 = -42 
•1993 X 2-303 = -459 


It is unwise to plot this line until the calculations for the " steam ” 
line have been made. 

The width of the diagram, i, e., from the water line to the steam 

line [a to b, r to t, etc., in Fig, 221), is always where L is the latent 

heat at the temperature r considered. The values of the latent heat 
are read from the steam tables and are set down thus : — 


[Taking 460 instead of 461 .] 


F. 

T® F. absol. 

L 

T 

160® 

620® 

1002 

1-615 

200 ® 

660® 

974 

I ‘475 

240® 

700® 

947 

1-353 

290® 

750'' 

912 

1*215 

320® 

780® 

891 

1-142 


Hence the scale for entropy must be chosen so that the largest 
value may be shown, viz. 1*844, which is obtained by adding 1*615 
to *229. 

Plotting the values of r, taken from the last two tables, to a hori- 
zontal base of <^>, we obtain the water and steam lines, which are 
straight lines over short distances. 

The vertical scale may also be numbered to read pressures, which 
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may be obtained for the temperatures required from steam tables. 
Thus 


T 

788 

753 

710 

672 

622 

P ■ 

i 

100 

60 

30 

14-7 

5 


A horizontal through 100 on the scale of P gives the line ab (corre- 
sponding to AB on the PV diagram), and the intersection of the hori- 
zontal through 14-7 lbs. per sq. in. with the steam or saturation line 
gives the point d. 


Example 29. — On the T<p diagram (Fig. 221) draw the adiabatic 
line be, and also the constant volume line def, the latter on the assump- 
tion that qV is constant throughout the curve ; g being the dryness 
fraction and V the volume of i lb. of dry steam. Draw also the corre- 
sponding line BC in Fig. 220, and the constant volume line DCF. 


The line DCF (Fig. 220) is a vertical through D, which meets the 
horizontal through 5 on the pressure scale in F; but certain calcula- 
tions are necessary before the line def (Fig. 221) can be drawn. 

As the pressure decreases, the volume increases. Thus at 14*7 lbs. 
pressure the volume of i lb. weight of steam = 26*8 cu. ft., while at 
10 lbs. pressure the volume of i lb. weight is 38-4 cu. ft. Consequently 
if only 26-8 cu. ft. of steam are present at the lower pressure instead 

26*8 

of the 38*4 cu. ft., the dryness of the steam must be — g— •, i. e., -698; 

3^*4 

and accordingly the latent heat is only -698 of its true value. Hence 
if we make, on the horizontal through ro lbs. pressure, kXx = *698^^? 
(Fig. 221), the point lies on the line of constant volume, viz. 26-8 cu. ft. 
At 5 lbs. pressure, volume of i lb. weight = 72-4 cu. ft.; hence — 


wf^ 


26-8 

ws = •37iz£JS 


A number of points can be found in this manner, and the smooth 
curve through them, viz. def, is obtained. 

All adiabatics on the chart are vertical lines, so that be may 
be drawn. To draw the line BC in Fig. 220, proceed as follows : 
Select any convenient pressure, say 60, and calculate the value of the 

ratio in Fig. 221. Referring to Fig. 220, determine the position of 
Ti on the horizontal through 60, 


so that 


RTt _ 
RT ^ rt 


and other points on the curve BC may be found in like manner. 

It should be noted that the adiabatic BC lies under the saturation 
curve BD, since the steam is not dry throughout the expansion ; and 

TJ'T' 

Uie dryness fraction at any pressure is the value of a ratio like 
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Example 30. — Draw the adiabatics through / and F, the final 
pressure being 5 lbs. per sq. in. absolute. (Figs. 221 and 220.) 


Dr*yness 

Frac^^on 



The point/, on the constant volume line dcf, has already been fixed ; 
and a vcrticaL through / gives the adiabatic ef. 

EF is obtained from BD in just the same way as BC was derived ; 


t. 5., 


RTa __ fh 

RT ■“ Yt 


etc. 


C C 
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Example 31. — Draw the Hankinc cycle for ilic case in which the 
steam is initially dry ; and also for the case in which the steam at the 
commencement of the expansion has its dryness fraction = a/? 4- ab. 
The initial and back pressures are 100 and 30 lbs. per sq, in. absolute 
respectively. 

The Rankine cycle is made up of (i) expansion at constant pressure, 
(ii) adiabatic expansion, (iii) exhaust at constant pressure, and (iv) com- 
pression at constant volume. 

Thus the horizontals PL and pi (Figs. 220 and 221) must bo drawn, 
and the Rankine cycle is given by the ligurcs ABPL and abpl for the 
one dryness, and AEHL and aehl for the other. 

Example 32. — Draw the common steam engine diagram with a 
toe drop from 30 lbs. to 5 lbs. per sq. in. absohite ; showing the case 
when the engine is jacketed and also that when there is no jacket. 
(See Figs. 220 and 221.) 

If the engine is jacketed, the steam expansion line lies along the 
saturation curve, so that the diagram is ABMNX on the PV diagram 
(Fig. 220) and abmnw on the chart (Fig. 221) ; the line mn being a 
line of constant volume obtained in the same way as cf. 

If there is no jacket, the diagram is ABPQX in Fig. 220, and abpqw 
in Fig. 221; pq being a line of constant volume. 


Example 33 — Calculate the dr5mess fraction from the entropy 
diagram for various temperatures, and thence plot on this diagram 
the " quality curve for the adiabatic he (Fig. 221). 

At 100 lbs. pressure the dryness fraction is i, whilst at 60 lbs. 
pressure the dryness fraction = and at 30 lbs. pressure the dryness 

fraction = Selecting some vertical line as the base set off hori- 
zontals to represent these various dryness fractions, taking -9 as the 
base of the curve : thus the position of y represents the dryness at 60 lbs. 
pressure. A curve through the points so obtained is the quality curve. 


Example 34. — Calculate the values of the exponent in pv'^ 1 
the expansions represented by BC and EF, Fig. 220. 

For the line BC — p = 100 when v = 4*44 

^ = 13 when V = 26*8 
logp-l- n log t? = log C 
log 100 4- n log 4*44 = log C 
log 13 + ^ log 26-8 = log C 
2 -f •6474 ^z = log C 
1*1139 + 1-4281^ = log C 


C for 


Thus — 


also 


or 

and 


whence by subtraction- 


*8861 = -ySoyn 
7807 




In like manner the exponent for the expansion EF is i-o6. 
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We may compare these values with those given by Zeuner’s 
rule; viz. — 

n = I "035 + 'Xq where q is the initial dryness. 

For BC ? = I and therefore n = i'035 + •! = i*i35 

For EF q = -332 and therefore n = 1*035 +'0332 = i*o68. 

Constant heat lines may be plotted on the diagram; but 
before showing how tlus may be done, we must indicate what is 
meant by the term “ constant heat line.” If steam is throttled 
by being passed through an orifice .its dr5Tiess is greater than it 
would be if the expansion were free. Thus in Fig. 223, at the 

DC DC 

temperature the dryness fraction = and not as for 

adiabatic expansion ; and the line BCj is known as a line of constant 
heat. 



Four cases of the drying effect of expansion without doing 
external work, known as “ throttling,” are possible, these being 
represented by (a), ip), (c) and (if) m Fig. 222. 

Case (a) illustrates the expansion of a mixture of water and 
steam horn temperature to temperature rg. At the commence- 
ment of the expansion the dryness fraction of the mixture is qi, 
its latent heat is L^ and its sensible heat wlnle q^, Lg and Ag 
are the corresponding quantities at the temperature Tg. Then, 
since the heat content is unchanged — 

<7iLi + ^1 = q2^2 + ^2 

in which equation qi, Lj, Lg and /tg would be known, and thus 
^g could be calculated. 

Case (b) is that of water being dried, thus becoming a nnixture 
of steam and water. The equation here is — 

/tj. $2^2 ^2* 
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Case (c) is that of dry saturated steam becoming superheated, 
and for this change 

Aj -f" L2 = Ag + Lg + Tg) 

T, being the temperature to which the steam is raised by the 
throttling ; r, — rg thus being the degrees of superheat (only 
obtained internally). 

In Case (d) steam of a certain wetness is completely dried by 
expansion under constant heat. (Any further throttling would 
naturally superheat.) 

For the change shown in the diagram — 

9 iTi + Aj = L2 + A2 

= 1115 — 7/2 + ^2 — 60 

= 1055 + - 3^2 

from which equation the temperature at which the steam is 
just dry, can be found. 

From a consideration of the foregoing cases it will be seen that 
lines of constant heat appear in either the “ saturated area,” viz. 
the area between the water and steam lines, or the ” superheated 
area,” viz. the area beyond the steam line; and these two cases 
will be dealt with in the following examples : — 

Example 35. — Steam -3 dry at 400® F. expands to 150° F., being dried 
by throttling. Draw the constant heat line representing this expansion. 

If Tx and Tj are the absolute temperatures, and and A, arc the 
sensible heats — 

Tj — Xj ” /ij /Zj “ /l — /a 

To draw the line of constant heat it is necessary to calculate 
the dryness fraction at various temperatures. From the equation 
q Lj + A j = + A 2 

“ ■ u. 

In this equation Lj, and are known, whilst values of niay 
be assumed and values of Lj calculated therefrom, or taken from 
steam tables. 

]Srow — = 400, Lj = 835, and = -3 

Then, taking convenient drops of temperature, say 50® or 100°, a 
table may be arranged as follows : — 


h 

La 

^1—^2+ ^iLi 


400 

835 

0 + 251 

•3 

300 

905 

100 + 251 

'388 

200 

975 

200 + 251 

•462 

^50 

1010 

250 + 251 

•495 
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D 


and 


J^i =ss 835 and 
501 .^"1 


•3 X 835 = 251 ; also = -388, ^ 


•462 


lOIO 


■495-J 


The line of constant heat (Fig. 223) may be drawn after points such 
as K have been determined ; K being so placed that = ‘ 383 . 


Example 36. — On the chart (Fig. 223) plot the line of constant 
heat for superheated steam, which is dry at 350® F. 



This example is a numerical illustiation of Case (c), Fig. 222, and 
hence wc must use the equation — 

jL + I-i — 1~ 1-2 -h *5(7-j — rj) 

By transposition — 

"t” " ^^2 ~~ 1-^2 

= 3 

Ts = 2(^1 — /^2^- Li— L2) I' Ta (absolute temp.) 
or ts ^ 2(/i ™ /a 1 ' hi - L2) 4 - (F.® temp.) 


Wc know that ^1= 350, Li = S70 ; and it is convenient to take 
drops of temperature of 50° F. 
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Then the table for the calculation is arranged in the following 
naanner : — 


t. 

La 

La 

+ Li Lj 

2 X column (4) 

t 

350 

870 

870 

0 + 0 

0 


300 

905 

870 

50 - 35 

30 


250 

940 

870 

100 — 70 

60 


200 

975 

S7O 

150 - 105 

90 



Horizontals through these temperatures meet the constant pressure 
lines (drawn on all charts, the equation being =» Kp loge i. e., the 

T0 

curve is of the same character as the water ” line) through 350®, 300°, 
etc. (on the steam line), at points on the line required ; join these 
and the line ah is obtained (Fig. 223). 


Example 37. — Steam of *2 dryness at 266® F. is dried further by 
the addition of heat and then allowed to expand through an orifice 
down to 200° F., where it is 6'9 % wet. Find the number of heat 
units added at 266® F. 


This may be worked by calculation, or by use of the chart. 

(a) By calculation , — L at 266® F. == 929. Let pi; heat units be added, 
and then the dryness at the end of the addition of heat 


Then — 
Also — • 
But — 


Let this dryness = g'l 

at 200° F., = 93*1% == *931 
La ~ 975 

5 iLa +^i = 5'aL2 + G 


i e., 


(9^ -2)929 + 266 = (-931 X 975) + 200 

X = 907 — 66 — 186 = 653. 


(b) By use of chart , — Draw the constant li^eat line MN (Fig 223), 
starting from M. = *93^} 

Then QN = -9 rank, or the heat units added = -9 x (^60 + 266), 
i, e„ X ~ 655 heat units. 


Construction of PV and ref) Charts for Engines other than 
Steam ; e.g., The Stirling, Joule and Ericsson Engines- 

Example 38. — ^Trace the PV and t<p diagrams for the Stirling 
engine working between 62*^ F. and 1000® F., the ratio of expansion 
being 3 to i. (Work with i lb. weight of gas.) 

The PV diagram consists of two constant volume lines together 
with two isothermals. See Fig. 224. 
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Starting from the point A, tlie pressure = 14-7, r = 461 + 62 = 523®, 
and the volume (read off from the steam tables) = 13*14 cu. ft. To 
find the position of the point B : — It is true for all values of p, v and r 

that — constant. At B the temperature is 1000® F., or 1461® F. 

TT 

absolute : also the volume is 13*14, hence — 

PnVn ^ 
t-b 


SO that the point B is fixed. 


14-7 X 13*14 X 1461 
13*14 X 523 



Fig. 224. — PV Diagram for Stirling Engine. 


For the isoihcrm«'il BC, = constant, and since = 41*1 and 
= X3*i4» the value of the constant is 41-1 x 13*14 = 5^10- 
Using the equation pv = 540, points on BC may be found thus : — 
li p ^ 30, u = 18; p == 20, V == 27, etc.; and the isothermal must be 
continued until C is reached, the volume at C being three times that 
at B, t. e,, Uo = 3 X I 3 *i 4 == 39 * 42 . 

CD is vertical ; and also = — — 

Tj> To 


Pr> 

so that the position of D is fixed. 


540 X 5 23 
1461 X 39*42 


4*91 
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The constant for the isothermal DA is 4-91 X 39*4^ == ^93^ 
accordingly the points on the line may be obtained. 

To draw the Tcj> diagram (Fig. 225) Suppose the entropy is zero 
at the start. Then points on the line ob are calculated from the 

equation <p = where Kv specific heat at constant 

5^3 

volume = '1 691. 

=== •169Z log<. = .1691 X 2-303 (logior — logio523) 

5^3 

== -SQCiogioT - logio523) 



and the table of values reads as follows ; — 


T 

logioT - logio 523 

-39 X column (2) = f/> 

700 

1000 

1200 

1461 

2- 8451 — 2-7185 

3- 0 — 2-7185 
3*0792 — 2-7185 
3-1647 - 2-7185 

' 0,^9 

*1096 

-1^05 

-174 


The position of c is fixe<3, since the work done = 


and thus the distance be 


53*2 


logtf r 


774 
53-2 X 10ge3 

774 


*0755- 


The lines be and ad are parallel, and cd is the curve ah shifted 
to the right a horizontal distance bc\ and thus the diagram can be 
completed. 
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Example 39. — Plot PV and T<p diagrams for the Joule engine, when 
the compression pressure is 60 lbs. per sq. in. and the lower temper- 
ature is 62° F. Work with i lb. weight of the gas, and take for the 
adiabatics = C. 

Dealing with the PV diagram (Fig. 226) : — At C the pressure ==14-7, 
the volume = 13*14 ^^id r = 523 : hence pc^c = i 4‘7 x I 3 *i 4 = 193 - 

The point A, at pressure 60, is on the isothermal through C ; then — 

PxVk = pcVc = 193 

whence Vj, = 3*22 



Fag. 226 — -PV Diagram for Joule Engine 


For the adiabatic AD pu^'^^ = K (say) 

so that K = 60 X 3*22^*^^ 

log K = log 60 -f i’4i log 3*22 = 1*7782 + {1-41 X *5079] 

= 2 * 49^3 

K — 312*1, 

Hence points on the line AD may be found from = 3^2*i 


The pressure at D == 14-7, and the volume 

K. puVi> _PkVk 


= 8 * 732 . 


8*73 2 X 14*7 X 523 
3*22 X 60 


347*7® F. absolute 
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For tile adiabatic CB, the con.staiit=^o^a^‘^^=i 4'7 555 '^ I 

and thus this line may be drawn. 


Substituting the 
values of pj,, Vx, tx, Pb, 
1^3(4*845) in the equa- 
tion — 



tb is found 

Ta 


to be 787*7‘^F. abso- 


lute. 


For the t 4 > diagram 
(Fig. 227) : — Starting 
from the point c, draw 
the horizontal through 
it; this being the iso- 
thermal for 523® F. 
absolute . 

The distance 


ca = -2375 log,, or 

•2375 log, the 

ratios of the tempera- 
tures being the same. 



Fig. 227 — r<}> Diagram for Joule Engine. 


Points on the line ah 
are obtained from the 
equation — 

= -2375 log« 

as also are those on cd ; 
the latter values of 0 
being measured back- 
wards, i,e , towards the 
left of the diagram. 
The tabulation for this 
calculation would be 
arranged as in the 
previous example, so 
that there is no need 
for a detailed list of 
values here : and the 
diagram is completed 
by the verticals cb and 
ad. 



Example 40. — Plot PV and rp diagrams for the Ericsson engine, 
when working between 62° F. and 1000® F., the compression pressure 
being 60 lbs. per sq. in. absolute. (Work with I lb. weight of the gas.) 
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The calculation is left as an exercise for the reader ; but his results 
may be checked from Figs. 228 and 229. 

In Fig. 228 AB and CD are isothermals, the equations to which are 
pv = igz “ 54^ respectively 



-J ~ o (p I -2 


Fig. 229. — rep Diagram for Ericsson Engine. 


Exercises 41. — On the Construction and Use of the PV and t 4> Diagrams. 

1. Construct a rep chart, the temperature range being 120° F. to 
380° F. ; and by the use of this chart solve the problems in Exercises 
2 to 6. 

2 . Steam -42 dry at 350® F. expands adiabatically to 140® F. What 
is now its dryness fraction ? 

3 . Three hundred heat units are added to a sample of steam dry at 
310° F. Find the dryness after the addition of the heat. 

The slcnm is now allowed to expand by throttling to 185° F ; find 
the number of heat units that must be added so that the steam becomes 
dry saturated at this lower temperature. 

4. Draw the Carnot cycle, the upper pressure being 150 lbs. per 
sq. in. absolute, and the lower being 14*7 lbs. per sq. in. absolute. 

6. Show on the chart constant volume lines for volumes 5, 10, 15 
and 20 cu, ft. respectively. 

6. Draw constant heat lines in the superheat area for steam dry 
saluiaicd at 250® F. and 65® F. respectively. 

7 . Draw on a PV diagram the adiabatic line mentioned in Exercise 2 , 
working with i lb. of steam. The equation of this expansion line 
being pv^ = C, find the value of n 

(а) Directly from the diagram. 

(б) Using Zeuner’s rule, viz. n = i’035 + q being the initial 
dryness. 

8. Draw constant-dryness lines for dryness fractions of -2 and *3 
respectively. 

9 . Calculate the dryness fraction for which the constant-dryness 


line is straight ; 


assuming that L = 1437 — 7r and epr = log# 


T 

461 



CHAPTER X 

THE DETERMINATION OF LAWS 

It is often necessary to embody the results of experiments or 
observation in concise forms, with the object of simplifying the 
future use of these results. Thus the draughtsman concerned with 
the design of steam engines might collect the results of research 
concerning the connection between the weight of an engine and its 
horse-power, and then express the relation between these variable 
quantities in the form of a law. He might, however, prefer to plot 
a chart, from which values other than those already known might 
be read off. The object of this chapter is to show how to fit the 
best law to correlate sets of quantities : and before proceeding 
with this chapter the reader should refer back to Chapter IV, 
where a method of finding a law connecting two quantities was 
demonstrated. The results of the experiments there considered 
gave straight lines as the result of directly plotting the one quantity 
against the other, and from the straight line the law was readily 
determined. 

The values of the quantities obtained in experiments, except 
in special cases, do not give straight lines when plotted directly 
the one against the other, but, by slight changes in the form of one 
or both, straight lines may be obtained as the result of plotting. 

The general scheme then is to first reduce the results to a “ linear ” or 
straight-line equation, to plot the straight line and then to calculate 
the values of the constants. 

The general equation of the straight hne may be stated as — 

Y = a'K + b 

or (Vertical) = a (Horizontal) + b 

where a is the slope of the line. It is tlie only '' curve " for which 
the slope is constant ; hence the reason for our method of procedure. 

e, g., suppose we know that two quantities P and Q are con- 
nected by an equation of the form^ — 

p3 = aQ^ + 



THE DETERMINATION OF LAWS 397 

We can rewrite this as — 

l = «Q + 6 _ 

where P = P® and Q = Q® 

and this equation is then of the straight-hne form. Therefore by 
plotting P against Q a straight line must result. 

Conversely, if the plotting of P® against Q® gives a straight line 
the equation must be of the form — 

P® = aQ® + 6. 

In dealing with tne results of any original work there will 
probably be no guide as to the form of equation, and much time 
will therefore be spent in experimenting with the different methods 
of plotting until a straight-hne form is found. Sometimes the shape 
of the curve plotted from the actual values themselves will give 
some idea of the form of the equation, but a great deal of experi- 
ence IS needed before the various curves can be distinguished with 
certainty. 

It will be found of great value to work according to the scheme 
of substitutions here suggested, for by the judicious use of the 
method much of the difficulty wiU be removed. Thus small 
or large letters stand for the original quantities, and large or 
“ bar '' letters respectively stand for the corresponding “ plotting ” 
quantities. 

e. g., we are told that given values of x and y are connected by 
an equation of the type — 

y = bx^ -f c. 

If wc write Y for y and X for the equation becomes — 

Y = fiX + c 

which is of the straight-hne form required. The change here made 
is extremely simple but very clfective. 

Again, suppose the equation II = «D” is given as the type. 

Seeing that a power occurs we must take logs : thus — 

log H = log a n log D. 

As this equation stands, it is not apparent that it is of the 
straight-hne Iona; but by rewriting it as 
_ H = A 4- nL) 

where H (H bar) = log H, A = log a and = log D, 

it is seen to be of the standard linear form. 

We shall deal m turn with the various types of equation that 
occur most frequently. 
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Laws o£ the Type y ^ a + — ; y a + etc. 

Example i. — ^The following quantities are connected by a law of 
the form — y *= ^ 


AT 

0 

2 

5 

9 

10 

y 

^8 

~5 

31 

212 

291 


Test the truth of this statement and find the values of a and K 

i 

If we write the equation as Y==aX4-6, which is 

permissible provided that Y = y and X « at® ; then if the law is true, 
a straight line should result when Y is plotted against X. 



Hence the table for the plotting reads : — 


w 

II 

0 

8 

125 

729 

rooo 

: 11 

1 

-8 

-5 

31 

212 

291 


Plotting these values, as shown in Fig. 230, we find that a straight 
line passes well through the points; and therefore the statement as 
to the form of equation is correct. 

Selecting two convenient points on the curve — 

X= 80 when Y = I5\ 
and X « 890 when Y = 260/ 

Inserting values — 260 == 890a +6 (i) 

15 « Soa-^h (2) 
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Subtracting — 245 == 8io« 

/, a = '302 

Substituting in (2) — 15 = 24*2 + h 

& = — 9*2 

Y = -302 X + (— 9*2) 
i, e., y = •302;^;® — 9*2. 

Alternatively, a and h might be found from the graph ; since 

% = slope = == *302 ; ' and h = intercept on vertical axis through 

a of X = - 9 * 2 - A Y == -soaXH- (— 9-2) 
and y — *302^?^— 9*2. 



Am penes - A 

Fig 231. — Law connecting Volts and Amperes of Electric Arc. 

Example 2. — An electric arc was connected up in series with an 
adjustable resistance. The following readings of the volts V and the 
amperes A were taken, the length of arc being kept constant and the 
resistance in the circuit being varied : — 


V 

67 

63 

59-7 

58 

56 

53-8 

52-2 

51*4 

A 

1*95 

2*46 

3 

3-44 

3-96 

4*99 

5-95 

7 


Find the law connecting V and A. 
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By plotting V against A, as in Fig. 231, a curve is obtained which 
shows clearly that the connection between V and A must foe of an 
inverse rather than a direct character, since A increases as V decreases. 


Hence a good suggestion is to plot ~ against V, or, in other words, 
to assume an equation of the form — 


V 



Rewriting this equation as V Z? -f cA, we see that this is the 
equation for a straight line- 



Fig, 232. — ^Law connecting Volts and Amperes of Electric Arc, 


The plotting table will then be as follows : — 


V 

67 

a 3 

59-7 

58 

56 

53-8 

52-2 

5 i ’4 

A 

•513 

■407 

'333 

•291 

•253 

■2 

•168 

‘M 3 


The values of A, i. e., reciprocals of values of A, arc obtained from 
the slide rule. To do this, invert the slide so that the B scale is now 
adjacent to the D scale. Then the product of any number on the B 
scale with the number level with it on the A scale equals unity, i. e,, if 
the numbers are read on the B scale, their reciprocals are read on the 
A scale. 

The plotting of V against A gives a straight line (see Fig. 232). 
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Selecting two sets of values — 

V = 52 when X = '15! 
and V = 64*5 when A = *45/ 

Inserting values — 64*5 = & 4- -45^ (i) 

52 = & + -15^ (2) 


Subtracting — 12*5 = -3^ 

c = 41-7 

and by substitution in (i) — 

64-5 = 18-75 

whence* b — 45*75 

Y = 45-75 + 4I-7A 
or V= 45.75+4^ 

Notice that this problem could have been attacked in a slightly 
different way. 

V = 6 + | 

Multiplying through by A — 

A V = 6A H- c 

but the product of amps and volts gives watts (W). 

A W == &A + 

Therefore a straight line results if the power (watts) is plotted 
against the current (amperes). 

The table for the plotting would then read : — 


A 

1*95 

2*46 

3 

3*44 

3-96 

4-99 

5-95 

7 

W = AV 

130*5 

155 

179*1 

199*4 

221*5 

269 

311 

359-8 


and thence the procedure is as before. 

Laws of the Type y = — If there is no guide to the form 

of equation, it is most usual to assume it to be y = or, in 

more special cases, y = ax^ -j- b ; this latter form embracing those 
already discussed. To avoid the quite unnecessary expenditure of 
time in searching for the form, this will be indicated before each 
example or set ol like examples. 

If y = then, by taking logs — 

log y == log a + n log x 
Qj. Y = A + nX. 

the large letters being written for the logs of the corresponding 
small ones. 

Tins last form is the equation of a straight line, the co-ordinates 
of the points thereon being X and Y, i. e., log x and log y. Accord- 
ingly, if corresponding values of two quantities are given, and it is 
D D 
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thought that they are connected by an equation of the type with 
wliich we are now deahng, a new or “ plotting ” table must be 
made, in which the given values are replaced by their logarithms. 
These must next be plotted, and if a straight line passes through 
or near the points, the form of equation is the correct one. 

The values of the constants n and a may be found, as before, 
by either of two methods : {a) by simultaneous equations, or 
(6) by working directly from the graph. 



Fig. 233. — Endiarance Tests on Mild Steel Kods. 


To illustrate by an example : — 


Example 3. — In some endurance tests on mild steel rod the following 
results were obtained : — 


Maximum skm ^ 
stress F in lbs V 
persq in. - .J 

45200 

47500 

48700 

49000 

52100 

0 

0 

0 

-.i- 

56750 

58700 

60150 j 64800 

Revolutions to \ 
fracture R . . / 

420000 

223300 

207300 

186200 

128600 

85400 

69000 

45000 

40000 j 23200 


Find the connection between F and R in the form F aR”. 


F = aie 

In the log form — log F = log a -f- m log R 

F = A 4 * nK 

F == log F, A ^ log a and R = log R 


or 

where 
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The table of values reads : — 


l^logF . . 

4 6551 

4*6767 

4 6875 

4*6902 

4*7x68 

4*7324 

4*7340 

4*7686 

4*7793 

4*8116 

R = log n . - 

5 6232 

5*3489 

5*3166 

5 2700 

5*1093 

4 9315 

4 8388 

4 6532 

4 * 6 o 2 I 

4*3655 


Plotting from this table, we see from Fig. 233 that a straight line 
passes well through the points. 

To find the values of n and a : — 

By method (a). — Select two convenient points on the line, giving 
the values — 


and 

Inserting values — 

Subtracting — 

whence 


F = 4*68 when R = 5*36 
F =: 4-76 when R == 4*74 

4-76 == A-l-4*74n 

4*68 = AH-5*36« 

•08 = — -62W 
-08 


(1) 

(2) 


Substituting —-129 in place of n m equation (i) — 

4-76 = A + (- -129 X 4*74) 

* • ~ 5’37 

but A = log a and therefore a — antilog of 5*37 = 234400 

F = 23440oR^*^^” 


By method (&). — F = A 4- wR 

Hence if R be plotted horizontally n is the slope of the resulting 
line. In measuring the slope, ordinary scales must be used, since the 
question of logs does not arise at all ; and from the equation it is 
observed that n is a small letter, and therefore represents a number 
and not a log. 

A is the intercept on the vertical axis through the zero of the R 
scale, and since the zero of any log scale is the reading corresponding 
to I, A is the intercept on the vertical axis through i on the scale of R. 
Obviously m the example under notice, it would be impossible to show 
this axis on the diagram, at the same time choosing a reasonable scale 
for R; and consequently method (a) is the better. 

The slope of the line = — = — -129. 

n ^ — -129 

In many practical examples it is only the value of the exponent 
that is of importance, so that only the slope of the line is required. 
The slide rule may be used to great advantage in this connection, 
since its scales are scales of logarithms : and therefore there is no 
need to consult the log tables, for the logs of the given quantities 
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are plotted directly from the rule. After plotting, the slope is 
calculated, both horizontal and vertical distances being measured 
in centimetres or in inches, the scales on the rule being used : this 
slope is the value n. 

Note . — If the B scale of the rule is used for both horizontal and 

. , . , difference of vertical 

vertical measurements, then the slope = differ^^^fhSrizontO' 

same units being employed for both lengths. 

If, however, a more open scale is required, say, for the vertical, 
i. e., the B scale is used for the horizontal and the C scale for the 
vertical, then the vertical difference must be divided by 2 before 
comparing with the horizontal difference. 



Example 4 . — As a result of some tests for hardness, on mild steel, 
the following figures were obtained : — 


Pressure (tons per\ 
inch width) . . j 

1*2 

2*09 

2-50 

2*925 

3-18 

4-065 

4-46 

4’77 

Indentation (ins.) . 

•0045 

•0065 

•0085 

•0105 

•Oil 

•0145 

•0155 

•0165 


If t = indentation in inches, p = tons per inch width, and c is a 
constant for the material, ci = p". 

Find the value of n. 
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For the actual plotting, shown in Fig. 234, the C scale of the slide 
rule was used along both axes, and therefore n = slope = ^ = i. 

For — ci = 

In the log form — log c + log i log p 

or log i =:^ n log p — log c 

I==:wP-C 

vertical difference .j. t • 1 j j.* n 1 • 

and «= horizontal difference* ^ vertically and P hori- 

zontally- 


Laws of the Type y = where e — 2-718, the base of 

natural logs. We have already seen that many natural phenomena 
may be expressed mathematically by an equation of the type 
y == ; so also is it possible that an equation of this type may 

best fit a series of observations so as to correlate them. 

If— y = 

then log y = log a -\-hx log e 

and, since log ^ is a constant and equal to *4343, 
log y == log a + •4343^>^ 
or Y = A + CiV 

where Y = log y, A = log a, and C = -43436. 

Y = A + C:^ is the equation of a straight line of slope C, and 
whose intercept on the vertical axis through the zero of the hori- 
zontal scale is A; provided that Y, i, e., logy, is plotted against x. 
In the cases in which this law applies we have to employ both 
direct and log values in the same plotting, and hence there is little 
advantage in using the slide rule; in fact, it seems better to lake 
the logs required from the tables only. Also, in finding the con- 
stants, simultaneous equations must be formed and solved. 


Example 5, — ^Thc following are the results of Beauchamp Tower's 
experiments on friction of bearings. The speed was kept constant, 
corresponding values of the coehicient of friction and the temperature 
being shown in the table : — 


t 

120 

no 

100 

90 

80 

70 

60 


*0051 

•0059 

•0071 

•0085 

1 

•0102 

•0124 

•0148 


Find values of a and h in the equation ^ for the set of results 


given. 


In the log form 
or 

where 


log ft = log a -f log 5 = log a 4- -43432^^ 
M = A + 

M == log ft, A = log a, and C « •4343^- 
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Hence the plotting table reads : — 


t 

120 

no 

100 

90 

80 

70 

60 

M = log fx 

3-7076 

3-7709 

3-8513 

3-9294 

2-oo86 

2-0934 

2-1703 


In plotting the values of M it should be remembered that 3*7076 
is —3 -I- .7076, and that therefore the marking for 3*7076 on the 
vertical scale is above that for 3, to the extent of *7076 unit. 



Plotting these values, as in Fig. 235, we find the straight line that 
best fits the points. Selecting two sets of values of M and I — 
viz., M — 2*13 when ^ = 65 \ 

and M = 3*73 when t = 115/ 

we substitute these values in the equation M = A + CiJ. 


Thus — 2 -i 3 = A + 65C (i) 

3*73 = A + 115C (2) 

Subtracting — *40 = — 50C 


but 


Substituting for C in 

whence 

and 


(I) 


C = 
b = 


— „ 
50 " 

* 43432 > 

C 

•4343 " 


— 008 


.008 

■4343 


•0184, 


2*13 = AH- (-1*195) 

A = 1-325 

a = antilog of A = -2113 

fl "21 13^*"*^^^^^ 
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Laws of the Type y z=z a + bx + — Suppose that given 

values of x are plotted against those of y and instead of the straight 
line a fairly well-defined curve suits them best. The curve is 
most likely to be a portion of some parabola, if not of the types 
of the two previous paragraphs. Its equation may then be of 

the form y = a -\-bx + cx^ + dx^ , any terms of wliich 

may be absent. Tliis case thus includes types already discussed 
(e.g., y = a + 6%^, and y = a + dx^). If nothing is stated to the 
contrary, and it is thought that the curve is some form of parabola, 
it is usually sufficiently accurate to assume as its equation — 

y z= (2 + + cx^. 

In this equation there are three constants a, h and c; and to 
determine them in any case three equations must be stated. 

If, then, the equation is to be of this type, plot the given values, 
sketch in the best smooth curve to pass well amongst the points, 
and select three convenient points on this curve : the three equa- 
tions can now be formed and solved in the manner indicated in 
Chapter II. If possible, one point should be on the y axis, for 
then X = 0 and y = a -\-’0 + o; or the value of y is such that 
the value of the unknown a is found directly. 

Example 6, — Readings were taken as follows m a calibration of a 
thermo-electric couple : — 


Temperature C.° (T) . 

0 

490 

840 

1003 

E.M.F. (microvolts) (E) . 

0 

3152 

5036 

5773 


Find (a) a formula connecting E and T in the form — 

E = a -f + oT^ 

and hence (6) an expression, enabling values of T to be calculated 
from any value of E. 

The plotting of the values from the table is shown m Fig. 236. 
Selecting three sets of values — • 

E = — 150 when T — o ^ 

E = 2600 when T = 400 V 
and E — 5800 when T = 1000 i 

a — — 150 {for — 150 = a + o -f 0} 


5800 *= — 150-1- 10006 -f io®c (i) 

2600 = — 150 •+• 4006 -f 16 X lO^C (2) 


Multiplying (i) by 4 and (2) by 10 and subtracting — 
23200 = — 600 -t- 40006 4- 4,000,000c. 
26000 = — 1500 + 40006 -f 1, 600,000c 
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Subtracting — 


Substituting in (i) — 


— 2800 = 900 + 2,400,000c 

_ ■ : 3. 7 00_.. ^ e 
2,400,000 

C 00154 

5800 + 150 == 10006— 15^0 


whence b = 7-49. 

E == — 150 + 7*49T — -GO I 54T^. 



To find an expression for T, solve the quadratic — • 
*00154X2 — 7-49T 4 - (150 — E) = o. 

Thus— T = 7~49 ± Vsb - -00616(150 -~E) 

•00308 

= 2430 ± 325^55-08 + -ooeieE. 


Equations of Types other than the Foregoing'. — Very occa- 
sionally one meets ■with laws in the form y = a-j- bxi", y = b{x a)’', 
y = fl. -f- be”^, or y = axV‘. These may be dealt with in the 
following manner ; — 

(a) Type y = a bx<*. 

This may be written : y — a = bx^ or Y = bocn 
and is of the type already discussed ; but for the change from the 
one form to the other to be effective, the value of a must be known. 
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a is the value of y when x = 0, so that if possible the curve 
with y plotted against * should be prolonged to give this value ; 
and it is worth while to sacrifice the scale to a certain extent to 
allow of this being done. 

Otherwise select two points on the curve, draw the tangents 
there, and measure their slopes. Let the slopes be and when 
X has the values and x^ respectively. 

Then n, b and a can be calculated from — 

log Si— logsa \ 
log a?!— log Xz~^ 

Vi — 



ip) Type y = b{x + «)». 


li X = X a, then y = fiX", a standard type already discussed. 
When y = o, x a = o or x — — a, so that the value of x 
where the curve crosses the x axis is — a. Values of b and n can 
then be found in the ordinary way. 

An alternative, but rather tedious, method is as follows : — 
Select three sets of values of x and y, viz. x^, x^, x^, and y^, y^ 
and y^. 


Then let — 
and 


Y = yi — ya 
log yi - log ys 

A == ^°g (^1 + g) — log (^2 + a) 
log (xi + a) — log (Xs -ha) 


Then Y = A, because log = log i + n log (x^ + a) 

log ya — log J + « log (%2 + a) 

log ys = log & + n log (xg + a) 


Whence by subtraction — 

log yi — log ya = «{log (xj, + a)— lag (xg -f a)\ 
and log yi — log y^ = njlcg {x^ + a) — log ^^^3 + a)] 
{By division n is ehminated.} 


For various values of a plot values of (Y — A) until this equals 
o ; thus the required value of a is found : and values of n and b 
can now be obtained by logarithmic plotting, 

(c) Type y = a + be”^. 

Plot y against select two points on the curve and draw the 
tangents there : call the slopes of these and Sj. 
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Then — ■ 


n = 1 nlog-^2 

■4343(^1 — *2) 
b = ^ 
a = 


(d) Type y = ax^z”*. 

The method of dealing with this form of equation will be demon- 
strated in the following examples : — 


Example 7. — ^Assuming that the loss of head A in a unit length of 
pipe in which water is flowing with a mean velocity v can be expressed 
in the form — 

h s= 

find the numerical values of c and n expressed in feet and second units 
for a pipe of diameter and 28 ft. long, using the experimental data 
of the annexed table 


Loss of head in feet 

•58 

1-064 

1-635 

Discharge in lbs ./min. 

1550 

2138 

2690 


The corresponding values of h, i. e., loss per foot, will be found by 
dividing the first line in the table by 28, and are *0207; *0381 ; ‘0584 
respectively* 

To find the velocity — 

1550 lbs. per min. == - — cu. ft ./sec. 

00 X 02*4 

= ‘415 cu. ft. /sec. 

Area of 4" diam. pipe = *0873 sq. ft. 

Velocity = = 4-75 ft./sec. 

Similarly, when Q = 2138, v = 6-54, and when Q = 2690, v = 8-22. 
Now — h = 

log^ ==logc+ wlog(i f *33331 

= logcH- (3 — n)logz; — n X 1*5228 tlog i = 1*5228/ 
= log^H- (3 — n)logt;+ *477^^ (i) 

Selecting two convenient points on the curve shown in Fig. 237, 
which is obtained by plotting h against v — 

h = *03 when v == 5*8 
h = -047 when v = 7*3 

and substituting in (i) we have the equations — 


2*6721 = log c + (3 - M) X *8633 + *477’^ (2) 

2*4771 = log c + (3 - w) X -7634 -h *477^ (3) 
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Subtracting -195 = (3 — ■w) *0999 

= -3 — -IM 

•in == *3 “--195 = '105 
n — 1*05. 

Substituting in. (2) — 

2-6721 = log (i*95 X -8633) + (-477 X ' 
= log c 4- I -682 -f ‘50 1 
log C ^ 4*489 
c = -0003083 

2 ; 1-95 

Hence — h = -0003083—— 

^ 1-06 



Alternatively, we might have proceeded from (i) in the following 
manner: Plot log A against logt^; find the slope of the resulting 
straight line, this being the value of 3~w; find also the intercept on 
the vertical axis through o of the horizontal scale which gives the 
value of log c — « log m which everything is known except c, and 
then calculate the value of c. 

Example 8 . — During experiments on the loss of head in a 6 " diam. 
pipe on a measured length of 10 ft. the following observations were 
made : — • 


Experiment 

Quantity 
(Gals per mm ) 

Loss of head 
(ms ) 

I 

294 

1-72 

2 

441 

3*66 

3 

588 

6-14 

4 

735 

9*18 
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Assuming that the loss of head in feet per foot run = 
+ w = 3, hnd values of n, fx and m. 


fxV^ 


and that 


m + ^ 
m == 


3 

fxV^ 



d = 6 '^, area = -196 sq. ft. 

294 gals, per min. = cu. ft. per sec. 


Hence- 


=s *785 cu. ft. per sec. 

“ 78 K 

velocity = 4 ft. per sec. 


Similarly — 


Q 

294 

441 

58S 

735 

V 

4 1 

6 

8 

10 


Each value of loss of head (in ins.) must be divided by 10 x 12 to 
bring it to feet per foot, so that our final table reads 
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Plot h against v (Fig. 238) and select two convenient points on the 
graph, viz. — 

t; = 5, =: -ozz) 

V = 8*5, h = ‘057J 

f ^ ^ 

Now— h = 4 log = I -699 

L =—.301 

log h = log tK-]- n log v + (w ~ 3) log d. 


Substituting the above values — 

1*7559 = log ft + *9294^ + (3 “ X *301 
2-3424 = log ft + -699^ + b — X *301 


Subtracting — 


•4135 •2304>t 


n 


"4135 

-2304 


= 1-8. 


Substituting in (i) — 

2-7559 = log ft + 1*672 + *361 

log /i = 4-723 

/, ft = -0005284 

^1-8 

Hence — h = -000528^^7^ 


(1) 

(2) 


Exercises 42. — On the Determination of Laws. 

[In the following exercises it should be understood that finding 
the law ** means finding the constants in the equation.] 

1. Find the law to express the following results of a test on an 
arc lamp, in the form — 

W = w 4- nA 

where W = watts == volts x amps. 


V (volts) . 

65 

72 

62 

68 

64 

66 

4 

cb 

'O 

A (amps) 

8-5 

5 

9-2 

8 

9*0 i 

10-5 

6-5 


2. The law connecting ft and v, for the following figures, has the 
form— 

fji a-\- hVv. 

Find this law, which connects ft the coefficient of friction between 
belt and pulley, with v the velocity of the belt in feet per minute. 


V 

500 

1000 

2000 

4000 

6000 


•29 

•33 

•38 

•45 

•51 
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3, The workixig loads for crane chains of various diameters are 
given in the table. Find a law connecting W and d of the form — 

W == a + hd^. 


Diam. d 




f 

i 

i 

I 

Load on chain W (tons) 

*20 

•45 

•8i 

1 1-27 

1-83 1 

2*49 

3-25 


4 . Bazin gives the following results on the « discharge over a weir; 
H being the head and m being a coefficient : — 


H 

•164 

•328 

•656 

00 

o^ 

1*312 

1*64 

m 

00 

•432 

•421 

*417 

•414 

•412 


If m ~ a 4- ij, find the law connecting m and H. 


5 . The table of allowance for the difference I between the hypo- 
tenusal and horizontal measurements per 66 ft. chain in land surveying 
is given for various angles of slope a : — 



5 

6 

7 

8 

9 

10 

15 

20 

25 

30 

35 

40 

1 (links) . 

•^1 

•6 

•7 

I 

1*2 

1*5 

3*4 

6*0 

9*4 

I 3'4 

i8*i 

23-4 


The connection between I and a can be expressed by a law of the 
form I == Find this law. 


6. The following table gives the weight W of cast-iron pedestals 
for various diameter of shaft d ; — 


d (ft.) . 

i 

‘ 

i 

i 

i 

I 

2 

W (lbs.) 

18*005 

18*017 

18-138 

18*464 

19*1 1 

26 


Find a law of the form W = ad^ + 6 to connect W and d, 

7 . The results of experiments at Northampton Institute with model 
aeroplanes were as follows : — 


Space (ft.) * 

I 

2*4 

4*4 

6 

7*6 

11*2 

15-6 

20*4 

Time (secs.) 

1 *2 

*4 

•6 

*7 


1*0 

1*2 

1-4 


Find the law connecting S and t in the form S = 

8. Find a law connecting horse power H with speed v in the form 
H = av"^, the following values being given : — 


V 

20*1 

24-9 

30*2 

H 

1054 

2135 

3850 
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9 . Given the following values of torque T, and angle of twist 6, 
find a law connecting these quantities in the form T = a6^. 


T (lbs. in.) 

800 

850 

900 

950 

1000 

1050 

1100 

1150 

1200 

S (degrees) 

10*4 

12-53 

15-41 

19*2 

23-67 

29-28 

! 35-58 

42-49 

51*2 


If d — diam. of rivet, i = thickness of plate, and d = find 
values of a and n to agree with the figures : — 


t 

A 

1 


A 

f 

i 

i 


I 

d 

I-H-I 

i 


i 

U 

I* 



li 


11 . The following are results of a test on a Marcet Boiler : — 




320 

315 

311 

307-5 

303 

300 

297 

293 

287 

281 

277 

Gauge pressure 

00 

00 

80 

75 

70 

64 

60 

55 

50 

45 

40 

35 


271 

265 

258 

251 

244 

240 

30 

25 

20 

15 

12-5 

10 


Find a law connecting the absolute temperature r 460) and 
the absolute pressure p (gauge + 15) in the form r — ap'^. 

12 , h and v are connected by a law of the form h — Find this 

law if corresponding values of h and v are as in the table ; — 


V 

8-04 

11*67 

14-43 

17-41 

19-90 

h 

3*03 

6*11 

9*07 

12*21 

15-62 


13 . As a result of OdclFs experiments on the torque required to 
keep a paper disc of diam. t.z" rotating at various speeds we have the 
following : — 


Torque T (lbs. ins.) 

•33 

•56 

-875 

1-29 

1-76 

2-4 

R.P.M.(>z) . . . 

400 

500 

600 

700 

800 

900 


Assuming that T = an”^, find the values of a and m. 

14 . The following figures were obtained in a calibration test of the 
discharge of water through an orifice : — 


Head H . 

2*2 

1*8 

1*4 

i*i 

-8 

*6 

Quantity Q 

8-9 

8-03 

7-23 

6*4 

5-5 

4-85 


The law connecting H and Q has the form Q = aH". Find this law. 
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15 , Find a law, of the form v =* connecting the values : — 


H 

25 

40 

60 

100 

150 

250 

350 

V 




2238 

2740 

3535 

4180 


16 , I and t are connected by a law of the form I = + b. Find 

this law when corresponding values of I and t are : — 


t 

1-87 

1*76 

1-67 

i-6r 

1-49 

1-27 


•79 

1 

34*5 1 

30 

28 

25 

21 

16 

12 

6 


17 , The resistance R of a carbon filament lamp was measured at 
various voltages V, with the following results : — 




64^ 

66 

68 

70 

72 

74 

76 

78 


73 

72-7 


Qi 


70-4 

70-1 

697 

69*2 


80 

82 

84 

86 

88 

90 

92 

94 

68-3 

68*4 

67-7 

67-2 

67*2 

66-6 

66-3 

66-2 


Find the values of a and b in the equation R = 

18 , The following are results of a test on a loo-volt carbon filament 
lamp. Find values for a and b as for Ex. 17 above. 


V (volts) . 

54 

60 

^5 

70 

75 

80 

85 

90 

95 

100 

A (amps) 

•67 

•77 

•86 

•94 

1*04 

l-il 

1*21 

1-3 

1*4 

1*5 


(Values of R must first be calculated from R = Y ^ 

19 . The difference between the apparent and the true levels owing 
to the curvature of the earth are given by — 


Distance in\ 
feet d J 

300 

600 

900 

1200 

1500 

1800 

2400 

3000 

3900 

Difference of\ 
level h (ins.)J 

1 

•026 



•41 1 

*643 

*925 

1-645 

2-57 

4*344 

1 


Find a law for this having the form h = Kc?”. 

20 . If pv^ = C, find n and C from the given values : — 


V 

I 

2 

3 

4 

h 

p 

205 

114 

80 

63 

52 
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21 , y and x are connected by a law of the form y = ax^ 4- hx 4- c. 
Given that — 


X 

0 

4 

10 

y 

X 5 

i6*8 

18-75 


find values of a, h and c. 

22 . Coker and Scoble give the following results of a test on a thermo- 
electric couple : — 


Hot junction temp, T (C.®) 

0 

327 

419 

657 

E.M.F. E (millivolts) 

-015 

3-84 

4*5 

6-32 


Find the coefiicients in the equation E = a4-Z)T4-cT®. 

23 . Find a law connecting E and T, in the form E — a4-&T-l-^?T^ 
for the case in which — 


T 

0 

490 

0 

00 

1003 

1283 

E 

0 

3*152 

5-036 

5*773 

6-382 


24 . The results of some experiments by Edge with a Napier car 
were — 


Area of wind-reO 
sisting surface [ 
A (sq. ft,) J 

42 

38 

34 

32 

28 

24 

22 

18 

16 

12 

Speed V in m.p.h. 

47-9 

52-9 

54 

55 5 

57-6 

62-5 

64-2 

70*3 

75 

79 


The law fitting these results has the form A = ; find 

this law. 


25 . Given the equation R = a4-6V4-cV2, and a table of the 
corresponding values of R and V, find the values of a, b and c. 


R 

0 

9-3 

21 

35 

V 

16 

14 

12 

10 


26 . The velocity of the Mississippi river was measured at various 
depths with the results : — 


Proportional depth\ 
D below surface J 

0 

•I 

•2 

•3 

•4 

*5 

■6 

Velocity (ft. per sec.) 

3*195 

3*23 

3*253 

3-261 

3-252 

3-228 

3-i8i 






•7 

•8 

•9 






3-127 

3*059 

1 

2-976 


If V and D are connected by a law of the form v = a4-feD4-^^D*, 
find this law. 

£ £ 
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27 . Find values of a and b in the equation y — ai‘’‘ for the following 
case : — 


X 

I 

1*5 

2 

2-5 

3 

3-5 

4 

4-5 

y 

13-28 

15-04 

17-53 j 

' 19-80 

23-11 

26 

30-5 

34-4 


In Exercises 28 to 30 the law is T = 2oe'*®. 


28 . 


29 . 


80 . 


T 

22-2 

24‘66 

28-86! 35-56 

e 

•524 

1-047 

1-833 j 2 -880 

T 

23-4 

27-38 

34-66 

47-44 

e 

•524 

1-047 

1-833 

0 

CO 

cp 


T 

24*66 

30-42 

41-64 

63*26 

e 

-524 

1-047 

1-833 

2 - 88 o 


Find fi. 


Find fi. 


Find ft. 


31 , Find values of a and b in the equation y = ae*’* when values of 
y and x are as in the table : — 


X 

2*30 

3-10 

4 

4-92 

5-91 

7-2 

y 

33 

1 

39-1 

50-3 

67*2 

85-6 

125 


32 . The following particulars were obtained from an experiment on 
the flow through a V notch. Determine a formula connecting the 
quantity Q with the head H for the notch (Q = aH”) — 


Quantity (cu. ft. per sec.) 

1*12 

-88 

•72 

-17 

Head (ft.) 

•900 

*815 

-757 

*422 


33 . The given values of x and y are connected by a taw ol the form 

^ ~ a+bx 


X 

6 3 

75 

8 

y 7 

10 

12 

y 

8 9 

21 42 

40 

— 31*2 

—■25 3 

— 12 


Determine this law. 









CHAPTER XI 

THE CONSTRUCTION OF PRACTICAL CHARTS 

It has been seen that the correlation of two variables consti- 
tutes a graph. If two or more interdependent variables are plotted 
on the same axes so as to solve by intercepts problems of all con- 
ditions of related variability, the result is a chart. Charts may be 
classified as {a) correlation charts or graphs, (&) ordinary intercept 
charts, or (c) alignment charts. 



Correlation Charts may be regarded as forms of the graphs 
already treated, but specially adapted for particular circumstances. 
The modification m the construction of the graph frequently con- 
sists of the substitution of a straight line in place of a curve, the 
former being far the easier to draw, and when powers occur, this 
necessitates logarithmic plotting. 

Example i. — Construct a chart to read the fifth roots of all numbers 
up to lOO. 

Along OX and OY in Fig. 239 mark out log scales, using the B scale 
of the slide rule for both directions. The scale of numbers being along 
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OX, extend tMs axis to show loo at its highest reading. Set ofi 
OA sa 5 units, say and set off AB « x unit, t. e., J". Join OB 
and produce to C. 

Then to find the fifth root of 38, erect a perpendicular through 38 
on the horizontal scale to naeet OC and p^ject horizontally to meet 
OY in D, i. e,, at the reading 2-07 ; then V38 = 2*07. 



The value of the exponent is thus the slope of the line, and 
hence this method can be used to great advantage when the pcwer 
is somewhat awkward to handle otherwise. 

Example 2. — In calculating points on an expansion curve, it was 
required to find values of v ranging from 1 to 30. Construct a 

chart by means of which the value of for any value of v within 
the given range can be determined. 
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In Fig. 240 draw the axes OX and OY at right angles, and starting 
from I at the point O set out log scales along both axes ; the same 
scale of the slide rule being used throughout. 

Make OM = i unit of length and MN = 1-41 units of length 
(i. e,, actual distances) : join ON and produce to cover the given 
range. Then for z; == 5, method of obtaining this value 

being indicated on the diagram. 

If it be desired to have a more open scale along one axis, allow- 
ance must be made in the following way : — 

Referring to Example i, suppose that the B scale of the slide 
rule is used for the scale of numbers and the C scale of the rule 
for the scale of roots. Then the slope of the line OC^ (Fig. 239) 
must be made = f and not The scale for roots for this case is 
shown to the left of the diagram, viz., along OiY^. 

Ordinary Intercept Charts. — A combination of two or 
more graphs is often of far greater usefulness than the separate 
graphs, since intercepts can then be read directly and from the one 
chart. 

Intercept charts may take various forms, and the following 
examples illustrate some of the types : — 

Example 3. — Construct a chart to give the horse-power transmitted 
by cast-iron wheels for various pilches and at various speeds. The 
speeds vary from 100 to 1500 ft. per min. and the pitch from J in. 
to 4 ins. 

Working with the units as stated, and allowing for the whole 
pressure to be carried by any one tooth at a lime, the formula reduces to 


V 

This formula might be written as IJ “ p-x - or H = - — x V, so 

^ ^ 110 no 

that if p is constant — H oc V 

or if V IS constant — H cc p‘^ 

We may thus draw on one diagram (see Fig 241) a number of 

4 V 

graphs : for on the assumption that ^ = 2, say, II = = •0364V, 

and this relation may be represented by a straight line. By varying 
p other lines may be obtained, and as they are ail straight lines passing 

through the origin (for H = o when V = o) only one xioinl on each 

need be calculated, though as a check it is safer to make the calculation 
for a second point, 

E. g., when jt) == and V = 440, H = i, giving a point on the line. 
Plot values of V vertically and H horizontally. Join the origin to the 
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poiat for which H = i and V 440 and produce this line to cover the 
given range. Indicate that this is the line for pitch = i". 

For p ^ 'Z*' and V = 440, H == 16. 

Hence join the origin to the point (16,440); produce this line and 
mark it for p = 2^. By two simple calculations in each case a number 
of such lines may be drawn, say for each difference of pitch. 

To use the chart , — ^To find the H.P. transmitted when the pitch is 
3^"^ and the velocity is 560 ft, per min. : Draw a horizontal through 
560 on the V scale to meet the sloping lino marked p == 3 J'", and project 
from the point so obtained to the scale of H, where the required value, 
viz., 54, is read oh. 


1500 


12oq 

1100 

>tooo| 

O90oj 

^70oj 
^600 I 
500 
400 
500 
Boo 

iOO 



io 50 50 70 90 120 f 40 /GO /60 

Fig. 241. — Chart giving H.P. transmitted by Cast-iron Wheels. 


2cx> 


Again, if the pitch is what speed is necessary if 3J H.P. is to 
be transmitted? Draw a vertical through 3*5 on the H scale to meet 
the line marked /> = and project to the vertical scale, meeting it 
in V = 125, 

In an exactly similar fashion a most useful chart might be con- 
structed to give values of the rectangular moments of inertia for 
rectangular sections of various sizes. Since I (moment of inertia 
of a rectangular section) = then I cc 6 if is constant. Then 

for each value of h a straight line can be drawn, and the chart can 
be used in the same way as before. 

Example 4.— Construct a chart to give the diameters of crank shaft 
necessary, when subjected to both bending and twisting actions, the 
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greatest stress allowable in the material being 6000 lbs. per sq* in. 
Given that — 

Equivalent twisting moment = = M-h 

and also 

where / “ 6000 and D == diam. of shaft in inches. 

Although there are three variables, viz., M, T and D, one simple 
chart suffices; it being constructed in the following manner: — 

Referring to Fig. 242, select an axis OY near the centre of the page, 
and along this axis set out the scale of torque in lbs. ins. Along the 



horizontal axis OX indicate a scale for diameters, taking the maximum 
value as 6*5'^. Two of the three variables may be combined by the 
following device : Suppose T = 75000 lbs. ins. and M = 125000 lbs. 
ins.; then set off along OP a distance to represent T, using the same 
scale as along OY; make OL to represent M. With centre L and 
radius LP strike an arc to cut OY in R. Then OR = 1 %, since — 


OR = OL-f LR = OL+LP 

= OL+ V(LO) 2 + (OP)a 
= M+ VM^+T* = Te. 


Now T« and D are connected by an equation which can be repre- 
sented by a curve, and — 
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For this curve the plotting table is — 


D 

I 

2 

3 

4 

5 

6 

D® 

I 

8 

27 

64 

125 

216 

Te = II76D3 

1176 

9420 

31800 

75300 

147000 

254000 


By plotting Te against D complete the chart. 

For use : let it be asked what diameter of shaft is required which 
is to be subjected to a bending moment of 125000 lbs. ins. and a twisting 
moment of 75000 lbs. ins. 

Set off OP = 75000 and OL ~ 125000 : with centre L and radius 
LP strike the arc PR. Draw the horizontal through R to meet the 
curve and thence project vertically to the scale of D, where the diameter 
is read as 6’i2 ins. Again, if M == 20000, and T ~ 30000, then D — 3-57, 
the method of obtaining this value being as before. 

. A chart representing an equation similar to that in Example i 
might be constructed in a slightly different and better manner; 
thus : — 


Example 5. — Construct a chart to show the quantity of water flowing 
through pipes of various diameters, the velocity of how also varying. 


Let Qi quantity in cu. ft. per sec. = area in sq. ft. x velocity of 
how in ft. per sec. 

then Qa = quantity in cu. ft. per min. = 60Q1 

and Q = quantity in lbs. per min. = 60 x 62*4 x area in sq.ft. 

X velocity in. ft. persec. 

so if the diameter is given in inches and the rate of how in ft. per sec. — 


Q 


— X 62-4 X area X velocity _ 60 x 62*4 x Trd^v 


144 


4 X 144 




where d == diam. of pipe in inches, and v = velocity of flow in ft. per sec. 

We will assume a maximum diameter of 6 ms., and a maximum 
velocity of 10 ft. per sec. 

Draw two axes at right angles in Fig, 243, the vertical axis being 
in the middle of the horizontal. Along OXi indicate a scale of diameters, 
the range being o to 6, and along OX indicate a scale of quantities, the 
range being o to 7500, to include the maximum value of Q, viz. 7350, 
the value of the product 20*4x6^x10. Along OY set out values of 
20*4^^ the maximum value being 20-4x36=735; and draw the 
curve having the equation y = a table for which is : — 


d 

0 

1 

2 

3 

4 

5 

6 

2 o* 4 d^ 

0 

20-4 

81-6 

183-6 

326 

510 

735 


thus obtaining the curve OA. 
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In the right-hand division of the diagram lines must be drawn of 
various inclinations, the slopes depending on the values given to v. 

E, g.f if V 2, when the value of y {i. e,, 20^d^) is 500, the value 
of Q is 1000, therefore join the origin to the point for which Q =s-iooo, 
y == 500, and mark this as the line for t; == 2. The diagram is com- 
pleted by the lines for i; — i, 3, 4 10. 

l/se of the chart , — ^To find the discharge when the pipe is 2 Y diam . 
and the velocity of flow is 5 ft. per sec. : Erect a perpendicular from 
on the d scale to meet the curve OA; then move across on the 
horizontal till the line for ty == 5 is met ; and a vertical from this point 
on to the scale of Q gives the required value, viz. 637 lbs. per min. 



Fig, 2/j3. — Chart to give Quantity of Water flowing through Pipes. 


Again, if the quantity is 3000 lbs. per min. and the velocity is 
g ft. per sec , to find the diameter : Erect a perpendicular through 
3000 on the Q scale to meet the line marked u = g : draw a horizonlal 
through this point to cut the curve, and finally drop a perpendicular 
on to the scale of diameters. The diameter required is seen to 
be 4'^. 

If desired, the scale of Q may be modified to show values of Qj 
(cu. ft. per see.) or (cu. ft per min.). 


Example 6. — The weight in lbs. of a cylindrical pressure tank with 
flat heads (allowing for manhole, nozzles, and rivet-heads) may be 
expressed, approximately, by W = loDT(L-f-D), where L — length in 
feet, D = diam., in feet, and T == thickness of shell in sixteenths of an 
inch. Construct a chart to show weights for tanks of any diameter 
up to 5 ft. and lengths up to 30 ft.; the maximum thickness of metal 
to be 
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Let W ^ ioDT(L+D) - W^T, L i?., Wi - ioD(L+D). 

On the left of the diagram (see Fig. 244) no notice is taken of the 
thickness, i. e., is plotted against (L+D) for various values of D. 
A number of straight lines result, since Wi^c (L 4 -I>). 

Along 0X1 indicate the scale from o to 35 for (L+D), and along 
OY the scale for Wi from o to 1750. The scale along OX will be that 
for W, the maximum value required being 8x1750, i. e., 14000 lbs. 

For the left-hand portion , — Suppose D = 2, then for L = 30 

Wi == I 0 X 2 X (30 + 2) — 640. 

Join the origin to the point for which. (L+D) — 32 and Wi — 640, 
and mark this as the line for D = 2. Proceed similarly for other 
values of D. 



For the right-hand portion , — Suppose T = Y * 

When — Wi = 1000, W == WjT = 1000 X 8 = 8000. 

Join the point for which W ~ 8000, W"! — 1000 to the origin, and 
mark this as the line for T = Y* Hraw lines for T = J", Y » ^tc., in a 
similar manner. 

To use the chart . — Let it be required to find the weight of a tank of 
Length 18 ft. and of diameter 4 ft., with thickness of shell 

Here (L+D) = 18-H4 = 22. Hence erect an ordinate through 22 
on the scale of (L+D) to meet the line for D — 4; draw a horizontal 
to meet the line for which T == then project to OX, and the value 
of W is read ofi as 5250 lbs. 
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Again, what will be the length of the tank, of diameter 4^ ft., the 
thickness of shell being i", and the weight 7000 lbs, ? 

Erect a perpendicular through 7000 on the scale of W to meet the 
sloping line for which T =1 i", and draw a horizontal to meet the line 
for which D = 4-5. A perpendicular through this point cuts OXj in 
the point for which L+D = 38-5, but as D = 4-5, then L must = 34 ft. 


Example 7. — ^The next chart involves a considerable amount of 
calculation, which, however, once done serves 
for all cases. We wish to find the volume of 
water in a cylindrical tank for various depths 
and various lengths. 

Preliminary calculation , — Let the depth of 
the water be h (Fig, 245). 


Then OC^r 
1 ft,, I — A. 


Let— 

E. g., for 


A, or, taking the radius as 
i — A 


Z.DOC then cos - 
2 2 


= I 



A == -I, 

e 

2 


e 


cos - ~ I— •! 
2 


9 = cos 25” 50 
25^ 50', i, e,, <9 = 51^40' 


Now, the area of the cross-section of the water = area of segment 

= j (^-sin ff) 

— ^~~~sin 6 
2 


where 6 is expressed in radians — 

i, e., 6 (radians) 


e 

57*3 


(degrees) 


Hence our table, giving areas of cross-section for different heights, 
may be arranged as follows ; A being expressed as a fraction of the 
radius — 


A 

e 

cos - 
2 

B 

2 

B ^ 

B 

(radians) 

sin B 

6 - sin B 

Area 

0 

I 

0 

0 

0 

0 

0 

0 

•2 

•8 

36°52' 

73‘'44' 

1*287 

•960 

•327 

*164 

•4 

•6 

53“ 8' 

106° 16' 

1-855 

•960 

•895 

•4^8 

•6 

'4 


132^50' 

2-310 

•733 

1-583 

•792 

*9 1 

-I 

84 °i 5 ' 

i68°32' 

2 *94 

•199 

2-741 

1*371 

1*2 

— •2 

iox°32' 

203° 4' 


— 392 

3-837 

1*919 

^*5 

— 5 

120° 

240° 

4*iM 

— 866 

5-052 

1 2*526 

1*7 

-•7 

I34°26' 

268‘"52' 

4*70 

— 999 

5-699 

2*85 

2-0 

-I I 

180“ 

1 

360^ 

6*284 

1 

0 

6 284 

3-142 




428 MATHEMATICS FOR ENGINEERS 

Plot a curve with h horizontally and areas vertically, as in Fig. 246, 
Now volume ~ area x length 

and for a length of 10 ft. and area 3 sq. ft. the volume = 30 cu. ft. 
Hence join the origin to the point for which V = 30, A = 3, and mark 
this as the line for ^ = 10. Add other lines for different values of I as 
before. 

If the chart is to be made perfectly complete, a number of curves 
must be drawn in the left-hand portion, one for each separate value of 

the diameter. For diam. = 4 ft., ordinates of the curve would be 



Fig, 246. — Chart giving Volume of Water in Cylindrical Tanks 

e., four times those of the curve for = 2 as already drawn. This 
tends to cramp the scale, so that it is preferable to work from the one 
curve and to multiply afterwards, remembering that the variation 
will be as the squares of the diameters. 

E. g., if diam. = 2 ft., h = -46 ft., and / = 5 ft., then vol. = 2-7 cu. ft., 
the lines for this being shown on the diagram. 

But if the diam. = 6 ins., h = -46 x radius, and / ~ 5 ft., then — 

vol. = 2-7 X (D* 

*169 CU. ft. 

Again, if ^ = 1-72 x radius, diam. — 5 ft., and length =s 16 ft., to 
find the volume proceed as indicated on the diagram. The volume for 
2 ft. diam. is 45*6, so that the volume for 5 ft. diam. — 

«= 45-6 X (|) == 285 cu. ft. 
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The following construction may reasonably be introduced as a 
chart : — 

Example 8. — Resistances of 54 and 87 ohms respectively are joined 
in parallel ; what is the combined resistance of these ? 

This question may be worked graphically in the following manner — 

Draw OA and OB, Fig, 247, lines making 120® with one another. 
Along OA set off a distance to represent 54 ohms, thus obtaining the 
point E, and along OB set off OF to represent 87 ohms to the same 
scale. Bisect the angle AOB by the line OC. 



Fig. 247. 

Join EF to intersect OC at D. Then OD measures, to the same 
scale as that used along OA and OB, the combined resistance, and it 
IS found to be 33*2 ohms. 

Alignment Charts ^ — In these charts two or more variables 
are set out along vertical axes, which are so spaced, and for which 
the scales are so chosen, that complicated formulae may be evaluated 
by the simple expedient of drawing certain crossing lines. Then 
for the same connection between the variables, one chart will give 
all possible values of all of them witliin the range for which the 
chart is designed. Thus transposition and evaluation of formulae 
become unnecessary; and, in fact, the charts can be used in a 
perfectly mechanical manner by men whose knowledge of the rules 
of transposition is a minimum. 

Referring to our work on straight hne graphs, we see that the 
general equation of a straight line is Y = ayi+b. By suitably 
choosing the values of a and b we may write tins equation in the 
form AX+BY = C; and it is with the equation in tins form w^e 
wish to deal. 

Plotting generally is to most minds connected inseparably with 
two axes at right angles : that is certainly the easiest arrangement 
of the axes when two variables only are concerned. Suppose, 

For fuller treatment of these charts see Eine Charts for Engineers, 
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now, that three, four, or even eight or nine variables occur; then 
our method fails us, and in such a case it is found that vertical 
axes only can be used with advantage. 

It is not our intention to fill the book with alignment charts, 
for examples of these intensely practical aids may be found in the 
technical periodicals; what is intended is that the theory of the 



charts should be grasped, so that any one can construct a chart to 
suit his own particular needs and conditions. 

Let us consider firstly the simplest case, viz. x-f-y = c, or, 
as we shall wnte it, u-^v = c {u and v being adopted for the sake 
of clearness, since both the u and the v axes are to be vertical, 
whereas axes for x and y are horizontal and vertical respectively) . 

Draw two verticals AE and BF (Fig. 248) any convenient dis- 
tance apart, and let AE be the axis of « and BF be the axis of v. 
Draw also the horizontal AB, which is to be the line on which the 
zeros of the scales along the u and v axes lie. 

Assume some value for c and calculate values of u and v for 
two cases ; set ofiE along AE these values of « to a scale of units 
per inch, and along BF these values of i; to a scale, say, of units 
per inch. Let AH represent the value of u when v has the value 
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represented by BK, and AM the value of « corresponding to the 
value of V represented by BN. Join HK and MN to intersect at G, 
and through G draw a vertical GC, which will be referred to through- 
out as the mtd-vertical. 


Then — AH represents the first value of «; call it u-^', 

and BK represents the first value of call it 

Similarly AM and BN represent and respectively, and since 
u-j-v = c for all values of u and v, = c and == 

AH, AM, BK, and BN are actual distances on the paper, hence 
ZjX AH = «i, ZjXAM = «2, Z^xBK == v^, and /jXBN = v^. 


Substituting in the equations = c and «2+»2 = 

(ZiXAH) + (ZgXBK) = c (i) 

and (/iXAM) + (/aXBN) = c (2) 

From the figure — AH = AM-f-MH (3) 

BK = BN-NK (4) 

By multiplication of (3) by and (4) by we obtain the 
equations — 

AHx/i= (AMxZi) + (MHx/,) (5) 

BKxZ 2= (BNxZa) - (NKx/2) (6) 


By similar figures — 

MH _ AC 
NK “ CB’ 


whence NK = 


MHxCB 

AC 


(7) 


Add equations (5) and (6), then — 

(AH X Zi) + (BK X /a) = ( AM x ZJ -f (MH X Zj) + (BN x Zg) - (N K x Z2) 
and by substitution for NK its value found in equation (7) — 
(AHxZi) + (BKxZ2) = (AMxZJ + (MHxZi) + (BNxZ2) 

= (AMxZi)-f(BNxZ2)+MH(z, 
i e,, by substitution from (i) and (2) — 


AC 


X /o 


c+Mh(Zi-^xZ2) 


( CB \ 

Z^ — AC^^v equal zero, so that either — 

MH = 0 or Zj- 


-^®xz 
AC 


0 , 
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Accordingly, since MH is not zero — 

I -^xl 
AC^ * 


Let the lengths AB, AC and CB be represented by m, and 

77Z I 

wia respectively, then equation (8) may be written == 

AJso- ;,+i, - - fe±2il);, = Vlh 

whence — — j ~S - and by similar reasoning — = , — ^ 
m Ix+h ^ m 

Any pairs of values of « and v to suit the equation u-\-v = c 

might have been chosen, and the same argument might have been 

applied, so that as long as the scales for the u and v axes and the 

constant c remain the same, the ratio — will hold, i. e., there can 

only be the one mid- vertical. Also G will be a fixed spot, since it 
is vertically over C, and any one crossline satisfying the equation 
= c win give the position of G. The length of GC is thus 
fixed. Let it represent the constant c to some scale, say the scale 
of units per inch. A relation between I3, and I2 can now be 
found. 

GC is an actual length, representing c to the scale of units 
per inch — 

• • GC X ^8 — — Ct 
Substituting in (i) and (2) — 

(Zi X AH) -t- ih X BK) = ^3 X GC 
and {l^x AM) -f (/j x BN) = ^3 x GC. 

Calculate the value of v when « = o, and plot BL to represent 
this value ; join AL, then this fine passes through G, by the argu- 
ment already given. 

When « = o, r = c, so that BL actually represents c, 

or BLxi^a = c. 

But — GC X /s also = c 

BLx;2 = GCx/3. 

j .*.: .. .. .^1 ..A AC ^ -r.T . 


By similar triangles- 


.xBLxL 


^^xBLx/j 

m “ 


j , 

X L- 
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Now — 


or 


^ ^ h 

m /i+/a 



^1+^2 


X^a 


^3 — ^1+^2 


the scale along the mid- vertical is the sum of the scales along 
the outside axes. 

The student of mechanics may be helped by the analogy of 
the case of parallel forces. If weights of and Wg are hung at 
the ends of a bar of length Z, their resultant W3 is the sum of the 
separate weights, and acts at a point which divides the length into 
two parts in the inverse proportions of the weights. Thus, in 
Fig. 249, if C is the point of action of the resultant W3 — 



This is exactly the same kind of thing as we have m connection 
with the scales along the three axes, for we may replace Wi, Wg 
and W3 by Zg and Z3 respectively, and we get the bar loaded as 
in Fig. 249^. 

We can now proceed to the more general case, viz., that in which 
the equation is au-\-hv = c. 

Use may be made of the same diagram (Fig. 248) as that used 
for the simpler equation, viz., u-\-v — 0, To do this, however, 
the scale of u must be opened out a ” times, and that of v opened 
times; the distance BL, which formerly represented c, now 
c 

representing y since it shows the value of v when u is zero. 

Accordingly, if l\ and Z'g are the new scales along AE and BF — 

and 

^ a ^ 0 

Hence, 


the scale along GC = Z^d-Zg 

= ^Z'ld-SZ'a 


and 


1 ^2 2 

Zi al\ 


F F 
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l\ and l\ would be the actual scales used. For a general 
statement, therefore, we can regard these as lx and Zj and the scale 
along GC as W, so we sum up our results in the forms — 

mx l>l% 

Wj oZj 

where lx, h and Zg are the actual scales used. 

These results might also be summarised in the following way ; — 
If the general equation is au+hv == c, then the scale of c (along 



the mid-vertical) = “ a ” times the scale of times the 

scale of V, and the division of AB at C is such that — 

CB a times the u scale 

AC b times the v scale 

To illustrate by some numerical examples : — 

Let us first deal with the equation 4«-j-6D == 30. 

To construct a chart for this equation, draw two vertical lines, 
as in Fig. 250, fairly weU apart, say 6' (this distance being simply 
a matter decided by the size of the paper and the degree of accuracy 
desired). Number from the same horizontaJ line scales for « and v, 
and let the two vertical scales be equal in value, viz. — 

Zj = Zg = 2 (units per inch). 
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Then the mid'Vertical must be so placed that — ^ 

fft 2 

_ 6x2 _ 3 
~ 4x2 ~ 2 

m. = |xm = Ixd'" = 3-6'" 

5 5 

or the mid-vertical is 3-6" distant from the axis of u. 

Also the scale along the mid-vertical is fixed, since ^3 is given 
by i. e., Z3 = (4x2) + (6x2) = 20, or represents 

20 units. If AB is the horizontal on which the zero of the scale 
of u and also that of the scale of v lies, number from the point D 
the scale along the mid-vertical, and indicate the marking for the 
constant term in the equation, viz., 30. 

If w = 7*5, V = o, and it will be noticed that if a line is drawn 
from 7*5 on the scale of u through the point C (30 on the mid- 
vertical), it intersects the axis of v at the point B, i. 5., at the point 
for which v = o. Similarly, if v 3, then w = o, and the line 
joining 5 on the axis of to o on the axis of u passes through the 
point C. 

Hence if a value of u, say, is given, the value of v to satisfy the 
equation 4u-\-6v = 30 can be readily obtained by drawing a 
straight line through that given value of u and the point C, and 
noting its intersection with the axis of v : — e. g., to find the value 
of V when u = 3: join 3 on the axis of w to C and produce to cut 
the axis of v; read off this value of v, viz., 3, and this is the solution 
required. 

As an illustration of the fact that the alteration in the value 
of c alone alters the position of the point C on the mid-vertical 
and not the position of the mid- vertical, let us deal with the equa- 
tion 4^+6?; == 18. Working with the same scales, join 4*5 on the 
axis of to 6 on the axis of v, since if ^ = 4*5, v = o. This line 
passes through the point numbered 18 on the mid- vertical. 
To find the value of v when u — o, join 0 on the axis of u to 18 
on the mid-vertical and produce to cut the axis of v in the point 3 ; 
then the required value of v is 3. 

Example 9. — Construct a chart to read values of Mn the formula 
t = *00^11), where ^ = thickness at edge of a pulley rim, dJ = thick- 

ness of belt, and D = diameter of pulley, all in inches, d is to range 
from *1^ to and D from 3^ to 10". 

Construction of the chart (see Fig. 251). — Draw two verticals, say 
5"^ apart (as in the original drawing for Fig. 251). Let values of d be 


or 
L e.. 
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set out on the left-hand vertical. The range of d being -4^, let 4^ repre- 
sent this value, so that i"' = *i unit or -i. The range of D is 
so let sY represent this, so that x" ^ 2; units or =: 2. 

Also — a = *7 and h = *005, so that 

=* ('7X*i) ■+• (-005x2) 

= *074- *01 == -08 

i, e,, t" = *08 unit of t, along the mid -vertical. 

To fix the position of the mid-vertical — 

^ ^ _ *7X‘i _ 7 

bl^ '005X2 I 

so that the mid-vertical is J x 5", i. e., *625 from the axis of d. 



Fig. 251. — ^Alignment Chart giving Thickness at Edge of Pulley Rim. 

The zero on the t scale will lie on the line joining the zero on the 
axis of d to that on the axis of D. We are not, however, bound to 
enlarge the diagram to allow this line to be shown ; in fact, in a great 
number of cases the line of zeros or virtual zeros is quite outside the 
range of the diagram. As a matter of convenience let -i on the d scale 
and 3 on the D scale be on the same horizontal; then, since t = -085 
when d = *1 and D =« 3, this horizontal will cut the mid-vertical at 
the point to be numbered -085. The scales along the three axes can 
now be set out, and the chart is complete. 

Use of the chart , — To find the value of t when d = -5 and D = 3, 
join *5 on the d scale to 3 on the D scale to intersect the mid-vertical 
in the point *365; then the required value of t is -365- Again, if 
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D = 6 and t — *325, the value of d is found by joining 6 on the axis 
of D to *325 on the axis of t and producing the line to cut the axis of 
d in *421 ; the required value of d thus being *421. 

To carry this work a step further : — Most of the formulae encoun- 
tered in practice contain products, many in addition containing 
powers and roots. By taking logs, the multiplications are con- 
verted to additions, and the methods of chart construction already 
detailed can be applied with slight modifications. 

To deal with a simple case, by way of introduction : — 

Chart giving Horse-power supplied to Electric Motor. 

Example 10. — Construct a chart to give the horse-power supplied 
to an electric motor, the amperage ranging from 2 to 12 and the voltage 

from no to 240. ^ Watts = Amps x Volts and H P. == 

Taking initials to represent the quantities — 

W = AV and H = ^ 

746 

or 746H = AV. 

Taking logs throughout — 

log 746 4- log H == log A 4 - log V. 

Let log 746 4 " log H = C, then if for log A we write K and for 
log V we write V, the equation becomes A 4- V = C, which is of 
exactly the same form as an 4- = c, where a = h i. 

Hence — = ^i4-^, 



In order that the scale along the mid-vertical may be the sum of 
the scales along the outside axes, the niid-vertical must be so placed 
that it divides the distance between the outside axes in the inverse 
proportion of the scales thereon. By the scales, it must now be clearly 
understood that x'" represents so many units of logarithms and not 
units of the actual qu^inlities. 

Slide rule scales will often be found convenient for small diagrams. 
If the B scale is used, 9 86" (the length from index to index) would 
represent 2 units {%. e., log 100 — log i), whilst if the C scale is used, 
9*86" would represent i unit. 

If a log scale is not used, the best plan is to tabulate the numbers, 
their logarithms, and corresponding lengths, before indicating the scales 
on the diagram. One setting of the slide rule will then serve for the 
conversion of the logs to distances, according to the scales chosen. 

In ihis case A varies from 2 to 12, i. e,, log A varies from -301 to 
1*0792, a range of about *8 units; and a fairly open scale will result if 
= J unit is chosen, e., l^ = *2. 
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For V the range is no to 240, so that the range in the logs is 2-0414 
to 2-3802, or about -35 unit; and accordingly let /g — -i. 

Then— G = h+h = •2+-i = -3 


and 


m 




I 

In the original drawing (Fig. 252) m, the distance between the 
outside axes, was taken as 6^: hence mi == jq— of 6 '^, i. e., z*' , or the 
mid- vertical must be placed z" from the axis of A. 



Fig. 252. — Chart giving H.P. supplied to Electric Motors. 


Preliminary tabulation for the graduation of the outside axes 
reads : — 


For the A axis. 


A 

2 

2*5 

3 

3*5 

4 

5 

log A 

•301 

•3979 

•4771 

■5441 

•6021 

*6990 

Diff. of logs 

0 

-097 

•176 

'243 

•301 

•398 

Actual distance from\ 
base line (ins.) . .J 

0 

'485 

•88 

1*22 

I- 5 I 

1*99 

6 

7 

8 

9 

10 

II 

12 

•7782 

•8451 

*9031 

•9542 

H 

6 

1*0414 

1*0792 , 

•477 ’ 

*544 

•602 

•653 

•699 

•740 

-778 

2-39 

2-72 

I 3*01 

3*27 

3*5 

3*7 

, 

3-89 
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The marking for 2 is first fixed, and then all distances are measured 
from that : thus to find the position of the point to be marked 4, 
log 4— log 2 = '301, and since = *2 units the actual distance from 

2 to 4 must be viz., 1*51'^. 


For the V aji;ts 


V 

1x0 

120 

130 

140 

150 

160 

logV 

2*0414 

2*0792 

2*1139 

2*1461 

2- 1761 

2-2041 

Diff . of logs 

0 

•0378 

•0725 

*1047 

•1347 

•1627 

Actual distance from\ 
base line (ins.) . ./ 

0 

•378 

-725 

1-047 

1-347 

1-627 


X70 

180 

190 

200 

210 

220 

230 

240 

2-2304 

2-2553 

2*2788 

2*3010 

2*3222 

2-3424 

2-3617 

2*3802 

•1890 

•2139 

•2374 

•2596 

•2808 

*3010 

•3203 

-3388 

1*890 

2*139 

2*374 

2-596 

2*808 

3*01 

3*203 

3-388 


The fourth line in the latter table is obtained by division of the 
third line by -i, since == -i. 

The scales can now be indicated along their respective axes, and 
the mid-vertical may be drawn. It is not convenient in this par- 
ticular example to join the zero of each of the outside scales, which 
would necessitate the axes being extended to show i on the A scale 
and I on the V scale, since log 1=0. If such a line were drawn, 
however, it would be the line on which the virtual zero of the scale 

of H would lie. Then the virtual zero would be since when 

746 

I X I 

A = V = I, H = — r. It is, therefore, the best plan to locate some 
746 

convenient point on the mid-vertical to serve as a zero. Thus, join 
5 on the A scale to 149-2 on the V scale; and mark the point of 
intersection of this line with the mid-vertical as i, since 

746 
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For other graduations, tabulate thus : — 


H 

I 

1-5 

2 

3 

•8 

logH 

0 

•1761 

•301 

•4771 

19031 

Diff. of logs 

0 

■1761 

-301 

•4771 

— •0969 

Actual distance from i 'O (ins .) 

0 

•586 

1*0 

1*59 

-.32 


•6 

•5 

•4 

-3 

•2 

1*7782 

T -699 

1*602 

1-477 

i*30i 

— 2218 

— 301 

— 398 

-.523 

— 699 

-.738 

— I 


-x -74 

-2-33 


The fourth line is obtained from the third by division by -3, since 
/, = -3. Marking in these numbers along the H axis, the chart is 
complete. 

Use of the chart . — ^To find the H.P. supplied if the current is 4 amps 
and the pressure is 170 volts. Join 4 on the A scale to 170 on the 
axis of V : this line passes through *91 on the H axis, and therefore 
the required value of H is *91. 

Again, if H = *6 and current = 2*5, what is the voltage ? Join 
2*5 on axis of A to -6 on the H axis, and produce the line to cut the 
V axis in 179; therefore V = 179. 

{It should be noted that the chart is not crowded with figures, 
because clearness is desired. Charts to be used frequently, and from 
which great accuracy is desired, should be drawn to a much larger scale.} 

At a first reading one may be tempted to comment on the 
length of calculation necessary to perform what is, after all, a 
very simple operation : it must be borne in mind, however, that 
(a) a most simple example has been chosen as an illustration, and 
(fi) a chart once constructed by this method may be used very many 
times in a perfectly mechanical way. 

So many formulae contain powers, that we must now investigate 
the effect of the exponents on the scales, etc., of these charts, and 
the modification in the construction due to them. 

Flow of Water through. Circular Pipes. 

Example 1 1. — If water is flowing through a pipe of diameter d inches, 
at the rate of v ft. per sec., then the quantity Q m lbs. per sec. is obtained 
from — 
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ransposing — 

*34 

1 the log form— log Q — log -34 = log + log v 
i. e., log Q — log *34 = 2 log d + log v 



Diamet'erd. Inches 
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Assume the range of pipe diameters to be i" to g'", and the range 
of the velocity of flow to be i to lo ft. per sec. Then the same scale 

will be convenient for both axes. Let === ^se the 

4 93 

B scale of the slide rule. 


Now — 


2, X 

Vh —^=: 4‘93 _ 2 

IX-^ ^ 


so that if m is taken as 6 ' (as in the original drawing for Fig. 253), 
= ^x 6", *. e., 4', or the mid-vertical is 2" removed from the axis of v. 

-Also— I, = ah+bl» = “ 4% “ 

or s= *607 unit along the axis of Q. 

Draw the axes of v, Q and d and graduate the. outside ones, using 
the B scale of the slide rule. In Fig. 253 the i of each scale is on a 
horizontal, but it is quite immaterial where the graduations begin. 

To select a starting-point on the mid-vertical, join 10 on the axis 
of V to I on the axis of d, and call the point of intersection with the 
mid-vertical G. 


Now, Q = and therefore for the particular values of d and v 

chosen, Q = *34x12x10 = 3*4. 

G is therefore at the position to represent 3*4 lbs. per sec. 

The table for the graduation of the mid-vertical will then be : — 


» 

Q 

3*4 

3 

2 

5 

8 

10 

log Q 

•532 

•477 

•301 

•699 

•903 

I 

Difl. of logs 

0 

-"*055 

— 231 

*167 

•371 

■468 

Distance above or below G 

0 

— 09 

—38 

•27 

•61 

.77 


15 

20 

30 

40 

50 

80 

100 

1*176 

1*301 

1-477 

I *602 

1-699 

1*903 

2 

•644 

•769 

•945 

1*07 

1*167 

1*371 

I *468 

I -06 

1*26 

1-55 

1*75 

1*92 

2*25 

2*41 


The fourth line is obtained by multiplying the third by 1*64 or by 
dividing it by *607, since = -607. 

Us& of the chart . — Find the discharge through a pipe of 9^ diam. 
when the flow is at the rate of 2 ft. per sec. Join 2 on the axis of v 
to 9 on the axis of d, to intersect the axis of Q at 55 ; then the required 
quantity is 55 lbs. per sec. 

Again, what diameter of pipe is required if the discharge is 30 lhs./s$c* 
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and the rate of flow is 3 ft ./sec. ? Join 3 on the v scale to 30 on the 
Q scale and produce the line to cut the axis of d in 5*4; then the 
required diameter is 5*4^- 

To illustrate the question of scales further, consider the follow-* 
ing cases : — 

Example 12. — Show how to decide upon the scales for the chart 
giving the values of T, / and d in the equation T = referring to 

the torsion of shafts. 


The equation may be written e,, yiT and by 

ft 

taking logs throughout — 

log 5*1 + log T == log / 4 - 3 log d. 

Write this log/+3 log = C, then F-h3l> = C (the large letters 
being written to represent logs). Thus <2=1 and 5 == 3. 

Hence — 


if == 5^ say, and = 2, l^ — 


and 


nix 


al j 


3x2 

1x5 


== ~ or mi = 


(1x5) f-(3X2) 
6 


II 


II 


of m. 


Similarly for pv^ = C, where n may have values such as *9, i*37, 

log p n log V = log C 
P + nV = C 

a = I, b ^ n. 

= (l X 4" (nX 
m 1 bl 2 ^I'l 2 
iiTi 2 al 1 I' X 

Questions involving more complicated formulae can be dealt 
with by a combination of charts. From the above work it will 
be seen that when tliree axes are employed, three variables may be 
correlated, or one axis is required for each variable. However 
many variables occur, they may be connected together in threes, 
so that the graph work is merely an extension of that with the 
three axes. 


i‘4i, etc. 

Here — 
i. 

so that 
Hence — 


and 


Chart giving Number of Teeth in Cast-iron Gearing. 

Example 13 — To construct a chart giving the number of teeth 
necessary for strength in ordinary cast-iron gearing. 

Given that — T = 

where T = No. of teeth in wheel, N = revs, per min. 

H = H.P. transmitted, p == pitch. 
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Tp ^ == 7913^ 


so that Tp^ = C * (i) 

and also — C (2) 


i. e^, two charts can be constructed, and by suitably choosing the scales 
and the positions of the axes the charts may be made interdependent. 

For chart (i), let — unit of T and let 7 , = unit of p, 

i, e., use the B scale of the slide rul6 for both the T and the p axes. 



Then, since log T-f 3 log p = log C, 7 , ^ 


4 - 93 / 

= -Sir 

4*93 


(3X -i-) 
4 * 93 / 


Also— ^ 




3X 


4-93 


= so that mi = 3 of 


IX- 


4’93 


Draw two axes for T and p respectively 4^ apart, as drawn in the 
original drawing for Fig. 254, and also put the mid-vertical 3^ from 
the axis of T. The last is simply a connecting-link between charts 
(i) and (2), and therefore no graduations need be shown upon it. 
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Along the axis of T mark off readings (using the B scale of the slide 
rule) for, say, 6 up to So and along the axis of p, readings from i to 8. 
Join 2 on the 2t»axis to 30 on the axis of T, and note the point of intersection 
with the mid -vertical ; this must be marked 240, since 30x2® = 240. 

For chart (2), we already have the mid -vertical and its scale. We 
must now proceed to find scales for the axes of H and N, i. e,, the usual 
process is reversed. 

Suppose the range of H is 5 to 100 and that of N is 20 to 150, and 
we decide to use the same scale for both, say l^. 

Then— § = ^ or log H - log N = log C — log 791 

I, e,, a ~ X, whilst 6 = — i. If, however, the numbering for N is placed 
in the opposite dircciion to that for H, we may say that 6 = i* 

Hence — /a s= = 2/4 or ^ — = -406 


also- 


= I 

t, e., the mid-vertical, which has already been drawn, must be midway 
between the axes of H and N, For convenience let Wj == = 4'^. 

Then for N the tabulation is as follows : — 


N 

20 

30 

40 

50 

60 

log N 

I -30 1 

1*477 

I *60 2 

1-699 

1-778 

Difi. of logs 

0 

•176 

•301 

•398 

*477 

Distance from mark for 20 

0 

•432 

•74 

•98 

1*17 


70 

80 

90 

100 

150 

200 

1-845 

I 903 

1*954 

2 

2*176 

2*301 

'544 

•602 

•653 

■699 

•875 

I 

1-34 

1-48 

i*6i 

1*72 

2*i6 

2 46 


To obtain the lourtli line from the third divide by *^06, ior = *406. 

Some little trouble may arise in the placing of the marking for 20 
conveniently : thus in our case we have marked 20 fairly high up on 
the paper. 

Join any point on the N axis, say 1 50, to the 240 on the mid-vertical, 
and produce this line to cut the axis of H in the point A. We must 
now find the reading for A. 

C = 240 and C = but N = 150 


hence 


H == ^ 5QX^4Q 
791 


45*5- 


Thus we can graduate the axis of H from 45*5 as zero. 
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The table for the gradnation of the H scale is : — 


H 

45*5 

5 

TO 

15 

20 

25 

log H 

1-658 

•699 

I 

1-176 

1-301 

1-398 

Diff . of logs . • . 

0 

— 959 

-•658 

—-482 

-*357 

— •260 

Distance from A 

0 

—2-36 

— 1*62 

-i-ig 

-•88 

-d-4 


30 

35 

40 

50 

60 

80 

100 

1-477 

1-544 

1*602 

1-699 

1-778 

1-903 

2 

-•rSi 

— •114 

—056 

•041 

' *120 

-245 

•342 

-‘445 

-•28 

1 -*14 

•I 

•295 

-602 

i *^4 


— *406, so that the fourth line is obtained by dividing the figures 
in the third line by -406. 

Use of the chart. — Suppose N = 20, T == 20, /> = 5, and the value 
of H is to be found. Join 20 on the T axis to 5 on the axis of p\ and 
let this line intersect the naid-vertical at G. Join 20 on the N axis 
to G, and produce the line to cut the axis of H in 63, Then the required 
value of H is 63. 

Again, if H = 15, N = 80, and 2, we are to find the value of T. 
Join H ==! 15 to N = 80 to cut the mid-vertical at B. Join = 2 to D, 
and produce to cut the axis of T in i8-6 : then the required value of 
T is i8-6. 

The lines must join values of either T and p or H and N, because 
the chart was so constructed. 

Exercises 43. — On Alignment Charts. 

1 . Construct a chart giving values of u and v to satisfy the equation 
2wH-7z; = 52, the range of v being 2 to 12. 

2 . Construct a chart to give values of u and v to satisfy the equation 
x*2V'—*6^u = “85, u ranging from 5 to 20. 

(To allow for the minus sign, either the mid-vertical may be placed 
outside the axes of u and v, as for unlike parallel forces, or the number- 
ing on the u scale may be downward, whilst that on the v scale is 
upward .) 

3. The thicloiess of boiler shell necessary if the working pressure 
is p lbs. per sq. in., the diameter of the boiler is d inches, and the allow- 
able stress is / lbs. per sq. in., is found from t = Taking the value 

of/ as 10000, construct a chart to give values of t, the range of diameter 
being x'^6" to 6 ft., and the pressure varying from to 150 lbs. per 
sq. in. What is the thickness when the diameter is 2 '-3'' and the 
working pressure is 85 lbs. per sq. in. ? If the thickness is if and the 
diameter is 4 what is the working pressure ? 
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4 , According to the B.O.T. rule the permissible worMng pressure 

875^ 


in a boiler having a Fox’s corrugated steel furnace is P 


D 


where 


t == thickness of plate in sixteenths of an inch and D is the internal 
diameter in inches. Construct a chart to give values of P for boilers 
of diameters ranging from 2 ft. to 5 ft., the thickness of the shell 
varying between and 

5 . The diameter in inches for a round shaft to transmit horse-power 

Vh 

H at N revs, per min. (for a steel shaft) is given by d = 

N varies from 15 to 170 and H from J to 10, construct a chart to show 
all the diameters necessary within this range. 

6. For tinned copper wire the fusing current C is found from 
C = 653 where d is the diameter in inches. Construct a chart 
to read the diameter of wire necessary if the fusing current is between 
22 and 87 amperes. 

7 . Hodgkinson’s rule for the breaking load for struts is — 

A^?3-6 


P = 


Ll-7 


where d =» diameter in inches and L = length in feet, A being a con- 
stant. Construct a chart to give the breaking load for cast-iron struts 
with rounded ends, the diameters ranging from 2." to i and the 
lengths from 6 ft. to 20 ft. The value of A for solid cast-iron pillars 
with rounded ends is 14*9. 

8 . Construct a chart to give the points on an adiabatic expansion 

line of which the equation is = 560, the range of pressure being 

14*7 lbs. per sq. in. to 160 lbs. per sq. in, 

9 . The coefficient of friction between a certain belt and pulley was 

•32. If the angle of lap varies from 30° to 180®, construct a chart to 
give the tensions at the ends of the belt, the smaller tension varying 
from 50 lbs. wt. to 100 lbs. wt. Given that T = ^ being the 

coefficient of friction, and <9 being the angle of lap in radians. [Note 
that the scales for T and t will be log scales, but that for 6 will be one 
of numbers only.] 

10 . If P ~ sale load in tons carried by a chain, d == diameter of 
stock, and / = safe tensile stress, then for a chain with open links 

p - 

If / varies between 4 and 10 tons per sq in., and the diameter of the 
stock ranges from U 2^, construct a chart to give the safe load for 
any combination oi f and d. 



CHAPTER XII 


VARIOUS ALGEBRAIC PROCESSES, MOSTLY 
INTRODUCTORY TO PART II 

Continued Fractions. — Considev the fraction — 


2 + 


3+ 


5+f 

or, as it would usually be written as a continued fraction- 


1 

2 + 


JC 

3+ 


3 

5d- 


4 

7 


Its true value would be found by simplification, working from 
the bottom upwards; thus, 5 +'^= 39 


3+^4==^3I 

39 39 


2 +^ 

I 3 I 


2 14 _ 

39 “ 39’ 

7 

I 39 . 

131 131' 

39 

and 

— _ 131 
3£1 301 

131 

i. e., the true value of the 
fraction, known as a continued 

131 



fraction, is 


N® of Conver’qenh 
2 5 4 


Fig. 255. 


301 


I 01 

Conversely, if the resulting fraction is given, various approxi- 
mations can be made for it by taking any portion of the continued 
fraction, the correct order being maintained. 
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Thus, for example, a first approximation would be — , which is 

2 


too large; the second approximation is 




3 

7 ' 


which is too 


small, but is nearer the correct value. 

The approximations, or convergents, are alternately too large 
and too small, but the error becomes less as more terms of the 
fraction are taken into account. To illustrate this fact a curve is 
plotted dealing with the above fraction, in which the ordinates are 
errors and the abscissae the numbers of the convergents. (Fig. 255.) 

Occasionally in engineering practice a fraction such as 

occurs which is not convenient to deal with practically, so that 
one seeks for some more convenient fraction which is a fair approxi- 
mation to that given. The following example introduces such a 
case : — 


Example i. — dividing head on a milling machine is required to 
be set for the angle I9°25T'" with great accuracy. 

For the Brown & Sharpe dividing heads, 40 turns of the crank 
make one revolution of the spindle, and there are three index plates 
with number of holes as follows- 

15, 16, 17, 18, 19, 20^1 
21, 23, 27, 29, 31, 33] 

37. 39, 41, 47, 49 

Thus one turn of the index crank would give an angle of t. e., 9^. 

40 

Evidently two turns will be required for 18®, and has then to 

be dealt with. Expressing this as a fraction of 9®, the proportion of 
one turn is found. 




Now- 


60 


mins . 


hence the fraction of one turn required = — -7— j 

^ DO X 9 X 00 32400 

We wish to reduce this fraction to its best approximation having 
a denominator between 15 and 49, according to the numbers of holes 
as above. 

Proceed as though finding the G.C.M. of 5101 and 32400. 

Thus — 5101 )3240 0(6 

1794 )5101 (2 

1513)1794(1 

281 )1513 (5 

108 )281 ( 2 

^)io8(i 

43)65(1 
22, etCp 


G G 
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Then the continued fraction is-- 

I 1 I I I I 

6 + 2 +- 1 + 5 + 2 + 1 + ■ * * 

1st convergent = 1 ^nd = ~ 3rd = ^, 4th = 5th = ^; 

these being found by simplification of the fraction^ a method which is 
a trifle laborious. The 3rd convergent might have been found from 
the 2nd in the following way — 


Numerator of 3rd convergent = {numerator of 2nd convergent 

X denominator of last fraction 
added} + {numerator of ist con- 
vergent X numerator of last 
fraction added}. 

Denominator of 3rd convergent =« {denominator of 2nd convergent 

X denominator of last fraction 
added} + {denominator of ist 
convergent x numerator of last 
fraction added}. 

In this case — 


1st convergent = 
3rd convergent == 


12 I 

and = — and the next fraction =5 - 
6' 13 I 

(2 X r) -f (i X I) ^ 3^ 

(13 X i) + (6 X i) 19 


Now from the 2nd and 3rd convergents the 4th convergent may be 

2 , 3 


found ; for the 2nd convergent = — , the 3rd 


13 


19 


and the next 


fraction = — . 

5 


the 4th convergent = 

To obtain the 5th convergent : the 3rd convergent 


J 2 

108 


4th next fraction = 


JL 

19' 


the 


the 5th convergent 


__ (17 X 2) 4 - (3 X i) _ 37 


(108 X 2) + (19 X i) 235 
For the purpose of the question we require the convergent with 
denominator between 15 and 49 : the only one is Therefore, it 

would be best to take two complete turns together with 3 holes on the 
iQ-hole circle. The error in so doing is very small. Thus — 


32400 


‘I5744. 

the error is 46 in 15744 


whilst — 

19 


or 


== -15790 
15744 

*292 % too large. 


X 100 % 
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Example 2. — Find a suitable setting of the dividing head to give 
88 °2 i'45 ". 

No. of turns of index crank = ■ z=: == 9 

9^ 2160 ^2160 

^^58? 


Hence 9 complete turns are necessary together with of a turn. 

To find a convenient convergent for : — 

^ 720 


589 )720 (1 

131)589(4 

65)131(2 

1)65(65 


The fraction = 


1+ 4+ 2+ 65 


I 2I. 

The ist convergent = the 2nd convergent — 1 


so that the 3rd convergent — 


also the 4th convergent « 


(4 X 2) + (I X i) ^ _9_ 

(5 X 2) 4 - (i X i) II 

(9 X 65) + (4x1) ^ ^ 
(ll X 65) +(5x1) 720 


Thus the best convergent for our purpose = and 27 holes on the 

33-hole circle would give this ratio. 

Therefore, 9 complete turns together with 27 holes on the 33-hole 
circle are required. 

An interesting example concerns the convergents of tt. 

Example 3. — To 5 places of decimals the value of tt is 3*1-^159 : 
what fractions may be taken to represent this ? 


3-14159 3 


14159 


1415 9)100000 (7 

88 7)141 59(15 

5289 

854)887(1 

33 )854( 25 

194 

29)33(1 

4 

t ^ I I I I 

^ 3 15+ 25+ 1+ 
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^22 

The ist convergent = 3, the 2nd convergent = — 

^ j ^ {22 X 15) +{3x1) 333 

and hence the 3rd convergent = ( 7 x 13) + (i x i) lot 

(333 X 1) + (22 X I) ^ 3^ 
(106 X i) + (7 X I) 1 13 
(355 X 25) + (333 X i) _ 9208 
(113 X 25) + (106 X i) 2931 


the -dth convergent > 


the 5th convergent 


The values of these convergents in decimals are — 

3, 3-14286, 3-14151. 3-14159 +, and 3-14159 respectively. 

A rule often given for a good setting of the slide rule for multiplica- 
tion or division byjT is : — Set 355 on the one scale level with 113 on the 
other, etc. The reason for this is seen from the above investigation ; 

2^ as a value for jt being far more accurate than, say, ^ 

113 7 


Partial Fractions. — Consider the fractions — 


, — ~ — , and their sum. 

x—4 ‘zx—'j’ 

To find their sum, i. e., to combine them to form one fraction, 
the L.C.D. is found, viz., (x — ■4) (2^ — 7) or zx^ — 15X -f- 28; the 
numerators are multiplied by the quotients of the respective de- 
nominators into the L.C.D. , and the results are added to form the 
final numerator. 

Thuc;— 2 4 _ 4a;-i4-f-4A;— 16 

x—ip^ ZX—'J zx ^ — I 5 X- 4-28 

8a;— 30 

“ 2*® — i5a:-|-28 


The fraction last written may be spoken of as the complete 


fraction, for which 


and 


zx—j 


are the 'partial fractions. 


It is often necessary to break up a fraction into its partial 
fractions : they are easier to handle, and operations may be per- 
formed on them that could not be performed on the complete 
fraction. 

To resolve into partial fractions, proceed in the manner out- 
lined in the foUowing examples : — 


Example 4. — Resolve 


3 x— 30 
zx^ — x$x + 28 


into partial fractions. 


8;y — 30 &x— 30 A B 

2^* — r^x -f 28 {px — j){x — 4) (* — 4) (zx — 7) 

where A and B have values to be foimd. 
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Reduce to a common denominator, {zx — y){:v ^ 4), and calling 
this D — 

8;^ — 30 ^ — 7) -f- B(a; — 4) 

D D 

Equating the numerators — 

Sat — 30 = A{z:v ~ 7) -f- B(a; — 4). 

This relation must be true for all values of x : accordingly let 
= 4, this particular value being chosen so that the term containing 
B vanishes, and one unknown only remains. 

Then — 32—30 = A(8 — 7) + B(4 — 4) 

or 2 = A. 

Now let the term containing A be made to vanish by writing 3J 
in place of x — 

Then — 28 — 30 == A(7 — 7) + B{si — 4) 

- 2 = ^ iB 
B = 4 

/, the fraction = — — | — 

x—4 zx—y 


Exmnple 5. — Express 


5 3^3 ^ sum of two or more 

3^ — o 


fractions. 


The numerator and denominator are here both of the same degree ; 
in such cases divide out until the numerator is of one degree lower 
than the denominator. 


Now suppose — 
then the fraction 


A 

B 

A 


C with D remainder 
I) 


B “ 


Applying to our example, by actual division the quotient = ~ and 


the remainder 


— : hence the fraction 
3 


4 . 47 „ 

3 3 ( 3 '^- 


8 ) 


Example 6. — {a) Find the sum of — 

4 7 ^ 3_ 

(2X 4- I) + i)^ {x 4- i) 

and (b) resolve —7 — into partial fractions. 

^ 5{2x 4- i)(^ 4- i)^ ^ 

7£ 3_ 

2;i; 4- I ^(x 4-1)^ X + I 

= 4 X 5(^ + 1)^ — + i) — 3 X 5(^ + + i) 

^{zx + i)(;tr 4. i)^ 

__ 2 ox^ 4- 40X 4-20 — 14;^;^ yx — 30Ar® — 45A? — 15 

D 

— 244;^^ — \' 2 .x 4- 5 
5(2;!? 4- i)[^ + i)* 


(a) 
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(6) To resolve - ■ ^ 4 ^^ into partial fractions, therefore, it is 

necessary to consider the possibility of the existence of (^ + i) as a 
denominator, in addition to {x + i)®, for (;v + i) is included in {x + i)*. 

jAl ISrfV O' 

Let the fraction = ^ 

[Bx is written in place of B,so that the numerator shall be of degree 
one less than the denominator, i. e., all terms of the nnmerator, when 
over the same denominator, will then be of the same degree.] 

Thm the fraction - + ?)? +„ , 5 B. . (?» + g + 5C(a* + .)(. + ,) 

Equating numerators — 

— 2411;® — i2;i? + 5 = A(x + i)» H- 5Bx{2X + 1) + 5 ^( 2 -^ + i)(^ + i) 
Let X = — I {i.e., terms containing (nr+i) are thus made to vanish} 
—24+12+5 = o+ 5B(— i)(— i)+o 
-7 = + 5 B 


B = 


7 

5 


Let— 


X = — i {». e., 21!f+I = 0} 
-6+6+5 = A(i)Vo+o 



A = 20. 


The numerators must be identically equal, i. e., term for term r 
therefore the coefficients of x^ must be equated. 

Thus — 


— 24 = A + ioB + ioC = 20 — 14 + 10C 

loC = — 30 

C = - 3 


■j^for A = 20 and B = 



the fraction = 


20 _ _ jx 3 

5(2x4^) 5(i+i)® x+x 


4 Vi 3 _ 

(anf+i) 5(^+1)^ (^+1) 


Example 7.— Resolve partial fractions. 

A . Bx + C 


Let the fraction 


+ 


(2^r - 3) ^ + 5^+9) 

= A(;y® + 5*' + 9) + (By +C)(2;tr — 3) 
{2X — 3,)(x^ + 5X + g) 
Equating the numerators — 

gv— 17 = A{x^ + 5^ + 9) + (Biv + C)(2;ir — 3) 



VARIOUS ALGEBRAIC PROCESSES 


455 


Let — ^ ~ § *• 2 X — 2 = o 

Then— 13J — 17 = a(^+ ^ + 9 ) + o 

- 3i = 

4 

A = 

*' 75 

Equating the coefficients of x^, and as no terms on the L.H.S. 
contain x^, its coefficient = o, 

o=A+2B=— ^+2B 
75 


2B = M 

75 

jL 

75 


B 


Equating the coefhcients of ^ on the two sides of the equation- 
9 = 5A - 3B + 2C 


.14 

15 


-2- + 2C 

25 


2 C = 9+^j+/; 


15 25 


c = 


766 

75 

383 


75 

the fraction = — — T 
75 +5^+9) 


14 


75(2^ - 3) 


Limiting Values, or Limits. — Let it be required to find the 

2,X — 2 

value of the fraction — : when x: = i. 

■2^^ 2 O 

When X = 1 ., — ^-r- = - if a; be replaced by i, 

4^ ’T"^ 5 ^ 

We can give no definite value at all to it might indicate 

anything, and therefore we must find some other method for deahng 
with cases such as this. 

Let us calculate the value of the fraction F when is slightly 
less than i, say when x has the value *9 : — 


Then- 


1 * 8—2 


3 * 24 +' 9“-5 — 86 

When X has a value nearer to i, say *95 
1*9—2 —*1 


= *2326. 


F = 


3-6I+-95-5 


■44 


= -2273. 
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Now let us take values of x slightly in excess of i 

2 -1—2 ^ 

4-4i-f-i-05— 5 ~ -46 
2 - 2 — 2 

•94' 


When X = 1-05, F 
When X = i-i, F 


2174. 


•2127. 




4-84-J-i-i— 5 

Therefore for values of x in the neighbourhood of i the fraction 
has perfectly definite values, 
and consequently it is un- 
reasonable to suppose that 
there is no value of F for 
x — T.. If we plot a curve, 
as in Fig. 256, of F against 
X, we see from it, assuming 
that it is continuous (and 
there is nothing to negative 
this supposition) that the 
value of F when iC = i is 
•2222. 

We say, then, that the 
limiting value of F when x 
approaches l is *2222, or — 

2,X — 2 


a/ 


B 



H 









BH 






i-OS 


.1-i 


L 


== - 2222 . 


35 i 

Fig. 256. 

4x^+x~5 

To obtain this value without the aid of a graph we might take 
values of x closer and closer to i and see to what figure the value 
of F was tending — 

e. g., when x = -99, F = -2232 
when X = -995, F = -2227. 

This method, besides being somewhat laborious, is not definite 
enough. 

As an alternative method : — ^if x does not actually equal i but 
differs ever so slightly from it, {x — i) does not equal 0, and there- 
fore we may divide numerator and denominator by it. 

Xhus — F = ^ 

As X approaches more and more nearly to i, this last fraction 

2 ^7 

becomes more nearly == - and in the limit when x = x. F == -. 

9 9 

Later on we shall see that this method of obtaining a value or 
limit by “ approaching ” it is of great utihty and importance. 
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Example 8. — Corresponding values of y and x are given in the 
table : — 


X 

3-9 

3-94 

3-97 

4*02 

4*05 

4*1 

y 

30-42 

31*04 

31*52 

32*32 

32-80 ^ 

33-62 


Required the probable value of y when = 4. 

When X has values slightly under 4, those of y are increasing 
fairly uniformly; thus for an increase of x from 3*9 to 3*94 (i. -04) 

•62 

the increase of y is *62, or the rate of increase is 5., 15*5, and 

whilst X increases a further *03 unit, y increases -48 unit, or the rate 

of change of y compared with x is 16. Thus y is increasing 

•03 

at a rather greater rate as the value of x increases. This is confirmed 
by dealing with values of x greater than 3-97 : we might tabulate the 
differences of x and of y thus : — 


Change in x. 

Change in y. 

Rate of change of y. 

3-97 to 4-02, i. e., -05 

•80 

•80 

— = 16 


*05 

4-02 to 4-05, i. e., -03 

.48 

•03 

4-03 to 4-1, i. e., -05 

•82 

•82 

— = 16-4 

■05 


Therefore, as nearly 
as we can estimate, 
when X has the value 4, 
y has a value very 
*0 

slightly over of -So, 

i, e., slightly more than 
*48 above its value 
when X = 3*97. Hence 
the value of y when 
= 4 is most probably 
3i-32-i--48, i, e., 32. 

This result is further 
illustrated by the graph 
(see Fig. 257). 

Example 9. — Find 
the value of — 



2jy^ 4“ iSat 4- 28 
\%x^ -j- — ytx — 160 


when X == —2. 
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The fraction p.- 2(^»+9^+i4) _ (;r + 2)(;r+ y) 

+ 13^^— 38-^ — 80) + 2) (6;f^ + 40) 

[(x 4- 2) is tried as a factor, use being made of the Remainder 
Theorem, to which reference is made on p. 55.] 

. -^+7 ^ 5 

•• 6;V^+Ar— 40 24—2—40 —18 

=~ when X = —2. 


Example 10, — Find the limiting value of when a =3 o. 

Oi 

By direct substitution of o for a we again arrive at the indeter- 
minate form 

o 

Proceeding along other lines — 

IT — + d)^ — + 4^^^ 4- ^x’^a^ H- 4^^^ x*‘ 

““ a a 

— 4^^^ -h 4xa^ 4- <2* 

a 

If a is to equal o, and the value of F is then required, this value 
must difer extremely slightly from the value if calculated on the 
assumption that a is infinitely near to o but not exactly so. 

If a is not zero, we may divide by it — 

then F » 4X^ 4- 6 x^a + 4xa^ 4- 
Hence, the limiting value to which F approaches as a is made 
nearer and nearer to zero is 4X^, for all the terms containing a may 
be made as small as we please by sufi&ciently decreasing a. 

... L 

a a 

L iX 4 * a\^ ^4 

A 1 = is the abbreviation recognised for the 

a 

statement : '' The limiting value to which the fraction 

a 

approaches as a approaches more and more nearly to 0, is 4^?®.'* 


Example ii. — Find the limiting value of 
given that — 

sin B = ^ 

6^120 


Adopting this expansion- 


sin 0 . . . 

— -g- when ^ = o, it being 


(B being measured) 
1 in radians / 


0 ^ , 6 ^ 
6 120 


L sin B _ ^ as terms containing 6 ^ and higher powers of 
0^0 B ' 6 must be very small compared with i. 


and 
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This result is of great importance : for small angles we may replace 
the sine of an angle by the angle itself (in radians). This rule is made 
use of in numerous instances. Thus when determining the period 
of the oscillation of a compound pendulum swinging through small 
arcs, an equation occurs in which sin 6 is replaced by 6 ; the 
change being legitimate since 6 , the angular displacement, is small. 


Exercises 44. — On Continued Fractions, etc. 

1 . Find the first 4 convergents of 8*09163. By how much does 
the 3rd convergent differ from the true value ? 


2 . Find the 5th convergent of 


3 . Convert 
convergent ? 


481 

5043 


2+ 

into a continued 


2 7 

5+ 10+ 

fraction. 


3^ 3 

6 + 8 ‘ 

What is the 3rd 


4 . Express as a continued fraction the decimal fraction *08172. 

5 . Using the dividing head as in Example i, p. 449, an angle of 
59^14^5" is required to be marked off accurately. How many turns 
and partial turns would be required for this ? 

6. Similarly for an angle of 73®2'i9'^. 


7 . Similarly for an angle of 5^19' 3 


8. It is desired to cut a metric screw thread on a lathe on which 
the pitch of the leading screw is measured in inches. To do this two 
change wheels have to be introduced in the tram of wheels to give the 
correct ratio. If i cm. == •3937'", find the number of teeth in each of 
the additional wheels, i, e., find a suitable convergent for the decimal 
fraction *3937. 

On Partial Fractions. 


9 . Express 


3^+8 


10 . 

13 . 

15 . 


as a sum or difference of simpler fractions. 

+ i) 


‘i- yx 6 

10 “ 16 . Resolve the following into partial fractions 
2 ^ _ 3 f +_5 

- 3 ^ 


6 x^ + igx -1-15 
6x^ — 9;t? 4- 30 


11 , 


88 


12 . 


x^ — Sx 2 


{x 


■ 4- 2;ir 

3-^42 


8 ) 


X^ 4 ” 2X‘^ — X — 2 


14 . 

16 . 


— 22;^^ 


I79;y — 24Q 


6x^ + — 57X ^ 126 

2;r - 3 

{x — ^) {x^ 4 - 3 *^ + 3 ) 


On Limiting Values. 

_ 4 X — S 


17 . Find the limiting value of ^ ^ when a? = — i. 

x“ 4 “ gx 4 " ^ 

j • T + 3 ^^ — 17^ + 14 

18 . Determine ^ 

19 . Show exactly what is meant by the statement — 

L 4 

x^ + gux — loa^ ” II 

20 . Determine the limiting value of the sum of the series i6, 8, 
4, 2, etc. 
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21. A body is moving according to the law, space = 4 x (time)®. 

By taking small intervals of time in the neighbourhood of 2 secs., and 
thus calculating average velocities, deduce the actual velocity at the 
end of 2 secs. ^ 

22 . If I -h AT + ~ ^ find the limiting value of 

1.3 1.2.3 

^a? X 

the fraction - — when at = o. 

23. If cos ^ = I - £ + , and sin ^ =, ^ j 

Find L sin 6, L cos 6, and by combination of these results 

L Hence show that no serious error is made when calling 

the taper of a cotter the angle of the cotter. 

24. Fmd- 


Permutations and Combinations. — ^Without going deeply 
into this branch of algebra, we can summarise the principal or 
most useful rules. 

By the permutations of a number of things is understood the different 
arrangements of the things taken so many at a time, regard being paid 
to the order in these different arrangements. 

By the combinations of a number of things is understood the different 
selections of them taken so many at a time. 

g., a firm retains 12 men for their motor-van service. There 
are 6 vans and 2 men are required for each, i to be the driver. 
By simply arranging the men in pairs, a number of groups or com- 
binations is obtained. But if the first pair might be sent to any 
one of the 6 vans, i. e., if regard is paid to the arrangement of the 
pairs, and if also either of any pair might drive, we get further 
arrangements. We are then deahng with permutations. 

To make this example a trifle clearer : let the men be repre- 
sented by A, B, C, D, etc. Then the different selections of the 
12, taken 2 at a time, would be A and B, A and C, A and D . . ., 
B and C, B and D . . ., C and D . . ., and so on. But A and B 
might be in the ist van or in any of the others, so that a number of 
different arrangements of pairs amongst the vans would result. 

Also A inight drive or B might, so that the arrangements in the 
vans themselves would be increased. As we might write it for 
one van, the different arrangements would be A (driver) and B, 
or B (driver) and A. 

To find a rule for the number of permutations of n things taken 
at a time. 

If one operation can be performed in n ways and (when that 
has been performed in any one of these ways), a second operation 
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can then be performed in p ways, the number of ways of perform- 
ing the two operations in conjunction will be ny.p\ e. g., suppose 
a cricket team possesses 5 bowlers; then the number of ways in 
which a bowler for one end can be chosen is 5. That end being 
settled, there are 4 ways of arranging the bowler for the other end. 
For each of the 5 arrangements at the one end there can be 4 at 
the other end, so that the total number of different arrangements 
will be 5 X4, 5., 20. 

Suppose a choice of r tilings is to be made out of a total of n 
to fill up r places. 

Then the ist place can be filled in n ways. 

For the 2nd place (the ist being already filled) choice can only 
be made from (?z — i) tilings; hence the number of different ways 
in which the ist and 2nd can together be filled is n{^ — i). 

The 1st, 2nd and 3rd together can be filled in i)(n — 2) 

ways, and so on, so that all the r places can be filled in i) 

(n— 2) ... to r factors. 

When there are 3 factors, the last = (n — 2) = {n — 3+1) 
When there are 4 factors, the last = (w— 3) == {n—4+z) 
When there are r factors, the last = [n — r+i) 

/. The number of permutations of n things taken r at a time — 

:= .... (H — r-f-l). 

For shortness this product is often written 

If n places are to be filled from the n things the number of 
possible ways — 

= = n(n — i)(n — 2) .... {n — n~{~2){n — w+i) 

= i)(n— -2) .... 2.1 

i.e,, fin is the product of all the integers to n : this is spoken of as 
factorial n and is written |_n or w ! 

Thus — factorial 4 = [4 = 1.2.3. 4 = 24. 

To find the number of combinations of n things taken r at a 
time, written : — Obviously ^Cr must be less than ”Pr, because 

groups of tilings may be altered amongst themselves to give different 
permutations. For groups of r tilings, the number of different 
arrangements in each group must be [r {r things taken ^ at a 
time) ; hence the number of permutations must = [£ X the number 
of combinations — 

or «Pr = \rx<r 



= n(n— 1)(^-— 2 ) , . . . (n— r+i) 
1.2.3 - - • • 
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If both numerator and denominator are multiplied by lu—r 
i. e., by 1.2.3 • ■ ■ • {n—r) 

then — 

nr — • in—r+i)x{n—r) .... 2.1 

~ |r jn — r 

== 1 .^ 

IT in-r 

from which we conclude that — 

»C, = “C„-, 

a result often useful. 

The number of permutations of n things taken « at a time when 

In 

p of them are alike and all the rest are different = ~ 

\P 

The number of permutations of n things taken y at a time 
when each thing may be repeated once, twice, . ... r times in 
any arrangement — n'. ' 

The total number of ways in which it is possible to make a 
selection by taking some or all of « tilings = 2" — i. 


Example 12. — ^Find the values of ®Pj, ®Ca and 

«Pa = 6(6 - I) = ^ 

9r _ 9* _ 9 8.7 _ 0^ 


»C„ = 


115 

lii L 4 


15. 14. 13 12. 
1.2.3.4 


154 

ii 


When n and r are nearly alike (as in this last case) and "Cr is 
required, we use the form "C, = **C„_r ; and the arithmetical work 
is thus reduced. 


Example 13. — ^There are six electric lamps on a tramcar direction 
board ; find the number of different signs that may be shown by these. 

If the lamps all show the same coloured light, the question resolves 
itself into finding the total possible arrangements of 6 lamps when any 
number of them are lighted. 

Thus if 6 lamps are on, there is only one arrangement possible. 
If 5 lamps are on, these can evidently be placed amongst the six places 
in six different ways ; or, in other words, the number of arrangements 
in this case is or «Ci ["C, = “Cn-J. If 4 lamps only are to be 
switched on, the possible arrangements will be *C^, i. e., *Cj, ». e., 15. 

Similarly the numbers of arrangements for the cases of 3, 2 and i 
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lamp on will be ®Ca, ^C^ and ®Ci respectively : hence the total number 
of different arrangements giving the different signs will be — 

I 4 " ^Cj ^C^i + ^Ca “ 1 “ ®Ca -|- ^Cj == I -f- 6 "h 15 “h 20 13 4" 6 =2 63* 

This result could also have been obtained by making use of the 
rule given on p. 462 for the total number of ways in which it is possible 
to make a selection by taking some or all of n things. 

Thus total 2« — I = 2® — I = 64—1 = 63, 

If the lamps had been of different colours the number of different 
signs would be greatly increased, since the different sets of the above 
could be changed amongst themselves. 


Example 14. — Twelve change wheels are supplied with a certain 
screw-cutting lathe ; find the number of different arrangements of 
these, 4 being taken at a time, viz. for the stud, pinion, lathe spindle, 
and spindle of leading screw. 

In this case the order in which the wheels are placed is of conse- 
quence ; hence we are dealing with Permutations. 

As there are 12 to be taken, 4 at a time, the total number of arrange- 
ments = ’•^P4 = 12. II. 10. 9 =5 11880. 


The Binomial Theorem. — By simple multiplication it can be 
verified that — 

[x+aY = x^+4x^a+6x^a^+/^xa^+a^ 

It is necessary to find a general formula for such expansions; 
{x+a) is a two-term or binomial expression, and the expansion 
of {x+aY is performed by means of what is known as the Binomial 
Theorem, For simple cases, such as the above, there is no need 
for the theorem, but for generality it is desirable that some rule 
should be found. The expansion of could certainly be 


found by writing it as and then performing the division, 

an endless series resulting, but it would be a painfully laborious 


process. 

Suppose the continued product of {x+a){x--{-b)[x+c) .... to 
n factors is required, n being a positive integer. 

The 1st term is obtained by taking x out of each factor, giving 

The 2nd term is obtained by taking x out of all brackets but 

one, and then taking one of the letters a, b, c . , , . out of the 

remaining bracket. The 2nd term thus ^ x^'‘'^[a+h+c-\-d . . . . 
to n terms). 

The 3rd term is obtained by taking x out of all brackets but 

two, and combining with the products of the letters a,b, c . . , , 

takeiPtwo at a time. 
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The 3rd tenii thus = {ah ac ad . . . .4- hc-\- . . . , 
to, say, p terms). 

p is then the number of combinations of n letters taken two at 
a time — 


t, e.. 


l, ^ 

|£ ^-2 

so that the 3rd term is found. 


In the same way any particular term may be found. 


Example 15. — Write down the value of the product — 

{x - a){x + 4){x +6 )(x- 7). 

ist term = x* (i. e., x is taken out of each bracket). 

2nd term = ;r®{— 2+4+6— 7} = x^ {x being taken out of all brackets 
but one). 

3rd term == ;r=H{— 2)x (+4)+(— 2)x (+6)+(— 2)x (— 7) 

+ {+4)^ (+6)+(+4)x (— 7) + (+6)x (—7)}. 
= ^4—8—12+14+24—28—42} = ~52X’‘. 

4th term = ^{(-2)(+4)(+6)+(-2)(+6)(-7)+(+4)(+6)(-7) 

+ (-2)(+4)(-7)}. 

x{ — 48+84—168+36} « — ySx» 

5th term = (-2) (+4) (+6) (-7) = 336. 

(;y— 2)(;y+4)(;r+6)(y— 7) = x*+x^—szx‘—76x+336. 


Now let — 

h = c = d = . . . . = a, then {x-}-a){x-^b){x-{-c) .... to 

n factors, becomes (2:+- a)”. 

Then ist term of the expansion — 

= 

the 2nd term of the expansion = x”~^a +- a + «.... to « terms) 

= nx’*~^a 

the 3rd term of the expansion = 2:”~®(a*+a2+a2 . . . to ”C, terms) 

1.2 

Similarly, the 4th term of the expansion — 

= n(^-i)(n-2) 

1.2.3 

(x:+a)“ = JT" +- nx°-^a + + .... an 

Thus the indices of x and a together always add up to n, that 
of * decreasing by one each term. The numerical coefiScients can 
be remembered in a somewhat similar fashion; the nurftrator 
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having a lactor introduced which is one less than the last factor 
in the preceding numerator, whilst the denominator has an addi- 
tional factor one more than the last factor in the preceding de- 
nominator, i. e., a kind of equahty is preserved. 

The proof here given is of an elementary character, and only 
applies when « is a positive integer, but it can be proved that the 
theorem is true for all values of n, integral or fractional, positive 
or negative. 

To find, an expression for any particular term in the expansion : — 

The 3rd term ^ i, e., is distinguished by the z*s 

\ 3 l 

throughout, and is on that account called term (2+1) or Tc2 + i) 

The 14th term is thus written Tas + i) 

Putting the terms in this form we are enabled to write down at 
a glance, i. e., without full expansion, any particular term desired. 

e, g., the 6th term == T^c^i, = 

The (r + i)*^ term is usually taken as the general term, and 
it is given by — 

fir 2) • . . . (n—r+j) ^ 

\r 1.2.3 • • • • r 

Example 16. — Find the 8th term of the expanbion of {x — 


in comparison with the standard form. 


Hence To 


== ±^^10-7/ 


{-zyy 


- ^x^{—2yy 
io 9 8 „3. , 


[for = icCJ 


x^{—X2Sy'^) 


-i 536 oA?^y’^ 


Example 17. — Expand {ci—^hy to 4 terms. 

[Whenever n is fractional or negative the expansion gives an 
infinite series, and therefore it is necessary to state how many terms 
are required.] 

Comparing with the standard form — 


a = H3&) 
w - i 


H H 
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Hence the expansion — 

= a* + 3t>) H- 36) 

=» a* — f»~56 +ix — fxixga'Jfe® 

+ ix — |x —lx — 

= gt - la-lb - . . . . 

Example i8. — Expand * to 3 terms. 

Here — x « 3m, a = — n =s —4 

Hence the expression — 

+ (~: 4 ) (-4 ^ _ _ 

= 4- 4 - 3 ~''w-«« 4 X 5 X 

5 ^ 2x25 f*-.. 

„ ^ . 2^^ 

Sim* 1215m® 3645m® . 

The method of setting out the work in these examples (Nos. 17 
and 18) should be carefully noted ; the brackets inserted helping to 
avoid mistakes with signs, etc. Thus in the evaluation of M(n — 1) 
when n ~ —4 one is very apt to write down the result straight 
away as — 4 X— 3, whereas its true value IS (_ 4 )(_ 4 _i)^ 
t. e., +20. 


Example xg. — In the Anzani aero engine the cylinder is " offset,” 
i. the cylinder axis does not pass through the axis of the crank shaft, 
but is offset by a small amount c. The length of the stroke is given 
by the expression V(/4- _ c* - V (1 - r)^ - c\ where I = length of 

connecting-rod and r = length of crank. Show that — 

stroke = 2»-[n- 

Dealing with the expression V(l + r)^ - c\ we may rewrite it as 
{(/-+- r)*— c2}i and then expand by the binomial theorem. 

Thus— {(/ + r)* - c^}i = {{Z + (-C*) 

+ ^^^{(^+^)r*x(-g»)*+ .... 

■= (/ 4- y) — 4- terms containing as factors 

the fourth and higher powers of c ; these terms being negligible, since 
c\ etc., are very small. 
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In like manner it can be shown that — 

- ('--•) - 5 ( 7 ^ 

Hence — 

stroke == (2 + y) 

^ ^ 2(2 + y) ^ 2(/ — r) 

- (T^)} 

Comparing this result with the length of the stroke of the engine if 
not ojSfset, we see that there is small gain in the length of the stroke ; 
the increase being the value of rc^ 4- 2a — ^a. 


Use of the Binomial Theorem for Approximations. — 

Let us apply the Binomial Theorem to obtain the expansion for 

Writing I in place of x, and x in place of a, in the standard 
form — 


(i+«)“ = i+nx- 


«(»— 1)^2 , n{n—i){n—2) 
— ^ 


1.2 


1.2.3 




If X is very small compared with i, then x^, x^, and higher 
powers of x will be negligible in comparison. Hence — 

( 14 “-*^)" = l+n^r when x is very small. 


Example 20. — In an experiment on the flow of water through a 
pipe the head lost due to pipe friction was required. The true velocity 
was 10 f.p-s., but there was an error of *2 f p.s. in its measurement. 
What was the consequent error in the calculated value of the head 
lost, given that loss of head oc (velocity) ^ ? 

Let He — calculated loss of head. 

He = K.v^ = K(io -f -2)* {v being the measured velocity} 
= K X IO®(l + * 02)2 

Making use of the above approximation — 

He = iooK(i + *02 X 2) 

= iooK(i + -04) 

But true head lost ==» K x 10* == 100 K 

/. error = looK x *04 or 4%. 


Example 21. — Find the cube root of 998. 

998 == 1000 — 2 = 1000(1 — *002) 
cube root of 998 = 998* = rooo*(i -002)* 

= 10(1 — t X -002) 

■« 10(1 — -0007) * 9‘993* 
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Example 22. — ^Find tlie value of 1005*. 

1005 = 1000(1 +-005) 

1005* == iooo*(i+-oo5)* = iooo*[t:+(4X -005)] 

= I0*®XI-02. 


With a little practice one can mentally extract roots or find 
powers for cases for which these approximations apply — 

e. g.. = 9-9 

For g8 differs from lOO by 2, hence its square root differs by 
i of -2, e.j *i from 10. 

Similarly, (1*03)® == 1*09 very nearly. 

Further instances of approximatibn are seen in the following : — 


(i+^)(i+y) = x+x+y+xy = x+x+y 

when % and y are small 

(i+i^)(i+y)(i+^) == i+^+y+^ when x,y and z are small 


(i+y) 


= 1+^— y 


(l+y)2 

{ 1 +xr 

{x+y)^ 


1+3^— 

x+mx — ny. 


Example 23. — ^Find the value of 


985 X 5-08 
1004 


F « 1000(1 — -015) X 5(1 + *016) 
1000(1 + *004) 

= 5(1 — '015 4- ’016 — -004) = 4-985, 


Example 24. — If I — measured length of a base line in a survey 


Then — 


L = correct or geodetic length, t. e., length at mean 
sea-level 

h = height above mean sea-level at which the base 
line is measured 

and y = mean radius of the earth 
L r 
I r h 


And it IS required to find a more convenient expression for L. 


L 


Ir 

r h’ 


whence L = 


i+r 



since h is very small compared with r. 
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Exponential and Logarithmic Series. 


Applying the Binomial Theorem to 


IV 


( 




= i+m. - 

' MAA / ' 4<14 


mj 

1 m{m — i) I m{m — i){m — 2) 


m/ 


1.2 


= i+i- 


m 

m\ m. 




1.2.3 


X -^+ 


i) “(i-i-Yi-a) 

m/ , m\ m/\ mJ 


= l + i- 


1.2 1.2.3 

\ w , \ mj\ m/ 


1.2 


1.2.3 


Suppose now that m is increased indefinitely, then > etc. 
become exceedingly small, and may be neglected. 

Hence when m is infinitely large — 

(^+IT = ^ + ^ + h + — 


mJ 


13 


This is the case of compound interest with the interest very 
small but added to the principal at extremely short intervals of 
time. The letter e is written for this senes — 

1. d., e = 1 + 1 + ^ + 1 

[If it is any aid to the memory this statement may be written — 

« — .t: + Ti + 7:: + i~ “h • • - •] 


|0 ^ |I ^ |2 ^ I3 ^ 


In hke manner, would be e* if m were infinitely large. 


But- 




_i. ^ , fnx{fnx—i) X fnx{mx —i){mx—2) 

1.2 13. 


m 


= i+a;- 


, V m/\ mJ 


L? 


= ^ + *+12+13+ • 


13 

. . (when m is very large) 


e* sp +rQ‘+ . • » 
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To obtain a more general series, i.e., one for <**, where a has 
any value whatever, let a == e*, so that log« a = k. 

Then— 


The series for e** can be obtained from that for e* by writing 
kx in place of x. 


Then- 


and substituting for k its value we arrive at the important result- 

_ . , , , (x log df , (x log a)® , 

a* = 1 + X log a + ' — + . . . . 


This is known as the Exponential Series. 

A further series may be deduced from this, by the use of which 
natural logarithms can be calculated directly ; common logarithms 
being in turn obtained from the natural logs by multiplying by the 
constant -4343. 

For let — a — I y 

Then by employing the exponential series — 

(i+y)> = I + * lcg.(i+rt + + . . . . 


It is now required to obtain a series for loge( i + y), which can 
be done by equating coefficients on the two sides. 

The left-hand side may be expanded by the Binomial Theorem, 
giving— 

x(x— i)y ® , x {x--x ) (x — 2)y® 

1.2 1.2.3 


(i-f y)* = I -f xy ■ 


+ 


Now X occurs in every term except the first, and the coefficient 
of X in the second term = y. 

2 

The third term is — xy ^) ; and the coefficient of a? is — — 

“2 

The fourth term is i(x®y®— 3xV4-2xy®) ; and the coefficient 
V® 

of X is - 
3 

(y2 /y3 

Hence the coefficients of^i;==y — — 4-^- ^ ^ 

z 3 4 

and, equating the coefficients of x on the two sides — 


loge (l-fjK) =y — ^ + (l) 

which is known as the logarithmic series. 

In the form shown, however, it is not convenient for purposes 
of calculation, because the right-hand side does not converge 
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rapidly enough; and a huge number of terms would need to be 
taken to ensure accurate results. 

In the expansion for log«(i4-y) let y be replaced by — y; 
then — • 


loge (i— y) = — y — 


Subtracting the two series, t. e., taking (2) from (i)- 
log* (i+y) — log* (i— y) = 2(^y + ^ + ^ + . 

but log* (i+y) — log* (i— y) = log* 


hence 


(i+y) 

(I— y) 


=<’’+ 1+1 + 


Now let denoted by i. e., m — my — n+ny 

m~n 

or y = — j — 
m-\-n 

. . m oTm — n , 1/m — n\® , tftn — nV , 1 

then log* - = 2[^ 4 - -3(^) + +....) 

which is a series well adapted for the calculation of logs. 


Example 25. — To calculate log* 2. 

Let m = 2, « = I, and thus y = J 

then log* 2 = 2|i + (ixl^) + (i X^,) + . . . 

= ’6930 

(which is one wrong in the 4th decimal place ; and this error would 
have been remedied by taking one more term of the series) . 


An equally convenient senes would be obtained by writing- 


iti for J+ 5 ’, 
n I — V 


1. e., y = 


2M+I 


Then- 


f I ■ 1 . I 

^ Uw+i 3(2n+i)® 5(2n+i) 


1)5 + • • * 


Thus if — 

«=I. + + } 

= -6930 as before. 

and this latter form is slightly easier to remember. 
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To obtain log, 3 let « = 2. 
Then— 



= -40546 

but log, ~ = log, 3— log, 2 

•40546 = log, 3 — 6931 
log, 3 = 1-0986. 

Again, log 4 = 2 x log, 2 and log, 5 can be obtained by using 
the series for loge when w = 4, and the value of log# 4, so 

that a table of natural logs could be compiled : in fact, this is the 
way log tables are made. 

The corresponding common logs are found by multiplying the 
natural logs by *4343- 


Example 26. — The " modified area '' A, a term occurring m con- 
nection with the bending of curved beams, is given by — 

A = R 61 og,j^^ 

for a rectangular section of breadth h and depth d. 

Show that this can be written as — 

A = 6d[i + + ....] 


2E. 4- d 


might be written as 


and is therefore of the form. 


where y 


Hence- 


A = R& log , - ^^ + j = R6 log, ’ 


5(4)’ +2(34)+ ■] 


'A 4. 

.2R 24R® 160R® 


= 64[i + + g 

R in this formula is the radius of curvature of the beam, and hence 
if the beam is originally straight R = 00 , so that = o and the expres- 
sion for A reduces to bd, i. e., the area of the section. 
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Exercises 45. — On the Binomial Theorem, etc. 

t. Write down the 5th term in the expansion of (a — by. 

2 . Expand (2a + 5^)^^ to 4 terms. 

3 . Find the 20th term of the expansion of (3X ~ y)®®. 

4 f. Expand to 4 terms. 

5. Write down the first 5 terms of the expansion of (a — 2)’*. 

6 . Find the 7th term of (^1 — ^ 

7 . Expand to 3 terms (2 

8. Expand to 4 terms (3a + 4c)"* 

9 . Write down the 3rd term of {a — 2byi 


10. Expand 


sin^^ to 4 terms, and hence state its 


, , , / /length of connecting-rod \ , , 

ipproximate valne when - ) is large. 


On Permutations and Combinations. 

11 . In the Morse alphabet each of onr ordinary letters is repre- 
sented by a character composed of dots and dashes. 

Show that 30 distinct characters are possible if the characters are 
to contaiit not more than 4 dots and dashes, a single dot or dash being 
an admissible character. 

12 . Find the number of ways in which a squad of 12 can be chosen 
from 20 men. 

(а) When the squad is numbered off {i. e., each man is distinguished 
by his number). 

(б) When no regard is paid to position in the line. 

13 . Find the values of ^Pg. 


On Approximations. 

14 . Use the method of p. 467 to obtain the value of (*996)*. 

15 . Evaluate ^ ^ - oy the same method. 

(•997)® 

16 . State the approximate values of — 

{a) (1002)®; (6) {*9935)’: W (i — -ooe)*®, 

( d ) (10 + -17) X -995 X 4 - 044 - 

17 . The maximum ef&ciency of a screw = ( ^ | > where <p 

IS the angle of friction, i. e., tan f = fx. Show that this may be written 
in the form - — — ^ if u. is small. 

I + IX 


On Series. 
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19 . Find, by means of a series, the value of logg 4 correct to 3 places 
of decimals. 

R 

20 . Express ~ as a series. What is the approximate value ol 
this fraction when y is small compared with R ? 

21 . A cable hanging freely under its own weight takes the form 
of a catenary, the equation of which curve is y ^ c cosh ™, c being the 


1 x X* horizontal tension 

value of the ratio — 7 — i 

weight per foot run 

Express y as a series, and thence show that if the curve is flat it 
may be considered as a parabola, having the equation y =s 5 -f 
22 . By substituting -5 for x in Newton's series— 






x.x^ 


+ 




+ . * . • 


2.3 ' 2.4.5 ‘ 2.4.6.7 

calculate the value of k correct to 3 places of decimals. 


Determinants. — ^WTien a long mathematical argument is being 
developed, as occurs for example when certain aspects of the 
stability of an aeroplane are being considered, it frequently happens 
that the coefficients of the variable quantities become very involved ; 
and in such cases it is often convenient to express the coefficients 
in '' determinant form. This mode of expression is also utilised 
for the statement of some types of equations, for by its use the 
form of equation and its solution are suggested concisely and the 
attention is not distracted from the main theme of the working. 

Thus when dealing with the lateral stability of an aeroplane in 
horizontal flight the equation occurred — 

AX^ BA® -f" CA^ ”4“ DA -I- E = o 

where A, B, C, etc., were all solutions of other equations and in 
some cases rather long expressions. For example, A had the form 
^252 _ ^4 and E was equal tQgsin ~ l^n^) cos 
To avoid writing these expressions in their expanded form, they 
were expressed thus — 


A = 



and E = g sin 6 

W2 


—g cos 0 


h /a 
^2 


and it will be shown that from these '' determinant " forms the 
expansions may easily be obtained. 

Before proceeding to illustrate the use of determinants it is 
necessary to define them and to show how they may be evaluated. 
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Let — 


a h c 

d f g 
h k I 


then D is called the determinant of the quantities a h c . . . I, 
and a determinant of the third order since there are three columns 
and three rows; its value being found according to the following 
plan : — 

The letter a occurs both in the first row and in the first column : 
take this letter and associate it with the remaining columns and 
rows, thus — 


a 


[It will be observed that 


/ i 
k I 

f S 
k I 


is a determinant of the 


second order and it is termed the minor determinant of «.] 

Then the value of the minor of a is found by multiplying / by Z 
and subtracting from it the product k by g. 


Thus 


/ g 
k I 


= jl — gk and 


/ g 
k I 


a(Jl — gk) — A. 


In like manner the minor containing the products of b is — 


and for c 


d g 
h I 
d f 
h k 


h{dl - gA) = B 
c{dk ~Jh) = C. 


Then the value of the full determinant 


= D = A — B + C = a{fl — gk) — b{dl - gh) -1- c{dk —fh). 

To avoid the minus sign before the second term the letters 
might be written out as follows — 


a b c a b 
d f g d f 
h k L h k 


and the one sequence could be maintained, thus — 


D = a{fl - gk) + bigh - dl) + c{dk - hf) 
Similaily, for a determinant of the fourth order — 


D = 


abed 
f g h k 

I m n p 

q r s t 
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D = a 

g h k 

- b 

J h k 

+ 0 

f g k 

— A 

f g h 


m n p 


1 n p 


Imp 


1 m n 


r s t 


q s t 


q r i 


q r s 


each of these determinants of the third order being evaluated in the 
manner previously explained. 


Example 27. — Evaluate the determinant — 


D ^ 



3 5 

4 

I 9 


D = 2 [ 36 -(- 2 )]- 3 [- 54 -(- 6 )] + 5 [- 6 -i 2 ] 
= 76 + 144 — 90=130. 


Example 28. — Evaluate the determinant — 


3653 

—I —2 2 3 

3 2 ^ 


653 

~4 

353 

+ I 

3 63 

+ 2 

3 65 

—223 


—123 


—I —23 


— I —22 

824 


424 


4 84' 


4 82 


= 2{6(8~6)-5(-8~24) + 3(-4-i6)}-4{3(8-6)-5(-4-I2) 

+ 3(-2-8)} 

+ i{3(— 8-24)-6(-4-I2) + 3(-8 + 8)} 

+ 2{3( — 4 — 16) — 6(— 2 — 8) + 5 (— 8 + 8)} 

= 224—224 + 0+0=0. 

It will be observed that all the numbers in the second column are 
the same multiple of the corresponding numbers in the first column ; 
and it can be proved that when this is the case the determinant is 
equal to zero. 

Example 29. — A number of equations in a long investigation reduced 
to the determinant form — 


X + -15 -3 — 30 

•6 ^ + 5 Tioox 

o — -1 gx 


o 


Express this in the form necessary for the solution of the equation. 
The determinant = \x + + 5 ){x^ + gx) + io;ir} 

+ -3{-6^^ + 5*4^} —SOf— 

+ I4-I5;r» 4 - ^j' 2 Sx^ + 9*87;!; + i-8 

and thus the equation is — 


y* + i4»i5Ar^ + 5y-2Sx^ + 9-87^^ + l-S = o. 
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Solution of Simultaneous Equations of the first degree 
by the determinant method. — Equations containing two or more 
unknowns may be readily solved by setting them in a determinant 
form and proceeding according to the following scheme : — 


To solve the equations 5a; — qy = 23 

+ 7y = — 5- 

Write the equations as — qy — 23 = o 

3* + 7y + 5 = 0 

and set out in the determinant form — 


X y I >L 4 

5 -4 -23 c ^ 

3 7 5 


the last column containing the constants. 

X — y I 


Then- 


X minor y minor i minor 


i. e. 


9 


X I 

— 20 + 161 “ 35 + 12 


and 


-y ^ I 
25 -1-69 35 + 12 


whence 


* = 3 and y — — 2. 


Example 30. — Solve the equations — 

^ax — cy =62 

’^hx + 2.ay = a* 

X and y being the unknown quantities. 


Set out thus — 


1 ^ 

y 

I 

V- 


I 4^ 

Q 


A - 

- <!. 

1 3^ 

2a 

— 

u 


Then — 

__ I 

and 



-y 

I 

ca^ + 2ab^ 8a^ + ^bc 

— 4a2 

+ 

8a2 + 36c 


whence 


a'^ c + \ 

^ ~ Sa^ + ^bc 

4^3 _ 0^3 I 


Example 31. — Solve the equations — 

2a — 56 + 4^ = 28 

a + xxb — 5r = — 41 
3a — 26 — c = 3 
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Set out thus — 


Then— 

Thus— 


a 

2 

1 

3 


a 


JtL- c 

-5 4 

n _ 5 

- 2 ■ I 

-b 


I 

- 28 
41 

— 3 


a minor b minor c minor 


I minor 


5(15 + 41) — 4( 


33 + 82) 
—1 


28( 


ZI 


10) 


2( - II -10) + 5( 


- I + 15) + 4( — 2 — 33 )' 

-b 


2(15 4. 41) _ 4( _ 3 _ 123) _ 28 { - I + 15) 


and 


2( — 33 + 82) + 5 ( - 3 - 123) - 28( 


33 ) 


whence 


a = 

b =» — 2 - 

c == 4/ 


I 

1x2 

I 

112 

1 

ii2 


Exercises 46 — On Determinants. 

Evaluate the determinants in Nos. 1-4, 

1 . 


5.4 _ 6 

2« 

Ri 

R3 

when Ra =« 

— 3-6 

- 3 -■ 5 


Ro 

R2 


7*2 


R. 


710 

220 


3 . 

3 5 4 

4 . 

2351 


1-5 2-5 2 


3246 


— 3 7 5 


8—4 3—5 




—2 —I 6 2 


5 . A coefficient C in an equation was expressed as — 


p -j- 2^7 


+ 


Xf* 


Xq 


+ K, 


Xu 

z« 


x„ 


Evaluate this when — 3, = 2'5, 

XJ^ =5 I, Xu — — - X^ = •5» Mu = O, Kjg = 20, Xu> = 




Zq 

Zu = —I 


6e Solve the equation 


= o 


-10. 


*5 3 

2 a 4 - 2 I 
3a 1-6 -4 

Using the determinant method solve the equations in Nos. 7- 

7 . iix — 4y = 31 8. 8a — i = — 20 

2Ar + 3y = 28 — • loa + 76 = 71 

9 . 4^ — 5 :V + 7^ = 14 10 , 2a 4- 3& + 5c — 4-5 

9^ + 23/ + 3^ = 47 3^ — == ^27 

^ = II 96 — loa = 39*3 
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Exercises 1 


1. 

1-2 

2. -ooog 

3 . 150 

4 . 60 

5 . 

10-8 

6. 1-2 

7 . -000225 

8. 28-5 

9 . 

•009 

10. -052 

11 . 93 

12. -161 

13 . 

2-7 

14 . -9 

15 . 22 

16 . -56 

17 . 

*031 

18 . 7-4 

19 . 2-5 

20. 6-3 



Exercises 2 


1. 

I . 4 . 

fed ' 6? ' 

I . 1 i. 

5 fl^ ’ ^ ^ ' y* 

2 2- -i- 

32' 8 ' 

384 ; 9584 


3 . 2187^ 

R ’3425 


8T;i?»y~ 


7 . — 1-41/ 


8. R” — o. » 


59bJ 

9 . 1-6 


I — n 


might be written 'I 
I PiVj^ X etc. J 


Exercises 3 


1. 

589-5 

2. 246-5 

3 . -02138 

4 . 

57-03 

5 . 

-0005423 

6. 116700 

7 . 12-34 

8. 

19-63 

9 . 

•06664 

10. 1-924 

11. 244-4 

12. 

29-14 

13 . 

1618 

14 . -00009506 

15 . 49-64 

16 . 

3-II4 

17 . 

•0001382 

18 . -6874 

19 . -02231 

20. 

•2777 

21. 

3642 

22. 1-669 

23 . -00001509 

24 . 

•3352 

25 . 

-001 155 

26 . 3-841 X 10® 

27 . 20-17 

28 . 

-2421 

29 . 

4-814 

30 . 7-211x10-^* 

31 . -07041 

32 . 

971-8 

33 . 

10-02 

34 . 85-8 

35 . 5-418 

36 . 

32-75 

37 . 

220-4; 1369 

38 . 3-29 

39 . 1-9839 

40 . 

5400 

41 . 

4-6 

42 . 500-77 

43 . 1-315 ; -5918 

44 . 

355-6 

45 . 

20-13, 23-68 

46 . -0935 

47 . 22 21 

48 . 

400 

49 . 

0 

0 

00 

50 . 1-434 

51 . -506 

52 . 

-479 

53 . 

5121 

54 . 15-70 

55 . 46460 

56 . 

2-815 

57 . 

3-5 X 

58 . 1-392 

59 . I -016 X 10* 

60 . 

-284 

61 . 

•128 

62 . ^ d — 

B = lA. T = ^- 1 , n 

=: 7 



Exercises 4 

1. lbs. per sq. in. 2 . i-68 3 . 2-79 

5, 2-785 6. lbs. 7 . Stress = 

10 . Incorrect as written ; H.P. = 

12 . 746 13 . 7-731 inches. 


4 . 5-44 
g f — 

11 . cu. ft. per sec. 
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Exercises 5 

2. — 2-285 8. 3-62 

'75 


7-54 

8. « + . 

J</S 


>. 30-1 X lo* 


10. («) L = ^^(T-/)+T-^i; (&) 933 


AD 

16 . R = ^^+a; 126-5 


13 . 5-01 


14 . E = 2-5C 
17 . 1-67 


, II cells. 


:<S2*oj5 21. 15*43 — Ty/ y 

} 2WA 1 

{h) -294 J 

3 27 . 2-4 28 . 80 29 . 1493 

3-3 81 . lbs . ft . must be first brought to lbs . ins . ; 6 -46 ins . 

200,000 33 . 2*57 34 . 27-3 ft. 

I W -<>0675 f 9CK 


23 . i_ i/i 22 f! 


3 

3*3 

200,000 


- *‘+ ^ V..; — 3 i^ 4 rc-J 

39 . 700 lbs. /o' 40 . 1*37 

A's speed =io m.p.h.; B's speed « 15 m.p.h. 42 . 6-31 

M = 221*4; H = *17 ^ 

{Multiply equations together; thus, gxMH == M^} 


24 . (a) -4915 
(b) -467 

27 . 2-4 


00 

(&) -00675 


(6) E = 


5 +r 6 


h = 3-4 ft. 
k = 35-8 ins 


45 . 57-7 


46 . D 


47. 


y = l 

X = 1*24 

= 3*59 

P = 9 
5 = 7 

/=-4 


Exercises 6 

2 . a == 7 3 . w = 1-8 

h == —2 w — 2-6 

6. = 12 7. A? = 5 

y = 20 y = 3 

10 . E == 4-f *7/ —-2^* 


^ 12 . E = •I2W+4-6 

I = •953B + 1*284: 4*8i 15 . a 


L — 1115 —*7/; 967 


15 . a = *916 
h — *191 

18 , « = ^ 


7P Varea 
length 


4 . == I 

y = O 

8. a = 1-2 
b = 5-7 
c — — 4 ‘3 

11. a = 1160 , 
h = 69000 

13 . V = 42+^ 

16. = 4*714 

a == *00707 
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ioi* 6 Varea , 

i^th + 

/= 14 * 8 ““ 'OOOO 138 60 )^ 

w = 8-28 + 

^+4 


20. E == — 164 * 1 + 7 - 309 T+ - 00032 6 T^ 
* 22 . /= i 6 -i — •oooo 26 (/ — 6 o )2 


1700 / ^tot^eamperj^ and must be first^ 


^ I ' J S — y ^ «lrJLJLVL JLXJLUkQV JUb JL *,7 V I 

V i.-tl.F. calculated / 

8610 of iron; 7000 of copper 26 . C = 99*8; K = i 

A = 120, B = 140, C = 160 28 . mi == 44*71, = 31-54 

311*1 tons of saltpetre ; 38S 9 tons of ginger. 

Bxercises 7 

{x 4- 22) {x — 4) 2 . (4? — 1 1) {x — 8 ) 

{x — 5){x — 'll) 4 . {za— ^b^){4a^ -i- ’i- loab^) 

{8x — ii)(3^ + 4 ) 6- ( 5 a - 3i>)(5& — «) 

(a + 96) {a — 56) 8. (3X — yy) {4X — x^y) 

(8 + ^)(ii — 3-=^) 10. 2^^(5m ~ 2n)(2m — ^n) 

i6/®+ 5lx^—24X^) 13 . ^7r(R - y)(R=’ + rR + »'®) 

(94^ + 32 1 )(•*•— 3) I'l. — /») 

6a^b{a 4- 2c){ga — 25c) 16 . (2« — 3& + 4c) (2a — 36 — 4c) 

(*»y^ . ■» / -A , 1 -.fll-. O _*»T -0\ .... ^ ^ f T ~, t > , T-. I - O. 


384''^ ^ ^ ^ 

(94^ + 32i)(.*- - 3) 

6a^b{a 4 - 2c){ga — 25 c) 

8 ( 2 C* 4 - ia^b) {4c* 4 - \ctfib^ — ^a^hc- 
(x + 7) - i)( 2 ^ - 5 ) 

199 X 23(2 4-6 — 4 ) = 18308 

i2(x — 3) i* — 4 )(^ + 2 ) ; 


-) 18. 4- r^} 

20. (p - i)( 3 /> 4- 7 ) { 2 ^ + 5 ) 
22. 14,150 




4(Ar±_2) 

5(x ~ 2) z{aX^ — 2;ir — 8) 

2 t('^ — 28 5^ 0 — 327 -'' -' + 99 ^' ^ — i2o;y» 

4 {ga — 14b) ' 2o{3X — 5){3X 4 - io)(2x — 7) 

2-70^-407 CO. 37-8 31 . 

^x{x 4 - 9 ){'^ - 7) : (S 9^)(3 + 8.r) , {^x + 4y){x + loy) 

{x + 8 ){x -- i) { x ^ 4- yx -{- 26). {Hint . — Let X == 4- 7.;»; 4- 6.} 


3 {^x^ - 4X — 6) 


37 *^ 


Pas (i8s 4- 25) 
27(^5" + ™!) (5^ 2) 




2(6^ 4- ab H - 
'~~ 3 ib~^ra) 


Exercises 8 


1. 

—4 or —I 

2. 

2*5 or 3 


3 . 4 

•13 or —1-13 

4. 

4 or —I 

5. 

2 83 or 

-•83 

6. - 

•278 ± -381; 

7, 

3 

8. 

4-23 or 

— 2 

•43 

9. - 

•125 ± I-2I97 

10. 

2*421 X 10® or 

— 2*379 X 10® 

11. 

2-75 or 

457 


12. 

28*98 or 1*03 



13 , 

3-89 X 

10^ or 

—2-97 X 10* 

14 . 

57-5 ox - 56-5 



15 . 

23 (- 

18 has no meaning here) 


II 
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16 . /. 


a 


17. u 


-f- Satgv 


19 . 120 or i3’3. 


20 . I 
22 , 
25 . 
27 . I 


± V + x^aibu , 

o 18 , 6-07 

120 or I3’3. (Divide all through by 75 x 10® first) 

t 55 ot 32 21. ‘845 (--2-S45 has no meaning here) 

v^gsVmi 23 . 5 or -7-5 24 . 80 or -90 

•211 and -789 of span from one end 25 . 13 or 10-42 

1*475 28 . 6-55 or —3*05 29 . loo ft. 


155 or 32 

V = g^Vmi 


Exercises 9 

1- * = 7 or f \ 2. a == or 3 \ 8. = ip 3*1 

y==_3or— y/ y=-^orif ? = ± 2 / 

4 . = 2\ 5 . a = -6 or I \ 6. 3-63 or -2-3 

7 = 5/ 6 = 2-8 or 2/ 7. -eS" 8. 

9 . 765 (the work is shortened by dividing by 25 6 straight away) 
10 . 19-7 11 . 27*4 12 . § 13 . — 14 . 9-22 15 7-3 

16 . m = -01277; n = -0026 17 . 3-9 or 15-8 18 . 6-763 


8. = ip 3I 

±2j 

6. 3 *03 or - 

7 . -68' 


10 7-37 
18 . 6-763 


Exercises 10 

1 . 91 •! nautical miles 2. 22-63' £ 

5 . 3 i'- 9 '' 6. (a) I in 12-5; (6) i in 12-46 

8. AB= 12-37'; BC= 12-15'; AC = 21-63' S 

10. 26 11, 405 grey; 340 red 12. 480 

14 . 132 15 . 2-36" 16 . 6110 lbs. 17 . H- 

18 . 5-11 tons 19 . 65-8n'' 20 . £3 17s. nd 

21. 7-24 sq. ins. 22. (b) 12-25; (0 4*0, {d) 5 86 


3 . 70-7 
7 . 15 ft 
9 . 72-4 
13 . 51-2 
8 - 06 ", -307 


1. 3-44 sq. ins. 
4 . -2374 


Exercises 11 
2. 10-2"; 52-1 sq. ins. 
5 . 12-82 sq ins. 


8. 6 sq ins.; 2- 


58-5 sq.ft.; 18-07 ft. 8. 137-5sq.lt. 9. i Oi ft. 


10. 301-5 sq. ft. 
13 . 69-5 


1 . 22-4" 

4 . 1-46; 2-14; 3-33; • 
7 . 2-9 ft. 

10. 31-23" 11. 8.< 

15 . 27-13 sq. ins. 

18 . 12080 lbs. 19 . 

22. 16-65 sq. ins. 23 . 
26 . 24-378"; 66 and 36 


11. 13-25 sq. ms. 
14 . -52 amp. 

16 . 9-13 sq. ins. 

Exercises 12 

2. 29-1 ft. 


: *35: *06 ! 

8. 18" 

8 - 92 " 12. 

16 . 3 '- 2 i" 

19 . 4816 lbs. 

23 . 1010 sq ft. 


5 , 2-51' 


214 sq. ins. 


IJ. 47-7 sq. ins. 
15 . 0*42 ]ns. 


8. 161 sq. ft. 

6. 1*571'^ 

9 . 1380 ft. per Sec. 

13 . 970 14 . 5935 

17 . *X96sq. m. 

3*76 miles 21 . 12*8"' 

•0294 ohm 25 . 2*63 

28 . 60 ohms 
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Exercises 13 



1 . 

^1 = 4 * 75 ': > 

h = -36" 

2. c, = 44-72”', 

^ h = 20' 

3. 

r = 62*8"; h 

== 4 * 97 ' 

4. 6-12^; 

2-07 

sq. ins. 

5. 

9‘o6 sq. ms. i 

; 60^ 

6. 

3-67' 


7. 

3 * 33 ' 

; 1-29 sq. ins. ; 

: -56" 

8. 

13*1 

9. 

i686 

10. 29-8 sq. ins. 11. 6076 

12. 5*8-^ 

13 . 

B= A/fRT 

14 . 141** 

15. I 

"-26^ 

16. ‘ 375 ' 



Exercises 14 



1 . 

4 - 5 "; 36a"; 

8 48" 2. I- 

8"; i"; 7*2n"; -55^' from base 

3. 

2-48"; 12" 

4. 47°"; 8"; 1-8" 

; 25 ; 

14": 25-91"; 25-57' 

5. 

66-30"; 3*88 

29-6"; 29*75 

29-3' 

6. 

334 n' 

7. 

30-4 ft. tons ; 

3'38 ft. tons 


8. 

623 yds- 

9. 

3": ir 

10. 7000 





Exercises 15 



1 . 

689 cu. ft. 

2. -28; 7 

•75 3. 

‘3I2fi 

4 . 144 

5. 

•833 

6. 5*13 cu. ft. 7 . 

6 91 

; 25900 

8. 

4 I-I 

9. 52600 

10. 

47*94 cu. ft. ; 6712 lbs. 

11. 

23-85 sq. ft.; 

40*17 sq. ft. , 

19*3 cu ft. 


12. 70 

13 . 

*53 (watt = volts X amps) 

14 . 31*85 

lbs 

15. 245 lbs. 

16. 

9 17. 

851-5 sq. ft 

18. 14" ‘ 


19. I5'-6" 

20. 

0 

0 

0 

CO 

0 

21. 

0006 


22. I 74" 

23. 

1-83 X lo-io 

ohms 24. 

137 25. 

12-55” 26. 3-503 



Exercises 16 



1 . 

593 cu. ins. ; 

321 sq. ms. ; 

13*55 ms. 


2. 20*4" 

3. 

200 sq ft. 

4. 

13*4 cu. ins. 


5, 1592 lbs. 

6. 

26“i ft. ; 581 

sq ft, 7. 4 

03''; 1069" 


8. 36*7 cu ins. 

9. 

14520 SCJ ft. 

; 70420 cu. ft. 


10. 773*8 ; 967*4 lbs 

11. 

173-8 sq. ins. 

; 234*3^ 

12. 213 5 cu. ft. 

; 29,890 lbs. 

13. 

241 tons 


14. -389" 



15. 

155 Gii ms. , 

40*2 lbs. 

16. 559 cu 

ms. 

, 243 sq. ins. 

17. 

4 * 63 ' 


18. 2", 3" 

; 6 I. 

2 " 

19. 

105 sq. ins. ; 

138 sq. ins. 

20. 1159 Si 

q. ms 

. ; 2530 cu ins- 



Exercises 17 



1 . 

160 sq ms ; 

190-5 CU ms 

2. 83; 518 

lbs. 

3. 9*057 cu ins 

4. 

8590 lbs. 


5. -1033 


6. 5*44 cms 

7. 

100*4 sq. ins. 

; 151 cu ms. 

8. 4 2" 9. ' 

536 

10, 558*5 sq.. ft. 

11 . 

*0941'' 12. 1439 sq. yds 

13 . 1*08. 


14 . 15,520 faq. it. 

15. 

7 59"" liom vertex 16 . 

104 6 sq ms. 


17. 14-7: 2-45 

18. 

53-51 acres 

19. 77 " 

20, i6*i, 

47*3. 

27*6, 27*6 sq. ms. 

21 . 

406 lbs. 


22. 72 ft. 


23. 1*3' 



Exercises 18 



1. 

175 sq. ft.; 9 

)*8 cu. ft. 

2 . 326 sq 

. ins. 

; 244 cu. ins. 

3. 

373 sq. ins. ; 

231 cu. ins. 

4. 136 sq 

. ins. 

, 98*2 cu. ms. 

6 . 

Paraboloid = 

! J cylinder 

6. 90*2 cu. ins. 

7. 2*02 lbs. 
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Exercises 19 

2. 2630 lbs. 


1 . 6-44 lbs. 

5 . 272 lbs, 

9 . 1-84 lbs. 
13 . 5-08 lbs. 

17 . 3*59 lbs. 


6. 372 

10. 761 lbs. 
14 - 19*55 lbs 

18 . 258 lbs. 


3. 1278 lbs. 

7. 1*16 tons 

11. 45*5 lbs. 
15 . 28-2 lbs. 

19 . 6'47 lbs. 


4 . 960 lbs. 

8. 1 71 lbs. 

12. 10-25 tons 
16 . 93-5 lbs. 


1. 74*5 tons 

4 . 3400; li" 

12. -317 

22. 54000 Ibs./a"' 


Exercises 20 

2. 30800; 650; 25000 
5 . 1440 8. 339 ; 55 

13 . 55 mins.; 45° 

24 . -8% low 


3 . 420 lbs. per min 
11. 11850 tons 
14 . 63 mins.; 42® 
28 . 4*10 o'c. 


Exercises 21 


2. 250 4 , Slope = “375; intercept = —2-375 8- 5 ^7^'" 

11 . Slope =2*5 if V is plotted along horizontal 

12 . m = 1-8, = 2*6 13 . = I, y = o 14 . a? == 1*24, y =* 

15 . == -43, y ^ 2-33 16 . ;«r = 3-18, y - 4-75 17 . 55® 


Exercises 22 


1. -392 2. -31 

5 . I s= •862B + 4*53 6. 

8. T == 5 I* 7<9 +7 9 . 

11. R=-784V+63-8 12. 

14 . =: 1-125, a = -00452 

16 . 32 


3 . 30-2 X 10^ 4 . 17-9 X 10® 

= • S^d — '03 7 . dj = *95(^ - 

T = 35306 10 . R = •78V 

R 2-5V H- 75 13 . R^ = I, a : 

15 . I — -00232;!;? — 96 
17 . 29-25 X 10® 


•07 
• 86 
•004 


1 . 

7. 

16 . 

18 . 

21 . 

24 . 


Exercises 23 

Vertex downward 2 . Vertex upward 

Total weight = 50I + 5^^ 14 . 6 or «-i 16 . —*2-67 or 

1-44 or —7*65 17 . Divide tiiroughouL by 10^: — 9-22 or 


17-1 19 . (a) 4*9" 

7-7 air to I of gas 
15-22 knots; £ 94 ^^ 


27 . Assume some value for v 


u = 


29 . 

35 . 

37 . 

39 . 


1 . 

4 . 

8 . 

12 . 


2"^ 30 . 2 rows of 8 

•2, 2-25 or —3 
-2, *5 or —-8 

X = -211/ 


, W 5*5 
22. 5*5 

25 . 40®; 

V 

2 

31 . 

36. 

38 . 

40 . 


•69 


: 3*64'; h = I 
55, effy. = *5 


6 

1 - 2 , 

max”^ at x 


88-1 lbs. 
10-89 tons 
2-3 pence 
22 knots 


1*475 

Exercises 24 
2 . 2-37 

5 . 10970 lbs. 

9. 13-75 ohms 
13 . 841 

17 . Cost oc ^ 
h 


20 . 

23 . 

26 - 2-1 

8 

27 

I, — 2 or 1-5 
1-6 

“3, min”^ at A? = 4- 
5 * 6 ° 42 . 1-3 


28, 8-33: 


34 . 

4-6 or “ 


41. 


3 5 
•12 


3 . i/ = 66-3Vr; 1195 
6. 5" 7. *028 cm. 

10 . 246 11 . So 

14 . 4-27 15 . 533 


16 - -01088' 



ANSWERS TO EXERCISES 


485 


Exercises 25 


1 . 

5, 

8 , 

11, 

15 , 

19 . 

21 , 

23 , 


28; 72 

12, 15, 18 or 9, 
jfro; 8160 
3*15 p.m. 

835-2 

7-52, 18, etc. 
25 days 


2. 2otb 
i6'5, 24 6. 
9- 15-57 ft. 
12. 2-074 

16 . 5-5 


3 . 

24 

13 . 

17 . 

20 . 

22 . 


— 105 4 . 3-7, 4-6 .. . 

7 . ;£i 15s- los. od. 

10, 592 ft. ; 16 secs. 

53-33 l*. 2. 3. 4^ 

10 081 ; -821 18 . 20 lbs. 

a = 2, 6 — o, c = I ; 8040 
•9B3 in. 


10 


4-284; 6'ii6; 8-734; 12-48; 17-8; 25-43; 36-31; 51*84; 74-03 ; 105*7 

Exercises 26 


1. 

3-0643; 1-1569; 2-I92X 


2. 

5*0738; 4-2842; 1.4008 

3 . 

0; -0812; *1946; -285; -5512. -7744 

4 . I 301 

5 - 924-3 

6. 

•09877 

7 . *00005445 

8. 

4 * 6 i 2 

9 . 264 

10. 

I *086 

11. 1546 


12. 

11*03 

13 . *07784 

14 , 

3*3 X 

15 . 26, 560 


16 . 

47*2 

17 . 75-4 

18 . 

370 

19 , 38*2 


20. 

*123; *109 

21, *401 

22. 

•1518 

23 . -0336 


24 . 

*475 

25 . *0391 

26 . 

*528 27. 

= - 391 , <PM = 

1-796 

28 . 

4000 

29 , *638 

30 . 

24-3 % 

31 . -296 


32 . 

•325 

33 . *103 

34 , 

357 

35 . 4-48 


36 , 

•0003336 

37 , 38 4 

38 . 

8-51 

39 . 4*44 


40 , 

71-5 

41 . *65 

42 , 

^=1-875: T 

= 445, < = 237 

43 . 


44 . 1*47 

45 . 

0 or 7*28 

46 . 2 -i 6 


47 . 

0 or 1*368 

48 . *0955 

49 . 

481-5 

50 . -033 

51 . V 

= 222^11 

52 . *01895 

53 . 

4-6 

54 . 5380 

55 . I 

“48X 

10® 

56 , *605 

57 , 

1-44 

58 . 7965 


59 . 

6i-6 

60 . *2 

61 . 

n = I *40 5 ; C = 

= 502 62 . 

81300 

63 . 47610 

64 . I 1 15 


65 . 


Thl Disch. 

Cd 

53 

•66 

118 

*672 

171 

•658 


66 . 


Thl Disch 

Cd 

122 

•728 

154*7 

•7086 

183 

,727 

220-4 

1 

•71I 


67. Y = -003561;^ 68. h = -1538^;^’®^^ 

TTake logs of both equations and solve as a pair of simiil-'i 
^ taneoiis equations, j 

71, F = - 00277 V 1 *® 


69 . 3-o7| 

70 , 8-41 


Exercises 27 


1 , *8746; 

2 , - 9756 ; 

7 . 33 ° 42' 
12 , 52*8 
17 . -00305 

21 , 455 


•3443; -0523; -2309 

9641; 16139; -2837 3 . 3*817 4 . *3966 

6, 252*3 ; o (the case of wattless current) 

8. 143 3 9, 20° 10. 28*^6' 11, iSi 

13 , 1340 14 , 6764 15 . 3x50 16 . 823 3 

18 - 61,200 ft. 19 , 23*4 20 . 26°8^ 

22 . *8923 23 . 16850 24 . 25®!' 
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Exercises 28 


1. a = 11-65^ 

; 6 = 43-47 

" 2. 

h = 8-72'^: c = 14-83 

3 , a ==48*3"'; 

h = 43 - 5 ' 

4. 

a = 66*73'^; c = 74-88 

5 * a = 22-14'^ 

; b — 16-08 

" 6 . 

a = 57*66^'; c == 92*63 

7 * a = : 

b = 10-72 

8 . 

6037 ft.; 2927 ft. 

9 . 8^ 8' 

10. 30-6 ft 

11. 

78° 12. 14^41' 

13 , 2" 

14 . [ a ) I4‘ 

>16'; {b) 20 

°53' 15 . 2-38" 

16 . 28^56' 

17 . AB = 50XAD 

18. A = 0, 50 


R.B. of BC 

= 35.5" S.E. 

B == 

77-8 

R.B. of CD 

= 82*5^ S.W. 

C = 74'6, 20-5 

K.B. of DA 

= 23® N.W. 

D = 15-2, : 

C 3 

Area 

= 2700 

19 . A — 10, 20 


R.B. of BC 

= 67° s w. 

B == 19-05, 

14-8 

R.B. of CA 

== 18° N.W. 

C == 12-58, 

12-06 

Area 

= 29 

20. 3 chns. 49 links 

21. 235® i' 

22. 73*6 ft. 

23 . *2901"^ 


24 . •121'^ 



Exercises 

29 

1. -8988 

—6157 

— 6157 


— 4384 : 

+•7880 

— 7880 


— 2-0503 

-.7813 

+ '7813 


2 . — 9903 


-|- '8480 


-f-i 392 : 

4 - *7880 ; 

— 5299 


-7-1154 

--7813 

— I -6003 


3 . — 3289 

—-3242 

--•9953 


— 9444 : 

“ 1 -* 946 o ; 

-•0979 


- 4'-3482 

=-.3427 

4 'I 0 -I 7 


4 - — -7570 


•7513 

•9171 

— -6534 ; 

-+-■5850 ; 

•6600 ; 

•3087 

-f-i-i 585 

-1-3865 

1-1383 

2-2998 

5- —-9135 

-•6374 

-9218 

6 . — 7365; 00 ; 

— -4067 ; 

-•7705 ; 

•3S77 


-4-2-2460 

4- -8273 

2-3772 


7 . i 24 ° 54 ' 

8- i2o“55' 

9 . ii9°3o' 


10 . i49°5o' or 2io'’io' 


Exercises 30 

1 . c = 4 - 89 ". A = 34 ° 25 '. C = 67° s' 

2 . A = 8o°52', b = 59-46", c = 63-04" 

3 . B = 44°46' or I35'’i4'. A = io8°24' or I7°56', a =11-93" 01 
S'S/ 

4 . B = 4o'=’42', a. = 8-84", c = 8-25" 

5 . A = 53°43' or i26°i7', B = 8o°i7' or 7°43', 6 = 12-61 or 1-72 

6. a = 9-54 ft., B = 37°47'» C = 68°57' 

7 . A = 8o°6', B = 48 “i8', C = 5I°36' 

8. c = 21-97", B = 2i°29', A = 28°3 i' 

9 . B= 4i°42'or I38 °i8', C= io9°i 8' or i2‘’4'>'. c = 8-31" or i-g.)' 

10 . C = 42° or 138°, A = loS* or 12°, a = 9779 or 2138 

11 . C = 69°40', B = 59°3o', a = 830 

12 . A = io 3 ° 33 ' or 5=27'. C = 40 ' 57 ' or i 39 ' 3 '. » = 64-62 or 6-311 
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13 . A == 86®3i', B = 45®57', c = i6-ii 

14 . C = 43®9^ A — a == 47*28; area == 637 

15. I9-4<5 ft. 16. 8® 30' 

17. 55°^ ^7^ 3S® 18. i8*75lbs.; 58° 

19 . OB = 1-224 chns., OC = -3236 elm., BE = *7673 chn,, 

CF I *667 chns. 


20 . 

23 . 

26 . 

28 . 


56'’36^ 21 . Jib = 26*2 ft.; tie = 17*4 ft. 22 . 1191 ft. 

647 ft.; 374 ft. 24 . 53*2 ft. 25 . 2083 ft. 

AB = 2983 links ; 767 links 27 . BG == 74*96 chns. ; CH 


30 . V = 473 - 3 ' 'I 

BE = BF = 126-7' }- 
CF = CG = 473-3' j 


AB = 527-4-) 
DC = 475-3 I 
AC = 767-4 j 
BC == 774 - 6 J 


links 


29 . AB (horiz.) = 607*5 yds. 
Dih. of level = 129*3 yds 


.} 


74*14 


32 . 1233 f p.s. ; 
35 . 9*o6 to I 
38 . 10*3"; 14*5'’ 
40 . 2286; 2912 


29' 


36 ' 

36 


31 . AP == 983' (AC 
BP ^ 967' 

CP == 919' 

33 . diam. = *506 p 
60-3 sq. ft. ; 422 lbs. 

39 . 244 sq. ft. 

41 . 17*25 sq. ins. 


1 1 80') I 

34 . 106-4®; 93' 
37 . 7*46"; 10-65"' 


Exercises 31 


1 . cos A = *893, tan A = *504 2 . -898 

3 . cos (A+B) = *442, sin (A— B) = *298 

4 . tan (A-f-B) — 36*7, tan (A— B) == -536 


5 . 

7 . 

9 . 

11 , 

13 . 


u — tan a 

* ■ 3 » 2 I 

I H- /X tan a * 

p = W (sin a 4- ft cos a) 

4-99 sin (5t + i) 

R __ ^ A) 

”” g cos^ A 

E = 121*6 sin (12077/ 4- 1*022) 


6 . P = W (p + 27rrfx) 
2.TrY—pyi 

8. 1*162 

10 . 238*5 sin ( 50 / — - 576 ) 
12 . - 189 ; io® 42 ' 


Exercises 32 

1 . cos 2A = *566: tan 2A = i'455 

2 . sin 2 A = *7962 ; cos 2 A = *605 3 . 4(1 4 * cos 28®) 

4 sin 2B == 2 cos B Vi—cos^ B , *731 

A A 

5 - sin — = *161 , cos — == *987; sin 3A = -8236 

A 

6, cos 4 A = *616; tan — == ’114 7 - 2*5(1 — cos 4/) 

8. 7*85 (sin 189® — sin 131°) = 7 85 (— sin 9® — sin 49®) 

9 . 2 sm gt {cos bt 4 sin 2/} 10 . sin A = *261 ; tan A = -270 

A 

cos ~ = -991 

11 . 50s X sm 2a ; 53 

12. (a) 2 cos 32®3o' sm i5®3o'; (b) — 2 cos 42®3o' cos 38®3o'; 

(c) 24 sin 50® sm 45® 

13 . 25-91; 63-73 14 . -333 or — 1-25 

15 . g-4 {-995 — COS (47r// — -117)} 
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Exercises 33 

1. 30° or 150° 2. 45°, 135°. 225° or 315° 

3. 120° or 240° 4 . 8°8' or 188° 8 ', i53°26'or 333°26' 

5. 120° or 240° 6. 53°8', I 9 i° 32 '. I26°52' or 348°28' 

7 . 30° or 150°, 210° or 330° 8. 45°. 7 i° 34 '. 225° or 25i°34' 

9 . 30° or 150° 10 . 35 ° 45 ' or I 44 °r 5 ' 

11. 45°, 225°, i6i° 34' or 34 i° 34 ' 12. 45° or 225° 

13 . 45°, 225°. i 8°26' or i98°26' 14 . 30°. 150“, 210° or 330° 

15 . o or 45° 16 . o or 120° 17 . 27°4' or 243=30' 

18 . 48=56' or 156=39' 19 * r 46 °i 9 or 326=19' 

20. o : 180 ; 20=56' or 339=4' 21. 5=7 

Exercises 34 

1 . 1-2552: 2-1293 2 . 5-0018 3 . ft. ^ 

4 . 40-54 ft.; 156-6 ft. 5 . Ecosh^ ^^4. sinh 

6. 10^43' 7 . -00383 8. -93 9 . i8°52' 11 . -86 12 . 19-4 

14 . 44-09 15 . 1-928 + 2-2987 

Exercises 35 

1. 318 2 . 51-7 lbs. per sq. in. 3 . 38-3559. ft.; 575 cu. ft 

4 . 765 sq. ft. 5 . 7231 sq. ft. 6. 269 ft. 

7. 430 sq. ft.; 2igo cu. ft. per sec. 8. 6850 sq. ft. 

9. 730 10. 8-72 sq. ins. 11. 60-5 lbs. per sq. in. 

Exercises 36 

1 . 168750 cu. yds. 2 . 8350 tons 3 . 244000 tons 

4. 44920 sq. yds. 5 . 5-21 x 10® galls. 6. 40 ft.; 51*43 ft. 

7. 12020 cu. yds. 8. 96*6 ft.; 61-9 ft.; 11600 cu. yds. 

9 . 26-5 ft.; 17-66 ft.; 33*5 ft,; 22-35 ft.; 27-5 ft.; 18-33 ft.; 184, 

325, 202 sq. ft.; 1375 cu. yds. 

10. 28-25 and 43*3 ft. from the centre line 


Exercises 37 

14 . The table of values would be arranged thus : — 



15 . Treat as a constant multiplier 

16 . Values of R and V are as follows : — 


V 

0 

10 

20 

30 

40 

55 

R 

2-5 

3*21 

4-74 

6-9 

9*61 

14-6 

2-9 

18 

. Values 

of r and 

7 } are as 

follows 


r 

2 

3 

5 

7 

10 

12 

V 

*962 

•968 

•96 X 

*947 

•934 

•932 
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19 . latus rectum = 2*5; vertex is at (2*75, —8*42) 

20. 4-27 tons per sq. in. ; 23° 

Exercises 38 

1, — 404 6. 62-2 lbs. 

8. Plot E = cosh A? (a? ranging from o to 500 Vgr) and then alter 
both scales 

Exercises 39 

1 . Amplitudes : — * 8; *2; 51-8 ; *116; *91 

Periods: — *02; *0102; 36-9 

2 . Am;^i^ude — 4 Period as for cosine curve : ^ or 120® 

Exercises 40 

1 . {Assume some convenient value for /}. x = *403/ 

2 . z = 5*3 3 . 1*221 4 . 4*58 5 , *36 or 2*17 

6- 1*9 or —2*45 7 . 2*79 8. -143 or *333 

9 . 2*66 10 . 5*37 (308°) 11 . /= •35L 12 . 7*876 

13 . 4*49 rad. (257®) 14 . 10*42, 13 15 . 5*523' 

16 . 1*484' 17 . 2*9 18 . 6*005" 19 . 79°6'34" 

20 . 1*87. (Plot the curves == cosh a? and 72 = — = — sec x 

cos X 

and note the point of intersection.) 21. 6*34 ft. 


Exercises 41 

2 . -454 3 . *334; 560 7 . 1*043; 1*077 

T O { \ A'\'7 t) 

9 . *22. [ Hint . — Let = also ( p^logg — h — and 

4 OI T 

solve for q .'\ 


1. W = 47 + 60 5A 

^ *0066 
4. m = *41 4- 


7 . S = 
10. d = 
13 , T = 
16 . 1 = 
19 . A = 

21 . - 

22. E = 

23 . E = 

24 . A = 

25. E = 
27 . a = 


H 

10 91/1 
1*2 v/7 

: 1*29 X lO"’ . 

17 . a 


Exercises 42 

2 . /LL= •2-f*oo4 Vy 

•OI48a2 

,,3 11 


3*5 X 

14*9, b = *58, — *0 2 

: *1 4- •0132T — *00000583X2 
— *15+ 00795T — *0000021X2 
192*8 — * 4*395V 4 - *027V2 
• 160 — i6*4V 4- *4X^2 26 . V = 

10, b = *277 28 . *2 29 


5 . I 

8- H = *0955/j 

11 . 541/? 079 h 

14 . Q — 15 . ?; = 224^/11 
1300, b = 52*3 18 . <2 = 1G20, b = 50*9 

20. n ~ 87, C == 205 


3 . W = 3 28^2 
6. W = I X 18 
9. T = 43 502^^2 

• 0724 z 4 8 


31 , y l 8 ^?* 25 a- 


3 195 +*452P — *7702 

*3 30 . *4 

33 . y = 


2*6“*3;f 


32 . Q === i*5ips 
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Exercises 43 

-115'; 92-6 lbs. /□" 

Write equation — _ 

log (i — log 2-9 = Jlog H — J log N or D 

Exercises 44 

8, Sjij, 8j>^, 8 ^ : - 009 % loo low 2. 

1 I I I I I . 31 

10+ 2+ 15+ i4- 1+ 7’ 325 


m- iN 


9 ^947 
6930 


I 

I 

I 

I 

lo-f* 

2 + 

15 + 

1 + 

I 

I 

1 

I 

I 2 -f 

4+ 

4 + 

1 + 


9 . — 

X - 

12. I- 

14. — 

zx 

16. -f 

7(- 

20. 32 


^ i . 

8 complete and 2 holes on 18 hole circle (approx.) 

10 holes on 17 hole circle 8 . 50 to 127 

1^2 .. 4 6 .. 2 


AT 4 - I + 6 2a" 

+ 1; 

X — I X — 2 

4 5 2 

22r + 7 ^ — 3 3 (^ + 2) 

7{x - 3) 7{x^ + 3 ^+ 3 ) 

32 21. 48 22. 


2;i; 4- 3 3 ^ + 5 ’ x ~ 

13 . _J _+_5 1 _ 

;fc*_P4 ^ — S X — 'Z 

15 5 , _ J 

■ 2 ) ■ 6(;r — 1 ) ^ 2(.¥ + i) 

17. - - 18. I- 

3) 76 

2. I 23. I 24. -^ 6 * 

5 


1 1 

11 ' X + 


4 

3 (^ + 2 ) 


Exercises 45 

2. 2048 ^^^+ 56320 ^^®^ -f 704000 a®/::® 4- 5‘29 X 
— 7I7'^55^''^V 4-. h ^ 3 


.+ Jl-L I? -1 32 

! ^ /1.3 ^ ^ ^ 


6. ~ 

1 Sc 80 g® ^ 2560 c® 48 /j® 

3 ^.a^ 3 ^.a^ ’ 25 a 

a®sin®^ a** sin^ ^ a® sin® ^ , a® 

(a) 20 . 19.18 . . . 10 . 9 , ( 6 ) 125970 

105 : 1 1880 ; 120 14. -984 15. 2-074 

(a) i-or X loi*; ( 6 ) 9545; W -73 > W 4092 

x^ x^ x^ 

cosh X I + . h h . - . ; sinh x ^ x + - — 1 ^ 

Li n 15 


7 . ai - 

_ 48 ?j 


-2 


Sin® 9 


18 . cosh . 

19 . I'386 


20 r 2L 4. y ^ y • 

^ 0 . J^3. 

Exercises 46 


I - 22. 3-14. 


45 2 . 5904 

•4372 or — 2*449 
X 3 , y 4 , z ^ 


3 . o 4 . •“ 1728 5 . 795 

7 , A? = 5, 3/ = 6 8. a = •— 1*5, b 

2 10 . a =: 1 - 2 , b = 3 -'j, c == — ^ 
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TABLE II. — Logarithms 


0043 

0086 

0128 

0453 

0492 

0631 

0828 

0864 

0899 

1173 

1206 

1239 

1492 

1523 

1663 

1790 

1818 

1847 

2068 

2095 

2122 

2330 

2365 

2380 

2677 

2601 

2626 

2810 

2833 

2866 

3033 

8054 

3076 


09M 0969 


187S 190S 


7 

8 

9 

0294 

0334 

0374 

0682 

0719 

0766 

1038 

1072 

1106 

1367 

1899 

1430 

1673 

1703 

1732 

1969 

1987 

2014 

2227 

2263 

2279 


21 3222 

22 S42i 

23 3617 

24 5802 



26 4160 

27 4314 

28 4472 

29 4624 


4928 

4942 

1955 

4969 

4983 

4997 

6065 

6079 

6092 

5105 

6119 

6132 

6198 

6211 

6224 

6237 

I 6260 

6263 

6328 

6340 

6363 

5366 

i 6378 

6391 



2878 




2900 

2923 

3096 

3118 

8139 

3304 

3324 

3345 

3502 

3522 

1 3541 

3692 

3711 

8729 

3874 

3892 

3909 

4048 

4066 

4082 

4216 

4232 

4249 

4378 

4393 

4409 

4633 

4548 

4564 

4683 

4698 

4713 


6064 

6076 

6086 

6170 

6180 

6191 

6274 

6376 


6294 

6395 

6474 

6484 

6493 

6671 

6580 

^ 6690 

6606 

6758 

6848 

6937 

6075 

6767 

6857 

6046 

6684 

6776 

6866 

6965 

7024 

7033 

7042 




8366 

3660 

8747 

8927 

3385 

3679 

3766 

3946 

3404 

3598 

3784 

8962 

4099 

4116 

4133 

4265 

4281 

4298 

4426 

4440 

4466 

4679 

4694 

4609 

4728 

4742 

4767 

4871 

4886 

4000 

6011 

6024 

6038 

6146 

6169 

6172 

6276 

6289 

6302 

6403 

6416 

6428 

6627 

6639 

6661 

6647 

6658 

6670 

6763 

6776 

5786 

6877 1 

5888 

6809 

6988 

6999 

6010 

6096 

6107 

6117 

6201 

6212 

6222 

6304 

€314 

6326 

6406 

6416 

6^26 

6503 

6613 

6622 



4 5 6 7 8 9 

17 21 36 SO 34 88 
16 20 24 28 32 37 

16 19 23 ~27 31 35 
16 19 22 26 30 33 



3 6 8 

3 6 8 

11 14 16 
10 13 16 

19 22 24 
18 21 23 

3 6 8 

2 6 7 

10 13 15 
10 12 16 

18 20 23 
17 19 22 

2 6 7 

2 6 7 

9 12 14 

9 11 14 

16 19 21 
16 18 21 

2 4 7 

2 4 6 

9 11 13 

8 11 13 

16 18 20 
16 17 19 

2 4 6 

8 11 13 

16 17 19 

2 4 6 

2 4 0 

2 4 6 

2 4 6 

8 10 12 

8 10 12 

7 9 11 

7 9 11 

14 16 18 
14 16 17 
13 16 17 
12 14 16 


2 

3 

5 

7 

8 

10 

11 

13 

16 

2 

3 

5 

6 

8 

9 

11 

13 

14 

2 

3 

6 

6 

8 

9 

11 

12 

14 

1 

3 

4 

6 

7 

9 

10 

12 

13 

1 

3 

4 

6 

7 

9 

10 

11 

13 

1 

3 

4 

6 

7 

8 

10 

11 

12 

1 

3 

4 

6 

7 

8 

0 

11 

12 

1 

3 

4 

5 

6 

8 

9 

10 

12 

1 

3 

4 

6 

6 

8 

0 

10 

11 

1 

2 

4 

0 

6 

7 

9 

10 

11 

1 

2 

4 

6 

6 

7 

8 

10 

11 

1 

2 

3 

6 

6 

7 

8 

9 

10 

1 

2 

3 

6 

6 

7 

8 

9 

\0 

1 

2 

3 

4 

5 

7 

8 

0 

10 

1 

2 

3 

4 

6 

6 

8 

9 

10 

1 

2 

3 


6 

6 

7 

8 

9 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

2 

3 

4 

5 

0 

7 

8 

9 

1 

2 

3 

4 

6 

6 

7 

8 

9 

1 

2 

3 

4 

6 

0 

7 

8 

9 

1 

2 

3 

4 

6 

6 

7 

7 

8 

1 

2 

3 

4 

5 

6 

6 

7 

8 

1 

2 

H 

4 

4 

5 

6 

7 

8 

1 

2 

3 

4 

4 

6 

6 

7 

8 
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TABLE II. {contd.) 


76 8808 

77 8866 

78 8921 

79 8976 



7084 

7168 

7261 

7332 

7093 7101 
7177 7186 
7269 7267 
7340 7348 

7412 

7419 7427 

7490 

7666 

7642 

7716 

7497 7606 
7674 7682 
7649 7657 
7723 7731 

7789 

7796 7803 

7860 

7931 

8000 

8069 

7868 7876 
7938 7945 
8007 8014 
8076 8082 

8136 

8142 8149 

8202 

8267 

8331 

8395 

8209 8216 
8274 8280 
8338 8344 
8401 8407 

8457 

8463 8470 

8 

8 

a 

8 

619 

579 

639 

693 


8756 

8762 8768 

8814 

8871 

8927 

8982 

8820 8825 
8876 8882 
8932 8938 
8987 8993 

9036 

9042 9047 

9090 

9143 

9196 

9243 

9096 9101 
9149 9154 
9201 9206 
9253 9258 

9299 

9304 9309 

9350 

94(X) 

9450 

9409 

9355 9360 
9405 9410 
9455 9160 
9504 9509 

9547 

9552 9557 

9595 

9G43 

9689 

9736 

9600 9605 
9647 9652 
9694 9699 
9741 9745 

9782 

9786 9791 


4 

5 

6 

7110 

7118 

7126 

7193 

7202 

7210 

7276 

7284 

729i 

7356 

7364 

7372 

7436 

7443 

7461 

7513 

7620 

7628 

7689 

7697 

7604 

7664 

7672 

7679 

7738 

7746 

7752 


7 

8 

9 

7135 

7218 

7300 

7380 

7143 

7226 

7308 

7388 

7162 

7235 

7316 

7396 




1 

2 

3 

4 

5 

6 

i 

7 

8 

8 

1 

3 

3 

s 

4 

5 

6 

7 

8 

1 

2 

2 

3 

4 

6 

6 

7 

7 

1 

2 

2 

3 

4 

6 

6 

6 

7 

1 

2 

2 

3 

4 

6 

6 

6 

7 

1 

2 

2 

3 

4 

6 

6 

6 

7 

1 

2 

2 

3 

4 

6 

6 

6 

7 

1 

2 

2 

3 

4 

6 

6 

6 

7 

1 

1 

2 

3 

4 

4 

5 

6 

7 

1 

1 

2 

3 

4 

4 

6 

6 

7 

1 

1 

2 

3 

4 

4 

5 

6 

6 


7903 

7910 

7917 

7973 

7980 

7987 

8041 

8048 

8055 

8109 

8116 

8122 


8222 

8228 

8235 

8287 

8293 

8299 

8361 

8367 

8363 

8414 

8420 

8426 


8241 

824? 

8264 

8306 

8312 

8319 

8370 

8376 

8382 

8432 

8439 

8446 


85U7 

8603 

8609 

8657 

8663 

8669 

8716 

sm 

8727 

8774 

8779 

8785 

8831 

8887 

8842 

8887 

8893 

8899 

8943 

8949 

8954 

8998 

9004 

9009 

9063 

9068 

9063 

9106 

9112 

9117 

9169 

9165 

9170 

9212 

9217 

9222 

9263 

9209 

9274 

9316 

9320 

9325 

9365 

9370 

9376 

9416 

9420 

9425 

9466 

9469 

9474 

9513 

9518 

9623 

95G2 

9566 

9671 



8791 8797 8802 


8848 8854 8859 

8904 8910 8016 

8960 8965 8971 

9016 9020 9026 

9069 9074 9079 



4 

4 5 

6 

6 

3 

4 6 

6 

6 

3 

4 5 

5 

6 

3 

4 6 

6 

6 



9676 

9581 

9586 

9624 

9671 

9717 

9763 

9638 

9675 

9722 

9768 

9633 

9680 

9727 

9773 

9809 

9814 

9818 




9841 

9845 

9860 

9886 

9890 

9894 

9930 

9934 

9939 

9974 

9978 

9983 



0 1 1 pj 
O I 1 ‘2 
0 112 
0 112 


3 3 4 6 6 1 

3 3 4 4 6 j 

3 3 4 4 6 1 

3 3 4 4 6 

3 3 4 4 5 


3 3 4 4 6 

3 3 4 4 5 

3 3 4 4 5 

3 3 4 4 5 

3 3 4 4 5 


3 3 4 4 5 

2 3 3 4 4 

2 3 3 4 4 

2 3 3 4 4 

2 3 3 4 4 

2 3 3 4 4 

2 3 3 4 4 

2 3 3 4 4 

2 3 3 4 4 


3 3 4 4 
3 3 4 4 


2 3 3 3 4 
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TABLE III. — Antilogarithms 



B 

2 

3 

1003 

1006 

1007 

1026 

1028 

1080 

1060 

1062 

1064 

1074 

1076 

1079 

1099 

1102 

1104 

1136 

1127 

1180 

1161 

1163 

1166 

1178 

1180 

1183 

1206 

1308 

1211 

1233 

1236 

1339 

1263 

1265 

1268 

1291 

1294 

1297 

1321 

1324 

1327 

1362 

1365 

1368 

1884 

1387 

1890 

1416 

1419 

1423 

1449 

1452 

1466 

1483 

1486 

1489 

1617 

1631. 

1624 

1663 

1666 

1660 

1689 

1692 

1696 


4 

5 

6 

1009 

1012 

1014 

1033 

1035 

1038 

1067 

1069 

1062 

1081 

1084 

1086 

1107 

1109 

1113 

1183 

1136 

1138 

1169 

1161 

1164 

1186 

1189 

1191 

1213 

1216 

1219 

1242 

1245 

1247 

1371 

1274 

1276 

1300 

1803 

1806 

1330 

1334 

1887 

1361 

1366 

1868 

1393 

1396 

1400 

1426 

1429 

1482 

1469 

1462 

1466 

1^93 

1496 

1600 

1628 

1531 

1636 

1503 

1567 

1670 

1600 

1603 

1607 

1637 

1641 

1644 

1676 

1679 

1683 

1714 

1718 

1722 

1764 

1768 

1762 

1796 

1799 

1808 


1167 

1160 

1172 

1194 

1197 

1199 

1223 

1326 

1227 

1260 

1263 

1266 

1279 

1282 

1286 

1809 

1812 

1816 

1340 

1343 

1346 

1371 

1874 

1377 

1403 

1400 

1409 

1436 

1489 

1443 

1409 

3472 

1476 

1603 

1607 

1610 

1688 

1642 

1645 

1674 

1678 

1681 



2046 

2061 

2066 

2094 

2143 

2193 

1 2099 

1 2148 
2198 

2104 

2163 

3203 


2670 

2676 

2682 

2688 

2694 

2600 

2630 

2636 

2642 

2649 

2666 

3661 

2692 

2698 

2704 

2710 

2716 

3723 

2764 

2761 

2767 1 

2773 

2780 

2786 


2061 

2066 

2070 

2109 

2113 

2118 

2168 

2103 

2168 

2208 

2213 

2218 


2312 

2317 

3323 

2366 

2371 

2377 

2421 

2427 

2432 

2477 

2483 

2489 


2911 

2917 

2924 

! 2979 

2985 

2992 

3048 

3066 

8062 

3119 

3126 

3133 
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TABLE III. (contd). 



*51 3236 

•52 3311 

■63 3388 

64 3467 



3243 

S261 

3258 

3266 

3273 

3281 

3319 

3327 

3334 

3342 

3360 

3367 

3396 

S404 

3412 

3420 

3428 

3436 

3476 

3483 

3491 

3499 

3608 

3516 

3566 

3566 

3673 

3681 

3589 

3697 

3639 

3648 

3666 

3664 

3673 

3681 

3724 

3733 

3741 

3760 

8768 

3767 

3811 : 

3819 

3828 

3837 

8846 

3856 

3899 : 

3908 

3917 

3926 

3936 

3946 

1 

8990 

3999 

4009 

40X8 

4027 

4036 



8 

9 

3214 

3221 

3228 

3289 

3296 

3304 

3365 

3373 

3381 

3443 

3461 

3459 

3624 

3532 

3540 

3606 

3614 

3622 

3690 

3698 

3707 

3776 

3784 

3793 

3864 

3873 

3832 

3954 

3963 

3972 

4046 

4056 

4064 

4140 

4160 

4169 

4236 

4246 

4256 

4335 

4345 

4356 

4436 

4446 

4457 

4639 

4660 

4660 

4645 

4666 

4667 

4753 

4764 

4775 

4864 

4875 

4887 

4977 

4989 

6000 


6176 

5188 

6200 

6212 

6224 

5236 

6297 

6309 

5321 

6333 

6346 

6358 

6420 

6433 

5446 

6458 j 

6470 

6483 

5546 

6669 

6672 

6685 1 

5598 

6610 



6^43 6957 6970 
6081 6095 6109 


6368 

6383 

6516 

6068 

6631 

6683 

6823 

6839 

6982 

6998 

7146 

7161 

7311 

7328 

7482 

7499 

7666 

7674 

7834 

7852 


6677 

6692 

2 3 6 

6 8 9 

6730 

6745 

2 3 6 

6 8 0 

6887 

6902 

2 3 5 

6 8 9 

7047 

7063 

2 3 6 

6 8 10 



7980 

7998 




8147 

8337 

8631 

8730 

8166 

8366 

8661 

8760 

8186 

8376 

8670 

8770 

8933 

8954 

8974 

9141 

9354 

9672 

9796 

9162 

9376 

9694 

9817 

9183 

9397 

9616 

9«4f 



7363 

7379 

[ 7396 

7634 

7651 

7568 

7709 

7727 

7745 

7889 

7907 

7925 

8072 

8091 

8110 

8260 

8279 

8299 

8453 

8172 

8492 

8650 

8670 

8690 

8851 

8872 

8892 

9057 

1 9078 

9099 


9 11 13 
' 10 11 12 
I 10 11 13 
I 20 11 13 


11 12 14 
11 12 14 
11 13 14 


12 13 15 i 

11 11 16 

12 M 16 

13 U 16 


2 

4 

6 

8 

10 

12 

2 

4 

6 

8 

10 

12 

2 

4 

6 

S 

10 

12 

' J? 

4 

6 

8 

10 

12 

F 2 

4 

6 

8 

11 

13 

2 

4 

7 

9 

11 

13 

2 

4 

7 

9 

11 

13 

2 

5 

7 

9 

u 

14 



88S 


















































Number. 
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TABLE IV.— Napierian, Natural, or Hyperbolic Logarithms 


8 9 


0-1 3-6974 7927 
0-2 2-3906 4393 
0-3 -7960 8288 
0*4 1*0837 1084 
0*6 3068 3267 

0-6 4892 5057 

0-7 6433 6575 

0-8 7769 7893 

0*9 89469057 

1*0 0*0000 0100 


S797 9598 0339 1029 1674 2280 2852 3393 
48595303 572961376529 6907 72707621 
8606 8913 9212 9502 9783 0057 0324 0584 
1325 1560 1790 2015 2235j2450 2660 2866 
3461 3651 3838 4022 4202 4379 4553 4724 

5220 5380 553 7 5692 5845 5995 6143 6289 
^ 7^5 6853 6989 7123 7256 7386 7515 7643 
8oi5|8i37 8256 8375 8492 8607 8722 8835 
O'?-*?/! owA'? necQ-z Q' 7 o 8 q 8 qq 


Mean Differences. 


0953 1044 1133 1222 ) 
1823 1906 198920702 
2624 2700 2776 2852 2 
33633436 35073577: 

4055412141874253: 

4700 4762 4824 4886 i 
5306 5365 5423 5481 ; 
5878 5933 5988 6043 £ 
6419 6471 6523 6575 £ 
6931 6981 7031 7080' 


41104134 
4351 4375 
4586 4609 
4816 4839 
5041 5063 

5261 5282 
5476 5497 
5686 5707 
5892 5913 
6094 6114 


4159 4183 4207 4231 4 
4398 4422 4446 4469 4 
46334656467947024 
4861 4884 4907 4929 4 
5085510751295151 « 

5304532653475369 ‘ 
551^553955605581 f 
5728 5748 5769 5790 i 
593359535974 5994 ^ 

6134 6154I 6174 6194 ^ 


58105831 5851 5872 


1 

2 

3 

4 5 6 

7 8 9 

9 17 

26 

35 44 52 

6i 70 78 

8 16 24 

32 40 48 

56 64 72 

7 15 

22 

3° 37 45 

5-2 59 67 

7 14 

21 

28 35 41 

48 55 62 


13 

19 

26 32 39 

45 52 58 

6 12 

18 

24 30 36 

42 48 55 

6 11 

17 

24 29 34 

40 46 52 

5 II 

16 

22 27 32 

38 43 49 

5 

10 

15 

20 26 31 

36 41 46 

5 10 15 

20 24 29 

34 39 44 

5 

9 14 

19 23 28 

33 37 42 

4 

9 13 

18 22 27 

31 36 40 

4 

9 13 

17 21 2b 

30 34 38 

4 

812 

16 20 2^ 

29 33 37 

4 

8 12 

1 6 20 24 

27 31 35 

4 

8 

II 

15 19 23 

26 30 34 

4 

7 

II 

15 18 22 

26 29 33 

4 

7 

II 

14 18 21 

25 28 32 

3 

7 

lO 

14 17 20 

24 27 31 

3 

7 

10 

1316 20 

23 26 30 

3 

6 10 

13 16 U) 

22 25 29 

3 

6 

9 

12 15 181 

21 25 28 

3 

6 

9 

12 15 18I 

21 24 27 

3 

6 

9 

12 I.j 17 

20 23 26 

3 

6 

8 

11 14 17 

20 22 25 

3 

5 

8 

11 14 16 

19 22 25 

3 

5 

8 

II 13 16 

19 21 24 

3 

5 

8 

10 13 16 

18 21 23 

3 

5 

8 

10 13 15 

18 20 23 

2 

5 

7 

10 12 15 

17 20 22 

2 

5 

7 

10 12 14 

17 IQ 22 

2 

5 

7 

9 12 14 

lO IQ 21 

2 

5 

7 

9 II 14 

16 18 21 

2 

4 

7 

9 II 13 

16 18 20 

2 

4 

7 

9 II 13 

15 18 20 

2 

4 

6 

9 II 13 

15 17 19 

2 

4 

C 

8 II 13 

15 17 19 

2 

4 

6 

8 10 12 

14 16 19 

2 

4 

6 

8 10 12 

14 16 18 

2 

ifWi 

4 

6 

8 10 12 

14 16 18 
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TABLE IV [contd.) 





S 


5 

6 


8 

9 



Mean Difierences. | 

0 

1 

2 

4 

7 

1 

2 

3 

4 

5 6 

7 8 9 

■6292 

6312 

6332 

6351 

6371 

6390 

6409 

6429 

6620 

6448 

6639 

6467 

6658 

2 

4 

6 

8 

10 12 

14 16 18 

6487 

6506 

6525 

6544 

6563 

6582 

6601 

2 

4 

6 

8 

10 12 

X 3 X 5 X 7 

6677 

6696 

6715 

6734 

6752 

6771 

6790 

6808 

6827 

6846 

2 

4 

6 

8 

9 XI 

13 15 X7 

6840 

6883 

6901 

6919 

6938 

6956 

6975 

6993 

7011 

702Q 

2 

4 

6 

7 

9 XI 

X 3 X 5 17 

7048 

7066 

7084 

7102 

7120 

7138 

7156 

7x74 

7x92 

7210 

2 

4 

5 

7 

9 II 

13 X 4 16 

7228 

7346 

7263 

7281 

7299 

73x7 

7334 

7352 

7370 

7387 

2 

4 

5 

7 

9 XI 

12 14 16 

7405 

7422 

7440 

7457 

7475 

7492 

7509 

7527 

7544 

7561 

2 

4 

5 

7 

9 10 

12 14 16 

7579 

7596 

7613 

7630 

7647 

7664 

7682 

7699 

7716 

7733 

2 

3 

5 

7 

9 10 

12 14 15 

7750 

7767 

7783 

7800 

7817 

7834 

7851 

7868 

7884 

7901 

2 

3 

5 

7 

8 10 

12 13 15 

7918 

7934 

795 X 

7968 

7984 

8001 

8017 

8034 

8050 

8067 

2 

3 

5 

7 

8 10 

12 13 15 

8083 

8099 

8116 

8132 

814S 

8165 

8181 

8197 

8213 

8229 

2 

3 

5 

7 

8 10 

II 13 15 

8246 

8262 

8278 

8294 

8310 

8326 

8342 

8358 

8374 

8390 

2 

3 

5 

6 

8 10 

II 13 14 

8406 

8421 

8437 

8453 

8469 

8485 

8500 

8516 

8532,8547 

2 

3 

5 

6 

8 10 

IX 13 14 

8563 

8579 

8594 

8610 

8625 

86^1 

8656 

8672 

868718703 

2 

3 

5 

6 

8 9 

II 12 14 

8718 

8733 

8749 

8764 

8779 

8795 

8810 

8825 

8840 8856 

2 

3 

5 

6 

8 9 

II 12 14 

8871 

8886 

8901 

8916 

8931 

8946 

8961 

8976 

8991 9006 

2 

3 

5 

6 

8 9 

II 12 14 

9021 

90369051 

9066 

9081 

9095 

9110 

9125 

9 I 4 o' 9 i 55 

2 

3 

4 

6 

7 9 

10 12 13 

916991849x99 

9213 9228 

9243 

9257 

927292869301 

941694319445 

955995739587 

2 

3 

4 

6 

7 9 

10 12 13 

931593309344 

93599373 

9387 

9402 

I 

3 

4 

6 

7 9 

10 12 13 

9459 

94739488 

95029516 

9530 

9545 

X 

3 

4 

6 

7 9 

10 II 13 

9601 

96159629 

96439657 

9671 

9685 

9699:97139727 

I 

3 

4 

6 

7 S 

10 II 13 

974X 

9755,9769 

9782 9796 

9810 

982J 

98389851 9865 

I 

3 

4 

6 

7 8 

10 II 12 

9879 

9892,9906 9920 0933 

9947 

9961 

9974 jQ 988 |oooi 

I 

3 

4 

5 

7 S 

10 ii 12 

2-001 5 0028 0042 

0055 0069 

0082 

0096 

0109 0122 0136 

I 

3 

4 

5 

7 8 

9 II 12 

0149 

0162 0176 

0189 0202 

0216 

0229 

0242 0255 0268 

I 

3 

4 

5 

7 8 

9 II 12 

0281 

02950308 

0321 0334 

0347 

0360 

037303860399 

I 

3 

4 

5 

7 S 

9 II 12 

0412 

0425 0438 

0451 0464 

0477 

04900503 

03160528 

I 

3 

4 

5 

7 8 

9 10 12 

O54X 

0554 

0567 

0580 0592 

0605 

0618 0631 

0643 0656 

I 

3 

4 

5 

^ ? 

9 10 II 

0669 

0681 

0694 

0707 

0719 

0732 

07440757 

0769 0782 
0894*0906 

I 

3 

4 

5 

6 8 

9 10 II 

0794 

0807 

0819 

0832 

0844 

0857 

0869 

0882 

I 

3 

4 

5 

6 7 

9 10 II 

0919 

0931 

0943 

0956 

0968 

0980 

0992 

1005 

ioi7jio29 

I 

3 

4 

5 

6 7 

9 10 II 

104 I 

1054 

1066 

1078 

1090 

1102 

1114 

1126 

1138 1151 

I 

2 

4 

5 

6 7 

9 10 II 

1163 

1x75 

1187 

X199 

121 1 

1223 

X235 

1247 

1259 1270 

I 

2 

4 

5 

6 7 

8 10 II 

1282 

1294 

X306 

1318 

1330 

13^2 

X354 

1365 

13771389 

r 

2 

4 

5 

6 7 

8911 

1401 

1412 

1424 

1436 

1448 

X459 

1471 

X4S3 

14941506 

X 

2 

4 

5 

6 7 

8911 

15X8 

1529 

154X 

X552 

1564 

1576 

1587 

X599 

1610 1622 

I 

2 

4 

5 

6 7 

8910 

1633 

i <^45 

1656 

1668 

1679 

1691 

1702 

17x3 

1725 

1736 

I 

2 

3 

5 

6 7 

8 9 10 

1748 

X759 

1770 

1782 

1793 

1804 

1816 

1827 

1838 

1849 

r 

2 

3 

5 

6 7 

8 9 10 

1861 

1872 

1S83 

1894 

X905 

1917 

1928 

X 939 

1950 

1961 

I 

2 

3 

5 

6 7 

8 9 10 

1972 

1983 

1994 

2006 

2017 

2028 

2039 

2050 

2061 

2072 

I 

2 

3 

4 

6 7 

8 910 

2083 

2094 

2t05 

21 16 

2127 

2138 

2149 

2 X 59 

2170 

2181 

I 

2 

3 

4 

6 7 

8 910 

2192 

2203 

2214 

2225 

2235 

2246 

2257 

2208 

2279 

2289 

r 

2 

3 

4 

5 7 

8 9 10 

2300 

2311 

2322 

2332 

2343 

2354 

2395 

2375 

2386 

2397 

I 

2 

3 

4 

5 6 

8 9 10 

2407 

2418 

2428 

2439 

2450 

2460 

2471 

2481 

2492 

^02 

I 

2 

3 

4 

5 6 

7 9 10 

25X3 

2523 

2534 

2544 

2555 

2565 

2576 

2586 

2597 

2607 

I 

2 

3 

4 

5 6 

7 8 10 

2618 

2628 

263S 

2649 

2659 

2670 

2680 

2690 

2701 

2711 

r 

2 

3 

4 

5 6 

789 

2721 

2732 

2742 

2752 

2762 

2773 

2783 

2793 

2803 

2814 

I 

2 

31 

4 

5 6 

789 

2824 

2834 

2844 

2854 

2865 

2875 

2885 

2895 

2905 

2915 

I 

2 

3 ' 

4 

5 6 

789 

2925 

2-3026 

2935 

2946 

295^ 

2966 

2976 

2986 

2996 

3006 

3016 

' I 

2 

3 

4 

5 

789 


KK 
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TABUi V. — NATUKAt- Sinks. 


Degree. 

0' 

0°0 

6' 

0°-l 

12' 

0°-2 

18 ' 

0"*3 

24 ' 

0“'4 

30 ' 

0"'5 

36 ' 

0^-6 

42 ' 

0°*7 

48 ' 

0‘^-8 

64 ' 

0°-9 

Mean I Hderences. 

1' 

2' 

3 ' 

4 ' 

5 ' 

0 

•0000 

0017 

0035 

0052 

0070 

0087 

0105 

0122 

0140 

0X57 

3 

6 

9 

12 

X 5 

1 

•0175 

0192 

0209 

0227 

0244 

0262 

0279 

0297 

93x4 

«332 

3 

6 

9 

12 

X 5 , 

2 

•0349 

0366 

0384 

0401 

0419 

0436 

0454 

0471 

0488 

0506 

3 

6 

9 

12 

15 

3 

‘0523 

0541 

0558 

0576 

0593 

0610 

0628 

0645 

o()63 

0O80 

3 

6 

9 

12 

15 

4 

•0698 

07x5 

0732 

0750 

07O7 

0785 

0802 

08x9 

0837 

0854 

3 

6 

9 

12 

14 

6 

•0872 


0906 

0924 

0941 

0958 

0976 

<3993 

lOIX 

X028 

3 

6 

9 

12 

X 4 

6 

•1045 

1063 

1080 

1097 

11T5 

X132 

1140 

1167 

XX84 

1201 

3 

5 

0 

12 

14 

7 

•1219 

1236 

1253 

1271 

1288 

X305 

1323 

1340 

X 357 

X 374 

3 

() 

9 

12 

14 

8 

'I393 

1^09 

1426 

1444 

X4O1 

1478 

X 4 q 5 

X 5 n 

X530 

X 547 

3 

(> 

q 

12 

14 

9 

•I5C4 

1582 

1599 

1616 


1650 

X608 

x()85 

1702 

17x9 

3 

() 

<) 

X 2 

14 

10 

•1736 

X754 

1771 

1788 

1805 

r822 

X840 

i «57 

1874 

X89X 

3 

0 

9 

IX 

14 

11 

•1908 

1925 

19^2 

1959 

1977 

X 994 

20X1 

2028 

2045 

2062 

3 

() 

q 

II 

X 4 

12 

•2079 

2096 

2113 

2130 

2147 

2164 

2181 

2198 

22x5 

^ 3 

3 

() 

9 

X X 

14 

13 

•2250 

2267 

2284 

2300 

2317 

2334 

235 X 

2^68 

2.585 

2402 

3 

(> 

8 

1 t 

X 4 

14 


4436 

2^53 

2470 

2487 

2504 

2521 

<538 

'•2554 

2571 

3 

() 

8 

11 

14 

15 

•2588 

2605 

2622 

2639 

2050 

2O72 

2089 

270O 

2723 

2740 

3 

b 

8 

IX 

X 4 

16 

•2756 

2773 

2790 

2807 

2823 

2840 

2857 

2874 

2890 

2 ()oy 


1) 

8 

II 

X 4 

17 

*2924 

2940 

2957 

2974 

2990 

3007 

3024 

3040 

3957 

y> 7 -\ 

3 

b 

8 

1 1 

X 4 

18 

•3090 

3107 

3123 

3 MO 

3156 

3173 

3190 

3 -ioG 

3223 

3 *i V) 

3 

b 

8 

ir 

14 

19 

•3256 

3272 

3289 

3305 

3322 

33.38 

3355 

337X 

3387 

Mo\ 

3 

5 

8 

1 r 

X 4 

20 

•3420 

3437 

3453 

3469 

3486 

3502 

3518 

3535 

3551 

3507 

3 

5 

8 

11 

X 4 

21 

•3584 

3600 

3616 

3<533 

3649 

36 C >5 

3681 

5997 

37x4 

37 

3 

5 

8 

It 

X 4 

22 

•3746 

3762 

3778 

3795 

3811 

3827 

3«43 

3^59 

3H75 

3 « 9 i 


5 

8 

1 1 

14 

23 

•3907 

3923 

3939 

3955 

3971 

3987 

4^<>3 

4019 

4 <M 5 

4031 


5 

8 

I r 

X 4 

24 

■4007 

4083 

4099 

4115 

4131 

.4147 

4x63 

^179 

4195 

4210 

3 

5 

8 

1 1 

X 3 

25 

•4226 

4242 

4258 

4274 

4289 

4305 

4321 

4 337 

4352 

4 598 

3 

5 

8 

X 1 

13 

26 

•4384 

4399 

4415 

4431 

4446 

44 O2 

4478 

449 ^ 

4509 

* 15-^1 

3 

5 

8 

10 

X 3 

27 

■4540 

4555 

4571 

4586 

4002 

4617 

4O33 

4648 

4 () 0 | 

497 () 


5 

8 

1 0 

I ^ 

28 

•4695 

4710 

4726 

4741 

4750 

477 'i 

4787 

4802 

481H 

48 U 


5 

8 

1 0 

I ^ 

29 

■48.18 

4SO3 

4879 

4894 

4909 

4024 

4939 

4955 

WO 

4985 


5 

8 

10 

I ^ 

30 

•5000 

5015 

5030 

50^5 

5000 

5075 

5090 

5 t «5 

5120 

5 1 

3 

5 

8 

JO 

Xj 

31 

•5150 

5165 

CO 

0 

5195 

5210 

5225 

32^0 

5^55 

5 ^ 7 <> 

5281 

2 

5 

7 

10 

T2 

32 

*5299 

5314 

5329 

53 ^^ 

535 « 

5373 

53 «» 

5 l”-i 

5417 

.54 

2 

5 

7 

10 

12 

33 

'5446 

54 <^x 

547G 

5490 

5505 

5519 

553*1 

55 .lfi 

5593 

5577 

2 

5 

7 

1 0 

I 2 

34 

•5592 

5O06 

5621 

5^^35 

5 ^^ 5 o 

5<>'>4 

5()78 

5<>93 

57<->7 

57 -X 

2 

5 

7 

1 0 

X2 

35 

,3736 

5750 

5704 

5779 

5793 

5807 

5821 

5«35 

5850 

58 ()| 

2 

5 

7 


12 

36 

•5878 

5892 

5906 

5920 

5934 

5948 

5062 

597 <'^ 

V)0(> 

()00.| 

'2 

5 

7 

0 

12 

37 

•6018 

6032 

6 o 4 j 6 

6060 

6074 


()lOI 

6115 

(>l 2<) 

()i.| ^ 

2 

5 

7 

9 

12 

38 

•6157 

6170 

6184 

6198 

6211 

62.5 

f '239 

(>252 

r> 2 (;(> 

()28t) 

2 

5 

7 

9 

IX 

39 

■6293 

6307 

6320 

8334 

6347 

6361 

f >374 

6388 

(>401 

() 4 I^ 

2 

4 

7 

9 

IX 

40 

•6428 

6441 

H 55 

6468 

6t.8i 

(3494 

6508 

6521 

t >534 

9547 

2 

4 

7 

9 

IX 

41 

•6561 

6574 

6587 

6600 

6613 

G626 

6639 

6652 

6665 

6678 

2 

4 

7 

9 

XI 

42 

•6691 

6704 

6717 

6730 

6743 

6750 

6769 

O782 

079.1 

()8o7 

2 

4 

0 

9 

IX 

43 

•6820 

6833 

6845 

685 s 

6871 

6884 

6896 

6909 

0(J2I 

()<} i { 

2 

4 

(> 

8 

II 

44 

6947 

6959 

6972 

6984 

6997 

7009 

7022 

7934 

7046 

yoy) 

2 

4 

(> 

8 

10 

45 

•7071 

7083 

7096 

7108 

7120 

7x33 

7145 

7157 

7IO9 

7181 

2 

4 

6 

8 

10 


MATHEMATICAL 


TABLE V. (contd.) 


1 

0' 

6' 

12^ 

18'' 

24' 

30' 

36' 

42' 

48' 



eab^ 

^^reac€ 5 . 

<u 

Q 

o 

o 

O 

O'-l 


0"-3 

0"*4 

0°5 

0°*6 

0°-7 

0°-8 

0°9 






45 

•7071 

7083 

7096 

7108 

7120 

7x33 

7x45 

7157 

7169 

7181 

2 

4 


46 

*7193 

7206 

7218 

7230 

7242 

7254 

7266 

7278 

7290 

7302 

2 

4 

6 

8 

10 

47 

*7314 

7325 

7337 

7349 

7361 

7373 

7385 

7396 

7408 

7420 

2 

4 

6 

8 

10 

48 

•7431 

7443 

7455 

7466 

7478 

7490 

7501 

7513 

7524 

753O 

2 

4 

6 

8 

10 

49 

•7547 

7559 

7570 

7581 

7593 

7604 

76^5 

7627 

7638 

7649 

2 

4 

6 

8 

9 

50 

•7660 

7672 

7683 

7694 

7705 

7716 

7727 

7738 

7749 

7760 

2 

4 

6 

7 

0 

51 

.7771 

7782 

7793 

7804 

7815 

7826 

7837 

7848 

7859 

7869 

2 

4 

5 

7 

9 

52 

•7880 

7891 

7902 

79x2 

7923 

7934 

7944 

7955 

7965 

7976 

2 

4 

5 

7 

9 

53 

•7986 

7997 

8007 

8018 

8028 

8039 

8049 

8059 

8070 

8080 

2 

3 

5 

7 

9 

54 

•8090 

8100 

8111 

8121 

8131 

8141 

8151 

8161 

8171 

8181 

2 

3 

5 

7 

8 

55 

•8192 

8202 

8211 

8221 

8231 

8241 

8251 

8261 

8271 

8281 

2 

3 

5 

7 

8 

56 

8290 

8300 

8310 

8320 

8329 

8339 

8348 

8358 

8368 

8377 

2 

3 

5 

6 

8 

57 

■8387 

8396 

8406 

8415 

8425 

8434 

8443 

8453 

8462 

8471 

2 

3 

5 

6 

8 

58 

■8480 

8490 

8499 

8508 

8517 

8526 

8536 

8545 

8554 

8563 

2 

3 

5 

6 

8 

59 

•8572 

8581 

8.590 

8599 

8607 

8616 

8625 

8634 

8643 

8652 

I 

3 

4 

6 

7 

60 

‘86GO 

8669 

8678 

8686 

8695 

8704 

8712 

8721 

8729 

8738 


3 

4 

6 

7 

61 

•8746 

8755 

8763 

8771 

8780 

8788 

8796 

8805 

8813 

8821 

I 

3 

4 

6 

7 

62 

•8829 

8838 

8846 

8854 

8862 

8870 

8878 

8886 

8894 

8902 

I 

3 

4 

5 

7 

63 

•8910 

8918 

8926 

8934 

8942 

8949 

8957 

8965 

8973 

8980 

I 

3 

4 

5 

6 

64 

•8988 

8996 

9003 

9011 

901S 

9026 

9033 

9041 

9048 

9056 

I 

3 

4 

5 

6 

65 

•9063 

9070 

9078 

9085 

9092 

9100 

9107 

9114 

9121 

9128 

I 

2 

4 

5 

6 

66 

*9135 

9143 

9150 

9157 

9164 

9171 

9178 

9184 

919X 

9198 

X 

2 

3 

5 

6 

67 

•9205 

9212 

gzig 

9225 

9232 

9239 

9245 

9252 

9259 

9265 

I 

2 

3 

4 

6 

68 

*9272 

9278 

9285 

9291 

9298 

9304 

93 XX 

9317 

9323 

9330 

I 

2 

0 

4 

5 

69 

‘ 933 ^^ 

9342 

934S 

9354 

9361 

9367 

9373 

9379 

9385 

9391 

I 

2 

3 

4 

5 

70 

*9397 

9403 

9409 

9415 

9421 

9426 

9432 

9438 

9444 

9449 

I 

2 

3 

4 

5 

71 

*9 155 

9.161 

9465 

9472 

9478 

9483 

9489 

9494 

9500 

9505 

I 

2 

3 

4 

5 

72 

*9511 

93 >6 

9521 

9527 

9532 

9537 

9542 

9548 

9553 

9558 

I 

-> 

5 


4 

73 

•9563 

9568 

9573 

957 « 

9583 

958S 

9593 

9598 

9603 

9O0S 

I 

2 

2 

3 

4 

74 

•9G13 

9617 

9O22 

9627 

9632 

9630 

9O41 

9646 

9650 

9655 

I 

2 

2 

3 

4 

75 

•9659 

9664 

9668 

9673 

9677 

9G8I 

9686 

9690 

9694 

9699 

I 

I 

2 

3 

4 

76 

•9703 

9707 

9711 

97x5 

9720 

9721- 

9728 

9732 1 

9736 

974° 

I 

I 

2 

3 

3 

77 

* 97‘14 

9748 

9751 

9755 

9759 

9763 

9767 

9770 

9774 

9778 

I 

I 

2 

3 

3 

78 

•9781 

0785 

97^'^9 

9823 

9702 

9796 

9799 

9803 

9806 

9810 

9813 

I 

I 

2 

2 

3 

79 

cj8i6 

9820 

9826 

9829 

9^33 

98^6 

9839 

9S42 

98^ 5 

I 

I 

2 

2 

3 

80 

•9848 

9851 

9854 

9857 

9860 

9S03 

9866 

9869 

9871 

9S74 

0 

I 

I 

2 

2 

81 

•9877 

9880 

9882 

9885 

00 

00 

CO 

9890 

9893 

9895 

9898 

9900 

0 

I 

I 

2 

2 

82 

•9903 

9905 

9907 

9910 

9912 

9914 

9917 

9919 

9921 

9923 

0 

I 

I 

2 

2 

83 

•9025 

9928 

99 ^0 

9932 

9934 

9936 

9938 

9940 

9942 

9943 

0 

I 

I 

I 

2 

84 

•9945 

9947 

9919 

9951 

9952 

9954 

9956 

9957 

9959 

9900 

0 

I 

I 

I 

2 

85 

•9962 

99O3 

9995 

9906 

9908 

9969 

997X 

9972 

9973 

9974 

0 

0 

I 

I 

I 

86 

9976 

9977 

9978 

9979 

9980 

9981 

9982 

9983 

99S4 

9985 

0 

0 

I 

I 

I 

87 

■9986 

99^7 

9988 

9989 

9990 

9990 

9991 

9992 

9993 

9993 

0 

0 

0 

I 

I 

88 

•9994 

9995 

9995 

9996 

9996 

9997 

9997 

9997 

999^ 

9998 

0 

0 

0 

0 

0 

89 

90 

999^ 

1*000 

9999 

9999 

9999 

9999 

I 000 

1*000 

I 000 

1*000 

1*000 

0 

0 

0 

0 

0 
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TABI.E VI.— Natural Cosinr.s 


1 

0 ' 

6 ' 

12 ' 

18 ^ 

24 ' 

30 ' 

36 ' 

42 ' 

48 ' 

64 ' 

Mean 


rencca. 

P 

0*^0 

0°1 

0°’2 

0°-3 


0"*5 

0^*6 

0^*7 


0°'9 

1 ' 

2 ' 

3 ' 

4 ' 

5 '" 

0 

1*000 

1*000 

1*000 

1*000 

1*000 

1*000 

•9999 

9999 

9999 

9999 

0 

0 

0 

0 

0 

1 

•9998 

9998 

9998 

9997 

9997 

9997 

999G 

9996 

9995 

9995 

0 

0 

0 

0 

0 

2 

•9994 

9993 

9993 

9992 

999 X 

9990 

9990 

9989 

9988 

99«7 

0 

0 

0 

X 

X 

3 

*9986 

9985 

9984 

9983 

9982 

9981 

9980 

9979 

^978 

9977 

t> 

0 

I 

I 

X 

4 

•9976 

9974 

9973 

9972 

997X 

9969 

9968 

9966 

9965 

09(53 

C) 

0 

X 

i 

I 

5 

•9962 

9960 

9959 

9957 

995(5 

9954 

9952 

995 X 

9949 

0947 

0 

I 

I 

I 

2 

6 

*9945 

9943 

9942 

9940 

9938 

9936 

9934 

9932 

9930 

9928 

0 

1 

t 

X 

2 

7 

•9925 

99^3 

9921 

99x9 

9917 

9914 

9912 

9910 

9007 

9905 

0 

X 

X 

2 

2 

8 

•9903 

9900 

9898 

9895 

9«93 

9890 

9888 

9885 

9882 

9880 

0 

X 

I 

2 

2 

9 

•9S77 

9874 

9871 

9869 

9866 

9803 

98C0 

9857 

9854 

985 X 

0 

X 

1 

2 

2 

10 

■9848 

9845 

9842 

9839 

9836 

9833 

9829 

9826 

9823 

9820 

I 

I 

2 

2 

3 

11 

•9816 

9813 

9810 

9806 

9803 

9799 

9796 

9792 

9789 

0785 

I 

I 

z 

2 

3 

12 

•978X 

9778 

9774 

9770 

9767 

9783 

9759 

9755 

975 X 

0748 

r 

I 

2 

3 

3 

13 

•9744 

9740 

9738 

9732 

972$ 

9724 

9720 

97x5 

9711 

9707 

I 

I 

2 

3 

3 

14 

•9703 

9699 

9694 

9690 

9686 

9681 

9077 

9(>73 

9668 

9664 

i 

X 

2 

3 

4 

15 

9659 

9655 

9650 

9646 

9641 

9636 

9032 

9627 

9622 

96x7 

i 

2 

2 

3 

4 

16 

•9613 

9608 

9603 

9598 

9593 

9588 

9583 

9578 

9573 

05(58 

i 

2 

2 

i 

4 

17 

•9563 

9558 

9553 

9548 

9542 

9537 

9532 

9527 

9521 

95 X<J 

r 

2 

3 


4 

18 

•9511 

950.‘5 

9500 

9494 

9489 

9483 

9478 

9472 

cj.iOO 

9 lOl 

I 

2 


4 

5 

19 

•9455 

9449 

9444 

9438 

9432 

9426 

9421 

9415 

9409 

91 ‘>3 

I 

2 


■1 

5 

20 

‘9397 

9391 

9385 

9379 

9373 

93(57 

9361 

9354 

9348 

931*2 

i 

2 

3 

4 

5 

21 

■9336 

9330 

9323 

9317 

9311 

9304 

9298 

9291 

9285 

9278 

I 

2 


4 

5 

22 

•9272 

9265 

9259' 

9252 

9245 

9239 

9232 

9225 

9219 

9212 

I 

2 



() 

23 

•9205 

9198 

9191 

9184 

9178 

9171 

9104 

9x57 

9130 

9143 

X 

2 

3 


6 

24 

•9135 

9128 

9121 

91x4 

9107 

, 9X00 

9092 

9085 

9078 

<>070 

I 

2 

4 

•1 

s 

() 

26 

•9063 

905^ 

9048 

9041 

9033 

' 9026 

9018 

901 1 

9003 

89<jO 

i 

i 

5 

6 

26 

•8988 

8980 

8973 

89(55 

8957 

8949 

89.^2 

89 H 

8926 

891 H 

I 


4 

•1 

5 

() 

27 

•8910 

8902 

8894 

8880 

8878 

8870 

8862 

8854 

<>846 

88 

i 

i 

5 

7 

28 

•8829 

8821 

8813 

8805 

8796 

8788 

8780 

8771 

H763 

87‘)3 

i 


4 

() 

7 

29 

•8746 

8733 

8729 

872X 

87x2 

8704 

8095 

8086 

8078 


i 


4 

() 

7 

30 

'86G0 

8652 

8643 

8634 

8625 

1 86x6 

8607 

8599 

^^590 

8581 

i 


*1 

() 

7 

31 

•8572 

8563 

8554 

8545 

8530 

8526 

8517 

8308 

8499 

84 <)() 

2 



f> 

8 

32 

•8zj 80 

8471 

8462 

8453 

8443 

«434 

8425 

8415 

8 io(> 

839O 

2 


5 

0 

8 

33 

•8387 

8377 

8368 

8358 

8348 

»339 

8329 

8^20 

8^0 

8 ^<)(> 

2 

3 

t) 

() 

8 

34 

•8290 

8281 

8271 

8261 

8251 

8241 

8231 

8221 

8211 

8202 

2 

3 

5 

7 

8 

35 

•8192 

8181 

8171 

81OI 

8151 

8141 

8131 

8121 

8111 

8100 

2 

3 

5 

7 

8 

36 

•8090 

8080 

8070 

8059 

8049 

8039 

8028 

00 

w 

0 

00 

8007 

1 

7997 

2 

3 

5 

7 

<) 

37 

•7986 

7976 

79OS 

7955 

7944 

7931 , 

7023 

7912 

7902 

781) I 

2 

4 

5 

7 

9 

38 

•7880 

7869 

7859 

7848 

7837 

7826 

7 ^X 5 

7804 

7793 

7782 

2 

4 

5 

7 

9 

39 

•7771 

7760 

7749 

7738 

7727 

7716 

7705 

7004 

7683 

7672 

2 

4 

() 

7 

9 

40 

•7660 

7649 

7638 

7627 

7615 

7604 

7593 

7581 

7510 

7559 

2 

4 

6 

8 

9 

41 

•7547 

^536 

7524 

75X3 

7501 

7490 

7478 

7406 

7455 

7443 

2 

4 

6 

8 

XO 

42 

•7431 

7420 

7408 

7396 

7385 

7373 

7381 

7349 

7337 

7325 

2 

4 

6 

8 

XO 

43 

•7314 

7302 

7290 

7278 

7266 

7254 

7242 

7230 

7218 

7206 

2 

4 

6 

8 

XO 

44 

•7193 

7181 

7169 

7157 

7x45 

7x33 

7120 

7108 

7096 

7083 

2 

4 

6 

8 

10 

45 

•7071 

7059 

7046 

7034 

JQ22 

7009 

6997 

6984 

6972! 

6959 1 

2 

4 

6 

8 

10 
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TABLE VI {contd.) 


Degree. 

0' 

6' 

12' 

18 ' 

24 ' 

80 ' 

36 ' 

42 ' 

48 ' 

54 ' 

Mean DiSerences 

0°0 

0°1 

0°-2 

0*^-3 

0"-4 

0^-5 

0"-6 

0°-7 

O'-S 

0^*9 

1' 

2' 

3 ' 

4 ' 

5 ' 

45 

•7071 

7059 

7046 

7034 

7022 

7009 

6997 

6984 

6972 

6959 

2 

4 

6 

8 

10 

46 

•6947 

6934 

6921 

6909 

6896 

6884 

6871 

6858 

6845 

5833 

2 

4 

6 

8 

II 

47 

*6820 

6807 

6794 

6782 

6769 

6756 

6743 

6730 

6717 

6704 

2 

4 

6 

9 

II 

48 

•6691 

6678 

6665 

6652 

6639 

6626 

6613 

6600 

6587 

<^574 

2 

4 

7 

9 

II 

49 

•6561 

6547 

6534 

6521 

6508 

6494 

6481 

6468 

6455 

6441 

2 

4 

7 

9 

II 

50 

•6428 

6414 

6401 

6388 

6374 

6361 

6347 

6334 

6320 

6307 

2 

4 

7 

9 

II 

51 

.6293 

6280 

6266 

6252 

6239 

6225 

6211 

6x98 

6184 

6170 

2 

5 

7 

9 

II 

52 

•6157 

6143 

6129 

6115 

6101 

6088 

6074 

6060 

6046 

6032 

2 

5 

7 

9 

12 

53 

*6018 

6004 

5990 

5976 

5962 

5948 

5934 

5920 

5906 

5892 

2 

5 

7 

9 

12 

54 

•5878 

5864 

5850 

5835 

5821 

5807 

5793 

5779 

5764 

5750 

2 

5 

7 

9 

12 

65 

■5736 

5721 

5707 

5693 

5678 

5664 

5650 

5635 

5621 

5606 

2 

5 

7 

10 

12 

56 

'5592 

5577 

5563 

5548 

5534 

55x9 

5505 

5490 

'5478 

5461 

2 

5 

7 

10 

12 

67 

•5446 

5432 

5417 

5402 

5388 

5373 

5358 

5344 

5329 

53x4 

2 

5 

7 

10 

12 

68 

*5299 

5284 

5270 

5255 

5240 

5225 

5210 

5x95 

5180 

5165 

2 

5 

7 

10 

12 

59 

‘5150 

5135 

5120 

5105 

5090 

5075 

5060 

5045 

5030 

50x5 

3 

5 

8 

10 

X 3 

60 

*5000 

4985 

4970 

4955 

4939 

4924 

4909 

4894 

4879 

4863 

3 

5 

8 

10 

X 3 

61 

•4848 

4833 

4818 

4802 

4787 

4772 

4756 

4741 

4726 

4710 

3 

5 

8 

10 

X 3 

62 

•4695 

4679 

4664 

4648 

4633 

4617 

4602 

4586 

457X 

4555 

3 

5 

B 

10 

X 3 

63 

•4540 

^524 

4509 

4493 

4478 

4462 

4446 

4431 

4415 

4399 

3 

5 

8 

10 

X 3 

64 

•4384 

4368 

4352 

4337 

4321 

4305 

4289 

4274 

4258 

4242 

3 

5 

8 

II 

X 3 

65 

•4226 

4210 

4195 

4179 

4163 

4147 

4x31 

4x15 

4099 

4083 

3 

5 

8 

II 

X 3 

66 

■4067 

4051 

4035 

4019 

4003 

3987 

3971 

3955 

3939 

3923 

3 

5 

8 

II 

X 4 

67 

•3907 

3891 

3875 

3859 

3843 

3827 

3S11 

3795 

1 3778 

3762 

3 

5 

8 

IX 

14 

68 

• 374 f> 

3730 

3714 

3697 

3681 

3665 

3649 

3^33 

3616 


3 

5 

8 

II 

14 

69 

•3584 

3567 

3551 

3535 

3518 

3502 

3486 

34^9 

3453 

3437 

3 

5 

8 

II 

X 4 

70 

•3420 

3404 

3387 

3371 

3355 

3338 

3322 

33<^5 

3289 

3272 

3 

5 

8 

II 

X 4 

71 

•3256 

3239 

3223 

3206 

3190 

3173 

3156 

3140 

3123 

3107 

3 

6 

8 

II 

14 

72 

■3090 

3074 

3057 

30^0 

3024 

3007 

2990 

2974! 

2957 

2940 

3 

6 

8 

II 

14 

73 

•2924 

2907 

2890 

2874 

2857 

2840 

2823 

2807 

2790 

2773 

3 

6 

8 

II 

X 4 

74 

•2756 

27^0 

2723 

2706 

2689 

2672 

2656 

2639 

2622 

2605 

3 

6 

8 

II 

14 

75 

•2588 

2571 

2554 

2538 
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■1564 
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TABLE VII.— Natural Tangents. 
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1x39 

X157 
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•1228 
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15 

8 
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() 
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i(> 

15 
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•28.10 

3 

6 

9 13 

16 
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17 
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3096 
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3288 
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10 1 ) 
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17 

21 
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22 
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4061 
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3 

7 
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23 
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4411 
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3 

7 
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17 

24 
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4473 
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4599 
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4 

7 
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18 

25 

•4663 
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4727 

4748 
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4 ^X 3 
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4 

7 
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18 

26 

•4877 
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5020 
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4 

7 
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18 

27 
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5 tS-! 
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54^0 
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55^0 
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5635 
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30 
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4 

8 
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31 

•6009 
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4 

8 
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20 

32 

•6249 
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6297 
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4 

8 

12 I () 

20 

33 

•6494 
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^504 
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(>720 

4 

8 
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34 

■6745 
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2 I 

35 
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7028 
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4 
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22 

36 
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<) 

14 18 

23 

37 

•7536 
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7590 

7618 

7646 
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7701 

7729 
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5 

<} 

14 18 

23 

38 

•7813 

7841 

7869 

7898 

7926 

7054 

7083 

8012 

8040 
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5 

9 

14 19 

24 

39 

'8098 

8127 

8156 

8185 

8214 

8243 

8273 

8302 
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5 

10 

15 20 

24 

40 

■8391 

8421 

8451 

84)81 

8511 

8541 

8571 
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8002 

5 

10 
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25 

41 

■8693 

8724 
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8816 
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8910 
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5 

10 
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26 

42 

•9004 

9036 

9067 
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9 1 63 

9195 
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9 /i 9 ^ 

5 

I I 

lb 21 

27 

43 

•9325 

9358 
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9424 
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9400 
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955 (> 

9590 
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(i 
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17 22 

28 

44 
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29 

45 
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0°’0 

45 
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46 

1-0355 

47 

1-0724 

48 

I’liaO 

49 

1-1504 

50 
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51 
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52 

1*2790 

63 

1*3270 
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55 
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56 

1*^826 

57 
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58 

1*6003 

59 
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60 
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61 
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62 

1*8807 

63 
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64 
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66 
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69 
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70 
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71 
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72 
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74 
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75 
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76 
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77 
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78 
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79 
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80 
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81 
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82 
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86 
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88 
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89 
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TABLE VII, (coMiltf.) 


6' 

12^ 
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42 ' 
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Mean Differences. 
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0°-2 
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0°-6 

0°*7 
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1' 

2' 

3 ' 
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6 

12 

18 

24 

30 
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0428 
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0538 

0575 

0612 
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0686 

6 

12 

18 

25 

31 

0761 

0799 

0837 

0875 

0913 
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0990 

1028 

1067 

6 

13 

19 

25 

32 

1145 

1184 

1224 

1263 

1303 

1343 

1383 

1423 

14&3 

7 

13 

20 

27 

33 

15^4 

I 5«5 

1626 

I6C7 

1708 

1750 

1792 

1833 

1875 

7 

14 

21 

28 

34 
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2002 

2045 

2088 

2I3X 

2174 

2218 

2261 

2305 

7 

14 

22 

29 

3 ^ 

2393 

2437 

2482 

2527 

2572 

2617 

2662 

2708 

2753 

8 

15 

23 

30 

38 

2846 

2892 

2938 

2985 

3032 

3079 

3127 

3175 

3222 

8 

t6 

24 

31 

39 

3319 

33(>7 

3416 

3-1 c >5 

3514 

3564 

3613 

3^&3 

3713 

8 

16 

25 

33 

41 

3H14 

3«<>5 

3916 

3968 

4019 

4071 

4124 

4176 

4229 

9 

17 

26 

3 ^ 

43 

^335 

4388 

4442 

41 - 9 (> 

4550 

4605 

4659 

4715 

4770 

9 

18 

27 

36 

45 

^882 

4938 

4994 

5051 

5108 

5166 

5224 

5282 

5340 

10 

19 

29 

38 

48 
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5517 

5577 

5637 

5(>97 

5757 

5818 

5880 

5941 

10 

20 

30 

40 

50 
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6191 

f >255 

(>319 

6383 
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II 

21 

32 

43 

53 

6700 
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O977 

7045 

7x13 

7182 
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ri 

23 

34 

45 

56 
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7820 

7893 
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24 

36 

48 

60 

8115 
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8265 

8343 

CO 

H 

00 

8495 

8572 

8650 

8728 

13 

26 

38 

51 

64 

8887 
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9047 
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9542 

14 

27 

41 

55 

68 
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9797 
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0057 

0145 

0233 
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15 

29 

44 

58 

73 
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0686 
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16 

31 
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78 
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18 

37 

55 

73 

92 
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^789 
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4383 
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20 

40 

60 

79 

99 
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5257 
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22 

43 

65 
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6187 
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0746 

6889 
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>4 
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71 
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0^37 
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46 jG 
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72 

108 r 1 4 
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.16 
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9591 

0045 

6504 

0970 
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22-90 
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-I 9 f >9 

4992 

5015 

S ^\^7 

5060 

5082 

5*64 

4 

8 

1 1 

X 5 

*9 

19 

■5126 

5148 

5X70 

5192 

5 -iX 3 

5235 

5.! ,56 

. 5 ^ 7 « 

5-69 

5^20 

4 

7 

1 1 

14 

18 

20 

‘ 534 X 

5361 

5382 

5402 

54-^3 

5443 

54 '>3 

54«4 

5564 

55-^3 

3 

7 

10 

X 4 

*7 

21 

• 55 A 3 

5563 

55S3 

5602 

5621 

5 f> 4 i 

5 (> 6 () 

56 ;<) 

56.), S 

57*7 

3 

6 

to 

*3 

tf) 

22 

*5736 

5754 

5773 

5792 

5810 

5828 

5 H .(7 

58(15 

5«8 ( 

5901 

1 

() 

<) 

12 

*5 

23 

'5919 

5937 

5954 

597-2 

59 <)o 

6007 

602.1 

(>o 1 2 

(k> 5 () 

Ooyf) 

.1 

() 

<) 

12 

*.5 

24 

‘6093 

6110 

6127 

614.1 

6i6x 

6177 

6n).i 

(>.: 10 

(.227 

62.13 

1 

6 

8 

1 1 

14 

25 

•6259 

' 6276 

6292 

6308 

6^24 

63.10 

6(56 

637* 

6 i 87 j 

(..(<..( 

> 3 

5 

8 

I r 

X 3 

26 

‘6418 

6434 

8449 

6.165 

(li8o 

6.195 

6510 

6526 

< 554 * 

(1556 

3 

5 

8 

10 

*3 

27 

■6570 

05H5 

6600 

6(>i 5 

f)62<J 

66.|,| 


6673 


< > /< >2 

2 

5 

7 

10 

1 2 

28 

•6716 

0730 

87 -H 

6756 

f 773 

67.S7 

(>Hoi 

6.S14 

68 2 8 

084 2 

'2 

5 

7 

<) 

1 2 

29 

•C85O 

6809 

6883 

6896 


1 

6 <M 7 

6950 

(i<)6 1 ' 

6077 

2 

*1 

7 

0 

1 1 

30 

•6990 

7003 

7016 

7029 

70.) 2 

7055 

7008 

yo.So 

7 ^> 9 i 

7 lt>() 

'2 

4 

(> 

0 

1 1 

31 

•7118 

7131 

7J44 

7 i 5 ^> 

7i()8 

7181 

7 ii){ 

7205 

7218; 

7 -M 6 

2 

4 

0 

8 

10 

32 

•7242 

7254 

72f>o 

7278 

7290 

7302 

73 » 4 

73-16 

7^8 1 

714 <H 

2 

4 

0 

8 

10 

33 

•7361 

7373 

7384 

7366 

7407 

7419 

74 ^o 

74.12 

74 5 1 

74 <^ , 

'2 

4 

{) 

8 

H) 

34 

•747C 

7487 

74 98 

7 ' 5«9 

75 -io 

7531 

754 '^ 

755.1 

7561 1 

7575 

2 

4 

() 

7 

9 

36 

•758C 

7597 

7607 

' 7618 

7620 

76.1 0 

7(150 

766 X 

7671 

7682 

2 

4 

.5 

7 

9 

36 

■7692 

7703 

7713 

77'-^3 

7734 

7744 

7751 

7764 

7774 

7785 

2 

3 

5 

7 

9 

37 

•7795 

7805 

7 ^X 5 

7^-^5 

7B35 

7844 

7B.54 

7864 

78/4 

78H4 

2 

3 

5 

7 

8 

38 

•7893 

7903 

79x3 

79'-22 

793-5 

p 4 i 

795 * 

79 (>(> 

7976 

7979 

2 

3 

5 

() 

8 

39 

•7989 

7998 

8007 

8017 

8026 

«»35 

80.14 


H063 

H072 

2 

3 

5 

6 

8 

40 

•8081 

8090 

8099 

8108 

8117 

8x25 

«i 34 

«'43 

815*2 

HiOl 

X 

3 

4 

6 

7 

41 

'8169 

8178 

8x87 

8195 

8204 

8213 

8221 

8230 

82^8 

8247 

I 

3 

4 

6 

7 

42 

•8255 

8264 

8272 

82 80 

8289 

H2<)7 

8 (0.5 

f< 5«3 

8^22 

8 1.16 

I 

3 

4 

6 

7 

43 

•83 3B 

8340 

835 1 

8362 

8370 

H37H 

8.(86 


H402 

84 1 0 

I 

3 

4 

5 

7 

44 

-8/ji8 

8426 

8433 

8^1 .IX 

8 !iiii 9 

f^ 4.57 

84 O4 

8.,7i 

84 Ho 

H4H7 

1 

3 

4 

5 

6 

45 

•8495 

8502 

8510 

^5x7 

« 5^^5 

« 53 '^ 

8540 

«547 

«555 

8562 

1 

2 

4 

5 

6 
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TABLE VIII. (contd.) 


1 

a 

O' 

6 ' 

12' 

18 ' 

24 ' 

30 ' 

36 ' 

42 ' 

48 ' 

54 ' 

Mean Pifierences. 

0^0 

0"1 

0=2 

0°-3 

0^-4 

0°-6 

0°"6 

0°"7 

O'^'S 

0°-9 

1' 

2' 

3 ' 

4 ' 

6' 

45 

T -8495 

8502 

8510 

8517 

8525 

8532 

8540 

8547 

8555 

8562 

I 

2 

4 

5 

6 

46 

•8569 

8577 

8584 

8591 

8598 

8606 

9613 

8620 

8627 

8634 

I 

2 

4 

j. 

6 

47 

•8641 

8648 

8655 

8662 

8669 

8676 

8683 

8690 

8697 

8704 

I 

2 

3 

3 

6 

48 

•8711 

8718 

8724 

8731 

8738 

8745 

8751 

8758 

8765 

8771 

I 

2 

3 

4 

6 

49 

•8778 

8784 

8791 

8797 

8804 8810 

8817 

8823 

8830 

8836 

I 

2 

3 

4 

5 

50 

•8843 

8849 

8855 

8862 

8868 

8874 

8880 

8887 

8893 

8899 

I 

2 

3 

4 

5 

51 

•8905 

8911 

8917 

8923 

8929 

8935 

8941 

8947 

8953 

8959 

I 

2 

3 

4 

5 

52 

■8965 

8971 

8977 

8983 

SgSc^ 

8995 

9000 

9006 

9012 

9018 

r 

2 

3 

4 

5 

53 

•9023 

9029 

9035 

9041 

904C 

9052 

9057 

906V 

go6o 

9074 

I 

2 

3 

4 

5 

54 

*9080 

90S5 

9091 

9096 

91:01 

9107 

9112 

9118 

9123 

9128 

I 

2 

3 

4 

5 

65 

•9134 

9139 

9144 

9149 

9155 

9160 

9165 

9170 

9175 

9181 

I 

2 

3 

3 

4 

56 

•9186 

9191 

9196 

9201 

9206 

9211 

9216 

9221 

9226 

9231 

I 

2 

3 

3 

4 

67 

-9236 

9241 

9240 

9251 

9255 

9260 

9265 

9270 

9275 

9279 

I 

2 

2 

3 

4 

68 

•9284 

9289 

9294 

9298 

93 C >3 

9308 

9312 

9317 

9322 

9326 

I 

2 

2 

3 

4 

69 

'9331 

9335 

9340 

9344 

9349 

9353 

9358 

9362 

9367 

9371 

I 

I 

2 

3 

A 

60 

■9375 

9380 

9384 

9388 

9393 

9397 

9401 

9406 

9410 

9414 

I 

I 

2 

3 

4 

61 

•9418 

9422 

9427 

9431 

9435 

9439 

9443 

9447 

9451 

9455 

I 

I 

2 

3 

3 

62 

*9150 

94'>3 

9467 

9471 

9475 

9479 

9483 

9487 

9491 

9495 

I 

I 

2 

3 

3 

63 

'9 m 

9503 

9507 

95 ^^ 

95 M 

9518 

9522 

9525 

9529 

9533 

I 

I 

2 

3 

3 

64 

■9337 

954 ^ 

9544 

9548 

9551 

9555 

9558 

9562 

9566 

9569 

I 

I 

2 

2 

3 

65 

•9573 

9576 

9580 

9583 

9587 

9590 

9594 

9597 

9601 

9604 

I 

I 

2 

2 

3 

66 

*9607 

9611 

9614 

‘9617 

9621 

9(324 

9627 

9631 

9634 

9637 

I 

I 

2 

2 

3 

67 

•9O40 

9643 

9647 

9(350 

9653 

9650 

9(359 

9662 

9666 

9669 

I 

I 

2 

2 

3 

68 

•9G72 

9675 

9678 

9681 

9684 

9687 

9690 

9693 

9696 

9699 

0 

I 

I 

2 

2 

69 

•9702 

9704 

9707 

9710 

9713 

9716 

9719 

9722 

9724 

9727 

0 

I 

I 

2 

2 

70 

‘9730 

9733 

97 « 

9738 

9741 

9743 

9746 

97^9 

9751 

9754 

0 

1 

I 

2 

2 

71 

'9757 

9750 

9762 

9764 

9707 

9770 

9772 

9775 

9777 

9780 

0 

I 

I 

2 

2 

72 

•97H2 

(>784 

0787 

9789 

0792 

970 1 

9707 

9799 

9801 

9B04 

0 

I 

I 

2 

2 

73 



981 1 

9813 


9817 

9820 

9822 

9824 

gSzb 

0 

I 

I 

2 

2 

74 

■982H 

9831 

<)8 i 1 

9855 

9837 

9857 

9839 

9H41 

98*13 

9845 

98-17 

C) 

I 

I 

I 

2 

76 

• 9^49 

9851 

9853 

9«55 

9859 

9801 

9863 

9S05 

9807 

0 

I 

I 

I 

2 

76 

•9869 

9871 

9873 

9875 

987G 

987S 

9880 

9882 

988/I 

9885 

0 

1 

I 

I 

2 

77 

• 98«7 

<)S 8 <j 

9S91 

9892 

9894 

9896 

9897 

9899 

9901 

9902 

0 

I 

I 

I 

I 

78 

99 ‘M 

99 o{) 

9907 

9909 

9910 

9912 

9913 

9915 

9916 

9918 

0 

I 

1 

I 

I 

79 

*9919 

992 t 

9922 

9924 

99^5 

9927 

9928 

9929 

9931 

9932 

0 

0 

1 

I 

I 

80 

'9934 

9935 

9936 

9937 

9939 

994 «> 

9941 

99*13 

9944 

99^5 

0 

0 

I 

I 

I 

81 

"99/16 

9947 

9949 

9950 

9951 

9952 

9953 

9954 

9955 

995 ^^ 

0 

0 

I 

I 

I 

82 

‘995B 

9959 

99O0 

9901 

99(3- 

9963 

9964 

9965 

9966 

9967 

0 

0 

I 

I 

I 

83 

*9968 

9968 

9969 

9970 

9971 

9972 

9973 

9974 

9975 

9975 

0 

0 

0 

I 

1 

84 

' 997 ^> 

9977 

9978 

9978 

9979 

9980 

9981 

9981 

9982 

99B3 

0 

0 

0 

0 

I 

85 

•9983 

9984 

9985 

9985 

9980 

9987 

9987 

9988 

9988 

9989 

0 

0 

0 

0 

0 

86 

•99B9 

9990 

9990 

999 t 

999 1 

9992 

9992 

9993 

9993 

999*1 

0 

0 

0 

0 

0 

87 

•999*1 

9991 

9995 

9995 

999(3 

9996 

999O 

9996 

9997 

9997 

0 

0 

0 

0 

0 

88 

*9997 

9998 

9998 

9998 

9998 

9999 

9999 

9999 

9999 

9999 

0 

0 

0 

0 

0 

89 

90 

• 999 <) 

0*0000 

9999 

6000 

6000 

6000 

6000 

6000 

0000 

oooo 

0000 

0 

0 

0 

0 

0 
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TABLE IX.— Logarithmic Cosines 


«s 

0 ' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

1 64' 

Mean iJl (Terences. 

Sr 

Q 

0°0 

0°1 

0^-2 

0"-3 

0°-4 

0°*5 

0*-6 

0"*7 

O'^-S 

1 0°-9 

1' 2' 3' 4' 6' 

0 

0*0000 

0000 

0000 

0000 

0000 

0000 

0000 

1 0000 

0000 

9999 

0 0 0 0 0 

1 

T -9999 

9999 

9999 

9999 

9999 

9999 

9998 

9998 

9998 

9998 

0 0 0 0 0 

2 

*9997 

9997 

9997 

9996 

9996 

9996 

9996 

9995 

9995 

9<>94 

0 0 0 9 0 

S 

•9994 

9994 

9993 

9993 

9992 

9992 

9991 

9991 

9990 

99<)0 

0 0 0 0 0 

4 

■9989 

9989 

9988 

9988 

9987 

9987 

99B6 

998.4 

9985 

99«4 

0 0 0 0 0 

5 

•9983 

9983 

9982 

9981 

9981 

9980 

9979 

9978 

9978 

9977 

0 0 0 0 I 

6 

•9976 

9975 

9975 

9974 

9973 

9972 

9971 

9970 

9069 

9998 

0001 I 

7 

*9968 

9967 

9966 

9965 

9964 

99^>3 

9962 

999 1 

9960 

9959 

9 9X11 

8 

•9958 

995 <J 

9955 

9954 

9953 

9952 

9051 

9950 

9949 

9947 

0 0 I 11 

8 

•9946 

9945 

9944 

9943 

994X 

9940 

9939 

9937 

<m<> 

9935 

001 I 1 

10 

•9934 

9932 

9931 

9929 

9928 

9927 

9925 

9924 

9922 

9921 

0 0 I I 1 

11 

*9919 

9918 

9916 

9915 

9913 

09 X 2 

9910 

9909 

0907 

0906 

0 t I 1 I 

12 

•9904 

9902 

9901 

9899 

9897 

9B96 

9894 

9B92 

9891 

988() 

« I I I 1 

13 

•9887 

9885 

9884 

9882 

9880 

9878 

9876 

9H7.4 

9873 

9871 

Oil \ 2 

14 

•9869 

9867 

9865 

9863 

9861 

9«59 

9«.57 

98.4.3 

9853 

98.51 

011 12 

15 

•9849 

9847 

9845 

9843 

9841 

9839 

9837 

983.5 

9833 

9831 

0X112 

16 

•9828 

9826 

9824 

9822 

9820 

9817 

9815 

9813 

9811 

9808 

0X122 

17 

•9806 

9804 

9801 

9799 

9797 

9794 

9792 

9789 

9787 

9785 

0 I I 2 2 

18 

•9782 

9780 

9777 

9775 

9772 

9770 

9797 

9764 

9762 

c) 7 V) 

011 22 

19 

*9757 

9754 

9751 

9749 

9746 

9743 

9741 

973 « 

9735 

97 .i.i 

0 1 I 2 2 

20 

•9730 

9727 

9724 

9722 

9719 

9710 

9713 

9710 

9707 

9704 

011 22 

21 

*9702 

9699 

9696 

9693 

9690 

9687 j 

9684 

9GSI 

997H 

9675 

011 22 

22 

•9672 

9669 

9666 

9062 

9659 

9 (> 5 ^ 

9^53 

9G5O 

9047 

9(>4 i 

I I 2 2 1 

23 

*9640 

9637 

9<>34 

9631 

9627 

9O24 

9(>2I 

961 7 

9014 

1 

I I 2 2 ^ 

24 

•9607 

9604 1 

9601 

9597 

9594 

9590 

95«7 

95«3 

() 5 .S() 

957 (» 

I I 2 2 

25 

•9573 

9569 

9566 

9562 

9558 

9555 

9551 

954 ^ 

9544 

9540 

I r 2 2 j 

26 

'9537 

9533 

9529 

9525 

9522 

951B 

9514 

0«5ro 

9507 

95 <M 

1 I 2 ^ 

27 

•9499 

9495 

9491 

9487 

9483 

9479 

9475 

9471 

9|97 

9 lfM 

112 1^ 

28 

'9459 

9455 

9451 

9447 

9443 

9‘139 

9435 

9431 

9.127 

04 2 2 

I I 2 1 i 

29 

•9418 

9414 

9410 

940(5 

9401 

9397 

9 V) i 

9 ^H 8 

9 i8.| 

<M8c) 

I I 2 t .1 

30 

•9375 

9371 

9367 

9362 

9358 

9353 

9349 

9 i 44 

9340 

9^35 

> I ! .1 

31 

'9331 

9326 

9322 

9317 

9312 

0308 

9 ^ 0 ^ 

9298 I 

9^94 

9289 

■ - - t .( 

32 

*9284 

9279 

9‘^75 

9270 

9265 

()260 

9255 

9251 

924 () 

9241 

I 2 2 < 4 

33 

•9236 

9231 

9226 

9221 

9216 

02X1 


920 X 

9 I 9 (> 

<)l<)l 

7 '1 

I 2 i i a 

34 

•9186 

9181 

9175 

9170 

9165 

9160 

9155 

9149 

9144 

01 10 

1 1 4 

35 

•9134 

9128 1 

9123 

9118 

9112 

9107 

9101 

9090 

90 (n 

9085 

7 ■> 

' 4 5 

36 

•90S0 

9074 

Q069 

9063 

9057 

9052 

904G 

904 1 

QO 

<)()29 

^ 1 .1 S 

37 

•9023 

9018 

9012 

9006 

9000 

8995 

HoHg 

B983 

8977 

8071 

» I 

I 2 ■i a 

38 

•8965 

8959 

8033 

8947 

8941 

8935 

8()i9 

8<)23 

8917 

80 u 

,7 ^ 

1 2 i >1 «: 

39 

•8905 

8899' 

8893 

8887 

8880 

8874 

«8f)8 

8H(>2 

8855 

88.(9 

* .7 '1 ,7 

£ 2 < .1 c: 

40 

•8843 

8836 

8830 

8823 

8817 

8810 

8804 

8797' 

8791 

8781 

***743 

'-'345 

41 

•8778 

8771 

8765 

8758 

8751 

8745 

8738 

8731 

8724 

8718 

I 2 "I 6 

42 

•871 X 

8704 

8697 

86go 

8683 

8676 

8669 

80()2 I 

8C)'55 

86,1 s 

X '2 3 56 

43 

•8641 

8634 

8627 

8620 

8613 ! 

8()o(> 

8508 

8.501 1 

8384 

8577 

124 50 

44 

*^569 

8562 

Ss.'iS 

8547 

8540 

8.') 3 2 

^ 52*5 ! B317I 

8510 

8502 

£ 2 4 5 () 

45 

•8495 

84871 

8480 

8472 

8464 

8457 

8449 

8441 1 

8433 

8420 

» 3 4 5 
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TABLE IX {contd.) 


Degree. 

0' 

0"0 

g/ 

0"1 

12' 

0°-2 

18' } 

24' 

0°-4 

30' 

0"-5 

36' 

0°-6 

42' 

0^*7 

48' 

O'^-S 

54' 

0°-9 

Mean Differences. 

1' 

2' 

3' 

4' 

5' 

45 

r-S/ios 

R.187 

8480 

8472 

8464 

8 'I 57 

8449' 

8441 

8433 

8426 

I 

3 

4 

5 

6 

46 

'8^18 

8410 

«.|02 

S394 

9386 

» 37 « 

8370! 

8362 

8354 

8346 

r 

3 

4 

5 

7 

47 

■853s 

« 33 o 

8 vi'-i 

« 3 i 3 

8305 

8297 

8289' 

8280 

8272 

8264 

I 

3 

4 

6 

7 

48 

•8255 

82,17 

82,38 

8230 

8221 

8213 

8204 I 

8195 

8187 

8178 

I 

3 

4 

6 

7 

49 


8161 

8152 

«M 3 

SIS'! 

8125 

8117 

8108 

8099 

8090 

X 

3 

4 

6 

7 

60 

•8081 

8072 

8003 

8053 

804,1 

»o 35 

8026 

8017 

8007 

7998 

2 

3 

5 

0 

8 

61 

• 7 () 8 () 

7070 

7<)70 

7960 

7051 

7041 

703*2 

7022 

7013 

7003 

2 

3 

5 

6 

8 

62 

• 7^')3 

7H8.1 

787,1 

786.1 

7 « 5'1 
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(JO 8 5 

01G4 

024 f 

0326 

6409 

0404 

13 20 

40 

53 

66 

85 

I '0580 

0()()ij 

0750 

0850 

0944 

1040 

1138 

1238 

1341 

1446 

16 32 

48 64 8x 

86 

I-I 554 

1664 

1777 

i8 (M 

20X2 

^135 

2261 

2391 

25*^5 

2f)63 






87 

r'28o6 

- 2<>.54 

3I0O 

3264 

34-29 

3509 

3777 

3962 

4^55 

4357 






88 

IMSf'Q 

4792 

5027 

5-2 75 

5539 

5819 

61 19 

O441 

6789 

7167 






89 

17581 

8038 

8550 

9130 

9800 

6591 

X561 

2810 

4571 

7581 






90 

-00 
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MATHEMATICAL TABLES 


TABLE XI.—KxpoNiiNTiAr, and HvPKKUor.tc J-'iinctions 





cosh X 

sinh X 

tanh X 

X 

0* 

e ^ 

^eMe 

e" e 





2 

2 

j e 

■1 

1*1052 

*9048 

1*0050 

•1002 


•2 

r*22i4 

-8187 

I*020X 

•201 ^ 


*3 

x -3499 

-7408 

i *«453 

• 3<>45 

-•2i;i $ 

A 

1-4918 

-6703 

I'oHi I 

•4 n>8 

•3709 

•5 

x -6487 

-6065 

1*1276 

•5 2 1 r 

•4(>2 1 

•6 

1-8221 

-5488 

I • 1 855 


*.5 r/o 

•7 

2*0x38 

•4906 

1-2552 

• 7 <iS(. 

-(.<!.) .) 

•8 

2*2255 

•4493 

1*3374 

•8881 

*00 1 1) 

-9 

2*4590 

“40O6 

1 * 4^31 

1*0205 

■yi'M 

10 

2*7x83 

•3079 

1*5 1 U 

T* 175-4 

•yoi 0 

11 

3*0042 

■3329 

1*0085 

j ‘3357 

•8c )0 5 

1-2 

3*3201 

•3012 

1*8107 

I • 5 o «)5 

•H < !7 

1-3 

3 - 06<)3 

•2725 

1-9709 

i-(><)8 \ 

•80 i / 

1*4 

4 *« 55 ^ 

•2466 

2*1509 

i* 9^>4 i 

•885 { 

1-5 

4-4817 

•2231 

^• 35 -i 4 

2*129 ^ 

r 

1-6 

4*9530 

*2019 

2*5775 

2- 5740 

*()2I7 

1-7 

5-4730 

•1827 

2-8283 

-2*04 5() 

'0 Oi I 

18 

6-0496 

•1053 

3.1075 

2-<) ) 22 

0 }<>s 

1*9 

6-6859 

-1496 

3 * 4^77 

3 2(>8 2 

•0 ,0 $ 

20 

7-3891 

•1353 

3 - 7 <'-’^ 

3'<)20<) 

•</f 1 Jt> 

21 

8*1662 

•1225 

4 *^ 4-13 

4*t)2 1 9 

‘0/‘»| 

22 

9*0251 

•1108 

4 - 5 <>;‘) 

4 * 45/1 

•0; * ' 

23 

9*9742 

•1003 

5 *‘M 7 ^ 

4 ‘‘M/o 

O'^'o 1 

2-4 

II 0232 

•0907 

5*5570 

5-4002 

08 $/ 

25 

12*1825 

•0821 

0-1323 

0 o‘)()2 

•981 )(> 

2'6 

13*4638 

•0743 

0-70<jo 

0 Oo 1 7 


27 

14*8797 

•0(>72 

7*4 7 -{5 

7-4. )0 i 

00 H > 

2*8 

16*4446 

•0608 

8-2 52/ 1 

8'i(ji<) 

00 'f' 

29 

18 1741 

•055^ 

9 1 1 40 

<) t)‘)00 

*00 l'> 

30 

20 0855 

-0498 

10 o(j8 

1 0 u I 8 

•00 >l 

31 

22-1980 

-0)40 

1 1*1 22 

II o/O 

00 )')i 

3-2 

24*53^5 

0408 

12*287 

12-2 jO 

O' >0 / 

3*3 

27*1120 

•0 5O9 

13*575 

I i 5 <8 

O' 1 / $ 

34 

29*964 I 

* 0^34 

14 <)09 

14 005 

00 , > 

3*5 

33*1155 

*0302 

10 57 i 

10 5 1$ 

•0'j'''2 

3-6 

36*5982 

•0273 

18 3 M 

18 285 

■0'l8‘, 

3-7 

40*4473 

•0247 

20-2 ^(> 

•20- 2 1 1 

•c)o88 

3*8 

44*7012 

*0224 

22*302 

22 i 0) 

•oo» JO 

3*9 


•0202 

24-711 

'2 1 o«n 

-<^002 

40 

54*5982 

*0183 

27-308 

2/-20<> 

•<JOO $ 

41 

60 ^103 

-0166 

30-178 

30- 1(»2 

■CJC #()5 

42 

60 6803 

•0150 

3 V 35 I 

3 0 $30 

'* J<M)0 

4*3 

73‘^99^ 

•013O 

3 <r 857 

3 (j-,s.j $ 

•oooo 

4 4 

81-450Q 

•0123 

40 732 

40-719 

- 090 / 

4*5 

90*0171 

•or IX 

45-014 

45*<»^3 

*000/ 

4*6 

99 * 4^4 ^ 

•OIOI 

49*747 

49*7 r/ 

-00<;8 

4 7 

109*9472 

•0091 

5^-978 

54*009 


4 8 

121*5104 

*0082 

60-759 

00-7.51 

*0909 

4 9 

134*2898 

-0074 

67-149 

67*14 I 

•9999 

5 0 1 

148-4132 

•0067 

74*210 

74*203 

•9999 
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THE FULLER SLIDE RULE 

The ic)-inch stiai|L»ht sliclo-nilc is the typo most widely used 
l)(‘('tUis(‘ it is easy oi tianspoit, and it gives, ([uickly, results which 
aio suilicioiitly accuiato for most practical purposes. It is obvious 
that the nunil)(‘r of gnidualioiis that ('an be marked upon a scale 
will be iuereasc'd as llu' length of the scale is inci cased; and con- 
st‘{|U(‘ntly it is ])ossil)le to be ceitam of one more iiguro on a 2{)-inch 
lule than on a lo-uu'h rule. Jh\yond 20 inclu'S ior the haigth oi 
thc' nik‘ it is not dt*sirable to go, il llie rule is to be straight, since 
it Ix'i'ouK's ( uinbei sonK‘. Thc^ in('reas(Hl Icaigth necc'ssary for the 
gKMtei dc‘gi(a‘ ol ac'curac'y may, liowevca*, be oldained l)y maiking 
tlu* gi adiiations lound a cylinder*; this being tlu' si'Ihmiu' ui)on 
which Ih'of h'ulha, of lU'llast, worked in designing Ins ('ylindncal 
1 ul(‘ in I (S7(S 

In ili(’ model illusl i atcsl in h'ig 25(S the s])u<d is niai kcsl on the 
outsid<‘ ( >f 1 Ii(‘ < \ hndt'i I >, I lu‘ diauud (‘r ol whu'h is g - 1 <S"', and t lua e 
ai(‘ 50 tiiius ol the s|)iial, 1 Ir‘ pitch bcang so that tiu^ axial 

i<‘ngtli ot th(‘ spiial IS 5 50". 

i lie eiieundeic'iK e ol tlu‘ eyhiKha is tt X J and thc^ k'ligth ot 
one Inin of th(’ s|)iial is \/(7r hemee the total 

length ol lh(‘ siinal is the liaiglli of 50 tin 11s, i r. 500 iiu'hes. I'his 
gictit length of sc'ale, (‘ombmed with th(‘ cMse of manipulat ion,' 
inak(‘s tlie k'ul]<‘r nik‘ a V(‘iy Vtiliiabk' assid m tlu^ di awing-otticc' 
Jt cannot la* used lor siu'h a v.iiit'ly ot dilk'rent o])eiations as can 
tin* oidinaiy sloiight ink*, but Jor multi])hcation and division its 
nu*rit IS iindonl)l<‘d. Logaiithms can be read directly and correctly 
to four figUK'S, and by the aid of the logaiithms, pcjwcrs and roots 
can be found. 

Description, of the Rule. — Reference has already been made 
to the cylinder B upon which is inscribed thc spiral which is graduated 
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logarithmically. Round the top of the cylinder is marked an 
evenly divided scale which is subsidiary to the scale on E. Between 
B and A, as also between A and C, are bushes of felt, so that the 
cylinders can slide or rotate upon one another with ease, there being 
just sufficient friction to keep the cylinders in the positions in which 
they may be placed. 

Cylinder A is attached to the handle H and carries, screwed to 
its flange, the brass pointer D, at the point of -vdiich a line is shown, 
about half an inch long. There is clearance between D and B, 
but the pointer can be lightly sprung in to touch the scale when 
needed. 

The third distinct part is the thin brass cylinder C Which carries 
the brass indicator E, with its vertical graduated scale and its eight 
“index corners,” .like F^. The distance from to Fj, or from 
Gi to Ga is the axial length of the spiral, so that if Gi is at one end 
of the graduated scale, Gg is at the other. Gj may be used in place 
of G2 if it is found necessary, or Fj and Fg may be interchanged, 
but Gjl must not be replaced by Fj, for example. 


Use of the Rule. 


(a) For multiplication. Let it be required to And the product 
264 X 479 : — Holding the handle in the left hand, rotate B with 
the right hand until the pointer D is exactly at 264 Now, keeping 
B fixed, slide C about until the comer G^ is at 100, the appearance 
of the rule at this stage being as shown in Fig. 258. With the 
right hand move B until Gg is at 479 : then the reading opposite 
the pointer D is the required product. This reading is 12646 (the 
last figure l>eing estimated) and since the answer must be in 
the neighbourhood of 250 X 500, i. e. 125,000, we can state the 
answer as 126,460. Actually the product is 126,456, so that 
the result as obtained from the rule is correct to 5 significant 
figures. 

To multiply 264 by I4-53, the first setting would be as before, 
but cylinder B would now be moved until was at 1453, the 
reading at the pointer D being 3836. The approximation gives 
250 X 15, i. e. 3750 and thus the result is stated as 3836, the result 
obtained by actual multiplication being 3835*92. 

For continued multiplication the process is repeated. Thus 
to find the value of *4013 x 166*2 x *007614 . — 


The approximation gives 


L L 


i. e. 


4 X 1*5 X 8 
*48 


II 

I III 
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Set pointer D at 4013 and move C until G 1 is at xoo. Keeping 
E and D fixe4)|» the same relative positions move B until is 
at 1662. nW keep B fixed whilst Gj is apin moved to 100 and 
then ro-^^ (p'^ntil Gg is at 7614 : the reading opposite D is 50783 
and the product is •50783. 

(b) For iMsion. To divide 984*7 by 26-183 (ike approximation 
gives 1000 -r- 25, i.e. 40) : Set pointer D at 9^47 Cri at 26183. 
Nowiillbve B until Gj is at 100, and then read ofiC 3761 at the pointer 
D : ^i#ii|ii»tient is thus 37-61. 

(c) For 'proportion and percentage. For sets of numbers in the 
same proportion the distances on a log scale between the two numbers 
making the ratio will be the same. Thus the distance from 2 to 4 
on a log scale is the same as that from 3-7 to 7-4, for example. 
Consequently if E is kept in the same position relative to D while 
B is rotated, the readings at G^ and D always form the same ralio. 
Thus if D is set at 327 and Gj at 191 and then B is moved until 

Gi is at 1392, the reading at D is 2383, and 

For percentages, G^ is set at 100 and D at the maximum. Thus 
to convert 337, 498 and 127 to percentages of 665, Gj is .set at 100 
and D at 665. Then B is rotated until D is at 337, 49H and 127 
in turn, the readings at G^ being respectively 5067, 7489, and 
19094, and the required percentages 50-67, 74-89 and 19-09. 

(d) For comhined multiplication and division. T( is when dealing 
with examples of this type that the utility of the rule is mo.st cvulent. 


Thus to evaluate 

The approximation is 


j9647_x 1183 
•05057 X 68-i6* 
I X 1-2 

5x7 


i. e. -03 X 10000 
or 300. 


mil 

~ I 


As with the straight rule the procedure must be division and 
multiplication alternately, finishing always with multiplication, 
even if the last multiplication is only by unity. 

Place the pointer D at 9647, and G^ at 5057 : next move B 
until Gi is at 1183, and, keeping B fixed, place Gj, at 6816. Finally 
rotate B until Gj is at 100 and the result 331-1 is read off at D. 

It will be noticed that the process is one of alternate movements 
of E and B, the first and last readings only being determined by 
the position of D. Thus in this example the movements are of 
E, B, E and B. 
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As a further example : To evaluate — ‘99?^ _ X. ^543 

87-64 X -237 

The approximation gives _ . ? 

® 9x2- I II I 

i. e. 1-5 

and the settings are as follows : — 

Pointer D at 2174, Gj at 8764 : move B until is at 908, now 



Fig 259.— Use of the Fuller Rule for the deteiminalion of logarithms. 

move G2 to 237, then move B until Gg is at 1543. D is now at 
146O6, so that the result is 1*4666. 

(c) To read logarithms. For this purpose the graduated scale 
on E (Fig. 258) is used in conjunction with the scale at the top of 
B; the numbers of which the logarithms are to be found being 
on the spiral. 

Fig. 259 shows the setting for the determination of the mantissa 
of the log of 180- The lower left hand index corner of E is placed 
at the number, viz. 180 and the intersection of the line AB on the 
cylinder with the edge CD is seen to be between -24 and *26, nearer 
L L 2 
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the latter. . Thus the mantissa is *24 + and the remaining portion 
of the decimal is found by noting the reading at the intersection 
of the edge CD with the horizontal scale, viz. -0153. Hence 
log 180 == 2*24 + *0153 == 2-2553, the characteristic being settled 
in the usual way. 

Involution and evolution may be performed by multiplying 
or dividing the logs and then using the rule in the reverse way 
to determine the antilogarithms, but it is questionable whether 
this method is to be preferred to the use of log tables. 


Exercises 47. Miscellaneous- 

1 . Find the weight of a plank of Honduras mahogany, by 

by at 35 lbs. per cu. ft. h)S ). 

2 . An oil tank on a spring- buckling press had dimensions y 

and Find its capacity in gallons, and also the weight of 

oil contained when full, if i ton of oil occupies 38 cu. ft. 

(4777 : 451 *^ lbs.). 

8. Draw, on the same diagram, magnetisation curves from the 
following data * — 

(a) For cast steel 


Ampere-turns per 
centimetre length 

3-5 

5 

6 

7 5 


'5 

ZI 




Flux-density (1000 
lines per sq. cm.) 

2 

4 

6 

8 

TO-.l! 

1 1 "9 


1*1 


I () 


(&) For wrought iron 


Ampere-turns, etc. 

I 

2 

3 

5 

10 

16 

20 

35 

5.5 

Flux-clensity. 

2 

6 

8 

1 10*7^ 

r3-4 

14*7 

__ 1 

I5-.5 

1 6*5 

17 


•^The boss of an airscrew has an outside dia. of 260 mms. and an 
inside dia. of 73 mms. and it is 180 mms. long. Find its winght in 
mahogany, at 35 lbs. per cu. ft. (to-88 lbs.). 

5 . One end of a gravity conveyor (as used in workshops for trans- 
porting tools, etc.) is 5 ft. 3 ins. above the ground and the other end is 
3 ft high. If the length along the slope is 55 ft., find the inclination 
to the horizontal. (2“ 19*350* 
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6. The major and minor axes of the section of a " rafwire (a wire 
used for bracing the wing structure of an aeroplane) are *8o inch and 
•I 8 inch respectively. Find the area of the section. (-1131 sq, in.). 

7 . For a fonr-cylinder petrol engine the total unbalanced secondary 
(a part of the expression for the crank-effort) is given by 

Ea =» 2(Aa cos 26 + Bjj sin 20). 

Put this in the form Ej| = Msin( 26 + c) if Aa = — 10*5 and 
B2 === 46-4. [E2 = 95-13 sin (20 ~ -2225)] 

8 * The fifth harmonic in the expansion of the seiies for the crank- 
effort of a certain ten-cylinder Anzani engine was 
^6 = 3-82 sin 56 — 11*43 cos 50, 

Express this in the form E5 = 'M sin (50--c) 

[Eg = 1 2 *06 sin (56 — 1-247)]. 

9 . The horse-power absorbed by an airscrew varies directly as the 
cube of the R.P.M., and as the fifth power of the diameter. If the H.P. 
is 200 when the dia. is 10 ft. 6 ins. and the screw rotates at 1200 R.P.M., 
find the dia. when the H.P. is 180 and the R.P.M. = 1000. (11*48 ft.). 

10 . The following determinant occurred in connection with the 
balancing of a four-crank system : — 


I I I I 

1 a 
i b 

1 c c* 


^ O 


Show that this can be written as 


(a — b){b — c){c — a){a — i )(5 ~ x)(^ — j){a + b + c + ab + be -^ca) 


[Hint. Expand and use the Factor Theorem ] 


11 . The time t (in minutes) for a certain aeroplane to climb to a height 
h is given by 


/i 1 / b 1 \ 


If T3600 and c = 600 plot the values of t against h for values 

of h from jooo to 10000 feet. 

12 . A column loaded with 80 tons is to be carried on a foundation 
4 '-o'' square. Find the minimum depth d of the foundation from 
the conditions 

load + weight of concrete .a + 

“ aTrea ^ \x ^ sin 

if I cu. ft. of concrete weighs 150 lbs , w == weight of i cu, ft. of earth = 
125 lbs and == angle of repose of earth =30'*. (9-074 ft ). 

18 . The inner pan of a steam- jacketed vessel used for melting tallow 
con.sists of a cylindrical portion of length 12'*', together with a hemi- 
spherical base. The inner diameter is 28^^ and the thickness of the 
metal is |^. The flange at the top has outside diameter 37^ and is 
i"' thick. Find the weight of this pan inuimaism 

(V nl *582 *9 lbs. 
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A 

A® — B®, factors of, 525 
A3 — B '\ „ „ , 53 

A® -f- B®, ,, , 53 

Abbreviations, i 
Abscissa, 159 

Addition formtiloe in Trigonometry, 
273 

Adfcctcd quadratic, 60 
Algebraic Xractidtfcs, Addition of, 57 

^ Multiplication of, 56 

Alignment chart with four variables, 

charts. Choice of scales 

for, 434 

involving powers of the 

variable^ 440 

— ^ Principle of, 429 

Allowance for depreciation, 211 

Ambiguous '' case in the solution of 
triangles, 2O0 

Amplitude of sine funclions, 361 
Amslcr planiineter, 300 
Angle of elevation, 239 

of regular polygon, 88 

Angles of any magnitude. Ratios of, 
251 

Angular velocity, 363 
Annulus, Area of, 93 
Aiil iloganlhins, 16 

Appio-xmi ilion, by use of th(; 

lnnoinial theorem, /f67 
for tlu‘ <iiea of a, circle, 92 

— -■ for pioducls and quotients, 0 

lf)r sc[UcLi (' loots, S 
loi thc‘ volmiu' ol .1 cy hmler, 1 1 I 
An , Height of ellipiie, 105 
, I leight of ciicuLii , <)y 

— , htmgth of circular, 98 
Aiea <)1 annulus, 93 

of ciu le, 90 

of ellipse, 

o( hllet. 132 

of indicator (liagi am, 87 

of iiiegular polvgtui, 87 

of itr<'gular (iiauli ilatcral, 87 

of paiabohc hcgmcnt, xo6 

of parallclogiam, 84 

of rectangle, 79 


Area of regular polygon, 8S 

of- rhombus, 84 

of sector of circle, 101 

of segment of circle, loi 

of trapezoid, 85 

— — of triangle, 79, 80, 267 
Areas of irregular curved figures by — 
averaging boundaries, 305 
computation scale, 306 
counting squares, 305 
graphic integration, 312 
mid-ordinate rule, 308 
planimeter, 300 \ 

Simpson's rule, 310 
trapezoidal rule' 307 
Asymptotes of hyperbola, 108. 349 

B 

Bearing, Reduced^ 244 
— - — , Whole-circle, 245 
Binomial theorem, ^^63 
Boussmesq's rule for the perimetei of 
an ellipse, 105 

C 

Calculation of co-ordmates in land- 
surveying, 244 

Cai dan's solution for cubic equations, 
07 

C'ntenary, 217, 292, 357 
Centioul, Dl limtion of, 129 
Centroids, Positions of, 1^0 
Characteristic of a logauthm, 14 
Charts, Alignment, 429 

, Correlation, 419 

, Intercept, 421 

Circle, Arc of, 98 
- - Area of, 90 
— — , Chord of, 97 

, Circumference of, 90 

, Sector of, 1 01 

, Segment of, loi 

Collin averager and planimeter, 303 
Combinations, 460 
Complement of an angle, 233 
Complex quantities, 294 
Compound interest, 20S 
periodic oscillations, 369 

5x9 
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INDEX 


Computing scale, 306 
Cone, Frustum of, 1 1 7 
— — , Surface area of, 116 

, Volume of, 116 

Constant heat lines, 387 

volume lines, 384 

Constants, Useful, 4 
Construction of regular polygons, 88 
Continued fractions, 448 
Convergents of tt, 451 
Co-ordinates, Calculation of, 2544 

, Plotting of, 159 

Correlation charts, 419 
Cosine rule for the solution of tri 
angles, 256 

Cuhic equations, Solution of, 67 
Curves of type y ==• 336 

y = ««'■*, 352 

y = ,-«» sin (bjK + e), 373 

Cutting, Section of, 321 

, Volume of, 324 

Cylinder, Surface area of, ill 
, Volume of, iii 

D 

Definitions, i 

Depreciation allowance, 21 1, 343 
Determinants, 474 
Determination of laws, 396 
Difference of two squares. Factorisa- 
tion of, 52 

Dividing head problem, 449 
E 

Efficiency curves, Plotting of, 151 
Ellipse, Area of, 104 

, Equation of, 344 

, Height of arc of, 105 

of stress, 345 

, Perimeter of, 105 

Embankment, Section of, 321 

, Volume of, 326 

Equation of time, 370 

of a straight line, 162 

Equations, Cubic, 67, r8i 

, Graphic solution of, 376 

, Quadratic, 61, 176 

, Quadratic, with imaginary 

roots, 67 

, Simple, 31 

, Simultaneous, 43, 46, 164 

, Simultaneous quadratic, 70 

, Surd, 74 

, Trigonometric, 287 

to conic sections, 344 

Equilateral triangle. Area of, 82 
Equivalent acute angle, 252 
Ericsson engine diagrams, 394 
Euclid, Propositions of, 4 
Expansion curves for gases, 338 
Exponential series, 470 


F 

Factor theorem, 55 

Factorisation. Method of, 51 

Factors, i 

Fathom, 3 

Fillet, Area of, 132 

, Centroid of, 1 30 

Formula for solution of cubic equa- 
tions, 67 

of quadratic equations, 64 

Fractions, Addition of algebraic, 57 

, Continued, 448 

, Multiplication of algebraic, 56 

, Partial, 452 

Frustum of cone, 1 1 7 
Fuller slide rule, 51 1 
Function, 2, 161 

G 

Graph of a sine function, 359 

tangent function, 366 

Graphic integration, 312 

solution of equations, ^76 

of quadratic equations, 176 

of simultaneous equations, 

164 

Graphs, Introduction to, 148 

of quadratic expressions, 174 

Guldinus, Rules of, 129 

H 

Homogeneous equations, 73 
Hyperbola, Definition of, 108 

, Equation of, 348 

Hyperbolic functions, 290 
Hypotenuse of right-angled triangle, 
80 

I 

Imaginary quantities, 67 
Independent variable, lOi 
Indices, 10 
Intercept charts, 421 
Inverse trigonometric functions, 297 

J 

j, Meaning of, 67 

Joule engine diagrams, 393 

K 

Knot, 3 

L 

Latus rectum of parabola, ro6 
Laws of machines, 166 

of type y aw a 4“ 398 

y -I ax^, 401 

y 405 
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Laws of lypo y ^ a + bx ^ cx*, 407 

y =a a H- bx^, 408 

y S= l)(x 4- <»)”f 409 

y ^ a -{■ 409 

y ss ax^z”^, 410 

L.C M., Finding the, 51 
Length of chord of a circle, 97 
Limiting values. 455 
Logarithm, Definition of, 12 
Logarithmic decrement, 375 

equations. 224 

series, 470 

Logarithms. Napierian, 216 

of trigonometric ratios, 247 

, reading from tables, 13 

Log-log scale on the slide rule, 337 

M 

Mantissa of logarithm, 14 
Maximum and minimum values, 183 
Mensuration, 79 ei seq. 

Mid-ordinate rule, 308 

N 

Napierian logs. 13 

^ Calculation of, 216, 471 

^ reading from tables, 216 

P 

Parabola, Area of segment of, 106 

, Definition of, 106 

, E(|uatioa of. 347 

^ Length of arc of, 106 
Parabolic segment. Centroid of, 130 
Parallelogram, Area of, 8.j. 268 
Partial fractions, 452 
J^criod of sme functions, 361 
Permutations, 460 
Planuncter, Use of the Amsler, 300 

, Use of the Coffin, 303 

Polygon, Area of irregular, 87 

, Area of regular, 88 

, Construction of regular, 88 

Ih'isin, Surface area of, no 

, Volume of, no 

Piismoidal solid. Volume of, 319 
Products of TT, 94 
Piogrcssion, Arithmetic, 201 

, Gcomeiiic, 205 

PV diagrams, 381 et seq. 

Pyramid, Frustum of, 117 

, Sin face area of, 115 

, Volume of, 115 

Q 

Quadrant of circle, Centroid of, 130 
Quadratic ec][uaiions, Solution of, by 
completion of square, 61 


Quadratic equations. Solution of, 
by factorisation, 61 

, by graphs, 176 

, by use of formula, 63 

, on the drawing-board, 176 

Quadratic expressions, Plotting of, 1 74 
Quadrilateral, Area of irregular, 87 
. Centroid of, 130 

R 

Radian, 99 

Ratios of multiple and sub-multiple 
angles. 279 

— — , Trigonometric, 232 
Rectangle, Area of, 79 
Reduced bearing, 244 
Remainder theorem, 55 
Reservoir, Volume of, 332 
Rhombus, area of, 85 
Right-angled triangle. Relation be- 
tween sides of, 80 

, Solution of. 239 

Roots " of a quadratic equation, 61 

S 

''s'* rule for area of triangle, 80 
Sector of circle. Area of, loi 
Segment of circle, Area of, loi 
Semicircular arc. Centroid of, 130 

area, Centroid of, 130 

perimeter. Centroid of, 130 

Series, 200 

, Exponential, 470 

for calculation of logs, 471 

, Logarithmic, 470 

Similar figures, 122 

Simple harmonic motion, 365 

Simpson's rule, 310 

Sme curves, Plotting oL 359 et seq. 

rule for the solution of triangles, 

256 

Slide rule, Area of circle by, 92 

— Log-log scale on, 337 

— ^ Reading of logs from, 17 

^ Reading of trigonometric 

ratios from, 242 

^ Special markings on, 1 7 

Uses of, for plotting log 

quantities, 40 3, 419 
, ^ in solution of tri- 
angles, 261 

^ ^ Volume of cylinder 

by, III 

Solution of triangles, 255 et seq. 
Sphere, Surface area of, 120 

, Surface area of zone of, 120 

, Volume of, 120 

, Volume of segment of, 12 1 

— — , Volume of zone of, 120 
Square measure, 3 
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sterling engine. Diagrams for, 390 
Sub-normal of paxabola, 106 
Sum curve, 312 
Surd equal non s, 75 
Surds, Kationalisation of denoinin 
ators of, 74 

Surface area, for cuttings and em- 
bankments, 331 

of cone, 1x6 

of cylinder, ill 

of frustum, 117 

of prism, no 

of pyramid, 1 15 

of sphere, x2o 

Surveyor's measure, 87 

T 

Table of areas and circumferences of 
circles, 127 

of areas and circumferences of 

plane figures, 144, 145 

of earthwork slopes, 319 

of signs of trigonometric ratios, 

253 

of volumes and surface areas of 

solids, 146, 147 

of weights of earths, 319 

of weights of metals, 132 

Tables of weights and measures, 3 
Terms, i 

Transposition of a factor in an equa- 
tion, 33 

of term in an equation, J2 

r<p diagrams, 381 et seg. 

Trapezoid, Area of, 85 

, Centroid of, 130 

Trapezoidal rule for area of irrogtilat 
curved figure, 307 
Triangle, Area of, 79, 267 

, lettering of. Bo 

, Right-angled, relation between 

sides of, 80 


Triangles, Solution of, 255 et 
Trigonometric equations, '287 

ratios, 232 

fi'om slide rult‘, 2.^2 

™ from tables, 234 

Turning-points of cuives, 183 

U 

Units, Investigation fur, 26 
V 

Variation, 193 
Vectors, 295 

Velocity ratio of machine, lOu 
Volume of cone, 116 
— — of cylinder, iii 

of frustum of cone or pyramid, 

117 

of prism, no 

-- of prismoidal solid, 3x9 
— of pyramid, 115 

— - of reservoir, 332 

of segment ol sph<*i<\ 121 

— - of sphere, X20 

— of wedge-shaped excavation, 32 1 
of zone of sphere, 120 

W 

Wedge-shaped excavation, Volume 
of. 321 

W<'igli1s and measures, Table of. ^ 

, C,deuUition of, 132 e£ s'eg. 

of earths, "J'.iblf of. 

of metals, 7 \d)le of, 132 

Whole citcle lieaiing, 2/^5 

Z 

Zero circle of plnnimef (u, oO, 302 
Zone of sphei(‘, Siiif.icj' area of, i 
^ Volume of, 120 
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